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Abstract This paper addresses the problem of region

tracking control for underwater vehicles without ve-

locity measurement in marine environment. For this

case, an improved region tracking control strategy is

proposed based on a Nussbaum state observer. In the

proposed method, a Nussbaum state observer is devel-

oped to estimate the unmeasured velocity of the vehicle.

And then an improved region tracking control strategy

is presented by incorporating the estimated results of

the state observer, such that the tracking errors sat-

isfy the requirement of the prescribed boundaries. In

addition, a RBF neural network is applied to approxi-

mate the unknown dynamics of the vehicle. It is veri-

fied that the estimated error and the tracking error are

uniformly ultimately bounded. Finally, the proposed

observer-based region tracking control strategy is ap-
plied on an underwater vehicle to perform simulation

studies and compared with a traditional backstepping

controller and a traditional region tracking controller

based on a high-gain observer. The comparative simu-

lation results demonstrate the effectiveness of the pro-

posed region tracking control strategy.
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1 Introduction

Due to their special advantages, e.g., moving in com-

plex marine environment, especially in deep-sea envi-

ronment, underwater vehicles have wide applications,

including underwater detection, underwater searching,

and operation with manipulators [1–4]. Among these

applications, a reliable control system is required for

successful completion of the given mission [5–8]. Due to

the existence of ocean current, modelling uncertainty

and nonlinear coupling, there are many difficulties in

the control design of underwater vehicles, which is also

a current research hot [9–11]. In control strategies of

underwater vehicles, the concept of region tracking con-

trol has been proposed by considering the speciality of

some applications [12], e.g., the tracking precision is not

their first priority in pipeline tracking. And for these

special missions, the control signals are expected to be

as smooth as possible on the premise that the tracking

errors of the vehicle are always kept within the pre-

scribed boundaries. It is also the original intention of

region tracking control.

From the existing region tracking control schemes,

most of them only focus on steady performance of the

tracking error [13–16], i.e., the region tracking is achieved

if the tracking error of the vehicle in the steady state

is within the prescribed boundaries. As a representa-

tive of the design previously reported, [12] proposed

a potential energy function based region tracking con-

trol scheme, where the tracking errors converged to the

desired region in the steady state. Another representa-

tive is the region tracking control scheme based on the

piecewise and differential Lyapunov function in [17],

where the region tracking control law was derived in

the framework of backstepping technique by the special

Lyapunov functions with the desired region. However, if
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the requirement about the transient-state performance

of the tracking error is made in some special missions,

the aforementioned region tracking control schemes are

not applicable.

Recently, prescribed performance control (PPC) has

been proposed, where the tracking errors can satisfy

the prescribed requirements in both the transient state

and the steady state by the constraint transformation

[18–20]. The PPC’s idea maybe provide a choice for

the design of region tracking control with the added re-

quirements in the transient state. However, from the

simulation results of the existing PPC schemes, the

tracking error always converges to zero, which does not

satisfy the original intention of region tracking control.

To solve this problem, [21] proposed an adaptive region

tracking control with the prescribed transient perfor-

mance for underwater vehicles, where a error transfor-

mation inspired by PPC was combined with the the

piecewise and differential Lyapunov function to design

the region tracking control law.

It is worth noting that both position and velocity

of the vehicle should be available in the existing re-

gion tracking control schemes. However, the sensors car-

ried by an underwater vehicle sometimes cannot provide

such enough state information for the control system,

due to the cost or other practical issues [22, 23]. For

example, the Doppler velocity log (DVL), always used

to measure the velocity of the vehicle, requires that the

vehicle’s attitude off the seafloor is less than a maxi-

mum range which is related with the DVL’s frequency

and DVL is also susceptible to sporadic failures [24].

For this scenario where the velocity of the vehicle is

not available, it is necessary to investigate the region

tracking control problem for underwater vehicles with

only position measurement.

For the control design without velocity measure-

ment, observer-based control strategies have been con-

sidered to implement tracking control for underwater

vehicles only equipped with position sensors [9, 23, 25],

but which have been investigated for tracking control

system with high precision. It is known that state ob-

servers have the ability to well estimate the unmeasured

state by using the known state information of the vehi-

cle and its control input. So far, different forms of state

observers have been presented. Among them, high-gain

observer or variants thereof has been widely applied

to estimate the unmeasured velocity, due to its sim-

ple structure [26, 27]. In order to obtain more precise

estimation results, other state observers with complex

forms have been investigated. For example, adaptive

sliding mode based observers were developed in [22,23],

where the finite-time convergence of the estimated er-

rors was achieved and the estimation precision was im-

proved. According to the existing forms of state ob-

servers, it is known that the estimation ability about

the unmeasured state can be enhanced by introducing

nonlinear feedback in the state observers. Hence, this

paper develops a new form of state observer by intro-

ducing Nussbaum-type functions.

Nussbaum-type functions have an important prop-

erty for uniformly ultimately boundedness. For the com-

pounded disturbance term in the general MIMO sys-

tem, [28] proposed a Nussbaum disturbance observer

based on the complete states. On this basis, [29] gives

an improved Nussbaum disturbance observer based on

RBF neural network. These Nussbaum-type observers

in [28,29] have shown good estimation precision for the

general disturbances. However, they all require the full

states of the nonlinear systems, which means that these

forms of the Nussbaum-type observers cannot be di-

rectly used to estimate the unmeasured state of the

nonlinear system.

Motivated by the aforementioned discussions, this

paper investigates observer-based region tracking con-

trol problem for underwater vehicles with only position

measurement. In this paper, the unknown dynamics is

on-line approximated by a RBF neural network. The

objective of this paper is to estimate the unmeasured

velocity of the vehicle and guarantee the tracking er-

ror to be kept within the prescribed boundaries in the

whole process. The main contributions of this paper are

summarized as follows:

(1) An observer-based region tracking control strategy

is proposed for underwater vehicles with only po-

sition measurement. To our best knowledge, in the

existing region tracking control schemes, both po-
sition sensors and velocity sensors are required.

(2) A Nussbaum-type state observer is introduced to

estimate the unmeasured velocities. And to achieve

region tracking control and reduce the chattering

phenomenon of the control inputs, an improved re-

gion tracking control strategy is developed. Specifi-

cally, a new error transformation is introduced into

the concept of prescribed performance control to

make the tracking error to be enlarged but still al-

ways kept within the prescribed boundaries.

The rest of this paper is organized as follows. Prob-

lem statement, including the dynamic model of an un-

derwater vehicle, is presented in Section 2. Section 3

focuses on the designs of a Nussbaum-type state ob-

server and an improved region tracking controller. In

Section 4, comparative simulation results are provided

to demonstrate the effectiveness of the proposed observer-

based region tracking control strategy. Finally, conclu-

sions are draw in Section 5.
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2 Problem statement

2.1 Underwater vehicles’ dynamics

Consider the dynamics of an underwater vehicle with

six degrees of freedom (DOFs) fully actuated by thrusters

[7, 30], given by

η̈ = M−1η (η) JBu−M−1η (η) (CRBη (η̇) η̇)

−M−1η (η) (CAη (η̇r) η̇r +Dη (η̇r) η̇r +Gη (η)) , (1)

where η ∈ R6 is the position and attitude vector,Mη (η) ∈
R6×6 denotes the inertia matrix including the added

matrix, CRBη (η̇) ∈ R6×6 expresses the rigid-body cen-

tripetal and Coriolis matrix, CAη (η̇r) ∈ R6×6 shows the

hydrodynamic centripetal and Coriolis matrix,Dη (η̇r) ∈
R6×6 is the hydrodynamics damping matrix, Gη (η) ∈
R6 is the gravity and buoyancy vector. η̇r = η̇ − η̇c, η̇c
is the speed of ocean current. J ∈ R6×6 is the velocity

transformation matrix from the body-fixed frame to the

earth inertial frame. B ∈ R6×n is the thruster distribu-

tion matrix, n ≥ 6 denotes the number of thrusters,

u ∈ Rn is the control input of thrusters.

From Eq.(1), the dynamics of an underwater vehicle

is rewritten to simplify the control design, shown as

η̈ = M−1η (η) JBu+ F (η, η̇) , (2)

where F (η, η̇) = −M−1η (η) (CRBη (η̇) η̇ + CAη (η̇r) η̇r)−
M−1η (η) (Dη (η̇r) η̇r +Gη (η)) will be estimated by a

neural network in the next section.

Let x̄1 = η ∈ R6, x̄2 = η̇ ∈ R6, and define x̄ =[
x̄T1 , x̄

T
2

]T
. Also set x =

[
xT1 , x

T
2

]T
with x1, x2 ∈ R6.

Then, introduce the coordinate transformation

x =

[
I6×6 06×6
−T1 I6×6

]
x̄, (3)

where I6×6 is a six-order identity matrix while 06×6 is

a six-order null matrix. T1 ∈ R6×6 is a positive-definite

diagonal matrix.

Eq.(2) can be rewritten as the following state-space

form

ẋ1 = T1x1 + x2

ẋ2 = −T 2
1 x1 − T1x2 + F̄ (x1, x2) + E (x1)u, (4)

where F̄ (x1, x2) = F (η, η̇) and E (x1) = M−1η (η) JB.

A continuous functionN (•) is considered as a Nussbaum-

type function if it has the following prosperities [31,32]:

lim
k→+∞

sup
1

k

∫ k

0

N (χ) dχ = +∞

lim
k→+∞

inf
1

k

∫ k

0

N (χ) dχ = −∞. (5)

Typically, the continuous function k2 cos(k), k2 sin(k)

are selected as Nussbaum-type functions.

Lemma 1 [31, 32] Let V (t), ςi (t) , i = 1, 2, . . . , N be

smooth functions defined on [0, tf ] with V (t) ≥ 0 and

ςi (0) = 0. And N (•) is Nussbaum type functions. If the

following inequality holds:

V (t) ≤ C + exp (−cat)
N∑
i=1

∫ t

0

(Ξ (τ) dτ), (6)

where Ξ (τ) = (g (τ)N (ςi (τ))− 1) ς̇i (τ) exp (caτ). C

and ca are positive constants. g (t) is a time-varying

parameter that takes values in the unknown set I =

[g−, g+] with 0 /∈ I, then V (t), ςi (t) , i = 1, 2, . . . , N ,
N∑
i=1

∫ t
0

(g (τ)N (ςi (τ))− 1) ς̇i (τ) exp (caτ) dτ are bounded

on [0, tf ].

2.2 Control objective

Considering special tasks of underwater vehicles, e.g.,

pipeline tracking or target searching, high control pre-

cision sometimes is not their first priority, while longer

operation time and smoother control signals may be

pursued, after all the cost of implementation for one

task is much expensive. In addition, when implement-

ing the state-feedback controller to underwater vehicles,

the position/attitude η of an underwater vehicle can be

measured and provided by position sensors, such as ul-

trashort baseline and compass module. However, due

to the cost and other practical reasons, as discussed in

Section 1, the velocity η̇ cannot be always available. In

this scenario, this paper investigates the region tracking

control problem for underwater vehicles without veloc-

ity measurement. The objective of this paper is twofold:

1) to design a state observer to estimate the unmeasur-

able velocity η̇ and 2) to derive a region tracking control

strategy such that the tracking errors are always kept

within the prescribed boundaries but do not converge

to zero.
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3 Observer based region tracking control

In this section, an adaptive region tracking control scheme

is proposed based on a Nussbaum-type state observer

for underwater vehicles in presence of ocean current dis-

turbances and unmeasured velocity state. The overall

conceptual diagram of the proposed observer-based re-

gion tracking control strategy is presented in Fig. 1.

Coordinate 

Transformation

- Error 

Transformation 

Eq.(25)

Virtual control 

law Eq.(29)

- Backstepping 

control law 

Eq.(37)

Underwater 

vehicle

Coordinate 

Transformation

Nussbaum-type 

state observer 

Eq.(7)

RBF neural 

network Eq.(36)

The proposed Nussbaum-type 

state observer based region 

tracking control strategy

Fig. 1 The overall conceptual diagram of the proposed
observer-based region tracking control strategy

3.1 Nussbaum state observer

To estimate the unmeasured state x2 in (4), the Nuss-

baum state observer is designed as

˙̂x1 = T1x̂1 + x̂2 + L1∆1 + f1 (∆1)

˙̂x2 = −T 2
1 x̂1 − T1x̂2 + F̄ e (x̂1, x̂2) + E (x1)u

+ L2∆1 + f2 (∆1) , (7)

where ∆1 = x1 − x̂1, L1 and L2 are diagonal matrixes,

F̄ e (x̂1, x̂2) is the output of a neural network given in the

next subsection, and it is always assumed that [23,33]

∥∥F̄ (x1, x2)− F̄ e (x̂1, x̂2)
∥∥ ≤ δ ‖x2 − x̂2‖ , (8)

where δ is a known positive constant, and ‖·‖ denote

the 2-norm of a vector. Then, f1 (∆1) and f2 (∆1) are

given by

f1 (∆1) = k0

∫ t

0

b∆1cαdτ + k1b∆1cγ1 + k2∆1

+ k3b∆1cγ2 − p1col ((a1N1i (ξ1i)− 1))

f2 (∆1) =
(
T 2
1 +I6×6

)
P1P

−1
2 b∆1cα + k5sign (∆1)

− p2col ((a2N2i (ξ2i)− 1)) , (9)

where kj (j = 0, 1, . . . , 6), p1, p2, a1 and a2 are posi-

tive constants, γ1 ∈ (0, 1), γ2 > 1, α ∈ (0, 1). P1 and

P2 are positive-definite diagonal matrixes. b∆1cγ1 =

[|∆11|γ1sign (∆11) , . . . , |∆16|γ1sign (∆16)]
T

, ∆1i is the

ith entry of ∆1. b∆1cα and b∆1cγ2 have the similar

forms as b∆1cγ1 . The operation ”col” means to com-

bine elements to be a column vector and i = 1, . . . , 6.

ξ1i and ξ2i are the ith entry of vectors ξ1 and ξ2, re-

spectively. N1i (ξ1i) and N2i (ξ2i) are Nussbaum-type

functions.

And

ξ1 = k4

∫ t

0

b∆1cαdτ

ξ2 = k6

(
∆1 +

∫ t

0

(L1∆1 − T1∆1 + f1 (∆1)) dτ

)
.

(10)

Lemma 2 Consider underwater vehicles described as

(1), and suppose the assumption (8) holds. After using

the coordinate transformation (3) and applying the de-

signed Nussbaum-type state observer (7) to estimate the

unmeasured velocity, if the following inequality holds

Q = PA0 +AT0 P +
2

ε0
PP + Ψ < 0, (11)

where Ψ = diag
(
06×6, ε0δ

2I6×6
)
, A0 = A−

[
L1 06×6
L2 06×6

]
,

A =

[
T1 I6×6
−T 2

1 −T1

]
, and P = diag (P1, P2).

then the estimated error is guaranteed to be uniformly

ultimately bounded.

Proof The following error dynamic equation is obtained

by subtracting (7) from (4), given by

∆̇1 = (T1 − L1)∆1 +∆2 − f1 (∆1)

∆̇2 = −T 2
1∆1 − L2∆1 − T1∆2 + F̄ (x1, x2)

− F̄ e (x̂1, x̂2)− f2 (∆1) , (12)

where ∆2 = x2 − x̂2.

Consider the following Lyapunov function

V1 = k0

[∫ t

0

b∆1cαdτ
]T
P1

∫ t

0

b∆1cαdτ

+
2

1 + α
[b∆1cα]

T
P1∆1 +∆T

2 P2∆2. (13)

Since P1 and P2 are positive-definite diagonal ma-

trixes, it has the following equation:

[b∆1cα]
T
P1∆1 =

6∑
i=1

(|∆1i|αsign (∆1i)P1i∆1i)

=

6∑
i=1

(
P1i|∆1i|α+1

)
, (14)
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where ∆1i is the ith element of ∆1; and P1i is the

ith diagonal element of the diagonal matrix P1. Hence,

[b∆1cα]
T
P1∆1 is nonnegative. Similarly, it also has that[∫ t

0
b∆1cαdτ

]T
P1

∫ t
0
b∆1cαdτ is nonnegative. Therefore,

it can be concluded that the Lyapunov function V1 is

always nonnegative for any t ≥ 0.

From Eq.(14), the derivative of [b∆1cα]
T
P1∆1 with

respect to time can be described as follows:

d

dt

(
[b∆1cα]

T
P1∆1

)
=

d

dt

(
6∑
i=1

(
P1i|∆1i|α+1

))

= (α+ 1)

6∑
i=1

P1i|∆1i|αsign (∆1i) ∆̇1i

= (α+ 1) [b∆1cα]
T
P1∆̇1. (15)

Similarly, since P2 is the diagonal matrix, it follows

that ∆T
2 P2∆̇2 = ∆̇T

2 P2∆2.

Then the time derivative of V1 is given by

V̇1 = 2k0

[∫ t

0

b∆1cαdτ
]T
P1b∆1cα + 2[b∆1cα]

T
P1∆̇1

+ 2∆T
2 P2∆̇2. (16)

Let X = col (b∆1cα, ∆2), and substitute (12) into

(16). It follows that

V̇1 = ∆TAT0 PX + 2[b∆1cα]
T
P1

(
T 2
1 + I6×6

)
∆2

+XTPA0∆+ 2∆T
2 P2

(
F̄ (x1, x2)− F̄ e (x1, x2)

)
− 2[b∆1cα]

T
P1 (k1b∆1cγ1 + k2∆1)

− 2[b∆1cα]
T
P1 (k3b∆1cγ2 − p1col ((a1N1i (ξ1i)− 1)))

− 2∆T
2 P2

((
T 2
1 +I6

)
P1P

−1
2 b∆1cα + k5sign (∆1)

)
+ 2p2∆

T
2 P2col ((a2N2i (ξ2i)− 1)) . (17)

According to the Young’s inequality [34] and the

assumption (8), it follows that

2∆T
2 P2

(
F̄ (x1, x2)− F̄ e (x̂1, x̂2)

)
≤ 1

ε0
XTPP∆

+ ε0δ
2∆T

2∆2, (18)

where ε0 is a positive constant.

Similarly, the following inequality is also obtained

based on the Young’s inequality [34].

2∆T
2 P2k5sign (∆1) ≤ 1

ε0
∆T

2 P2P2∆2 + ε0k
2
5

≤ 1

ε0
XTPP∆+ ε0k

2
5. (19)

Substituting (18) and (19) into (17), we have

V̇1 ≤ XTPA0∆+∆TAT0 PX +
2

ε0
XTPP∆+ ε0δ

2∆T
2∆2

+ ε0k
2
5 − 2[b∆1cα]

T
P1 (k1b∆1cγ1 + k2∆1 + k3b∆1cγ2)

+ 2p1[b∆1cα]
T
P1 (col ((a1N1i (ξ1i)− 1)))

+ 2p2∆
T
2 P2col ((a2N2i (ξ2i)− 1)) . (20)

According to (10), Eq.(20) can be further simplified

as

V̇1 ≤ XT

(
PA0 +AT0 P +

2

ε0
PP + Ψ

)
∆+ ε0k

2
5

+ 2p1/k4ξ̇
T
1 P1 (col ((a1N1i (ξ1i)− 1)))

+ 2p2/k6ξ̇
T
2 P2col ((a2N2i (ξ2i)− 1))

≤ XTQ∆+ ε0k
2
5 + 2p1/k4

6∑
i=1

ξ̇1iP1i (a1N1i (ξ1i)− 1)

+ 2p2/k6

6∑
i=1

ξ̇2iP2i (a2N2i (ξ2i)− 1). (21)

From the expression of Q, one has that Q is a sym-

metric matrix. And if the matrix Q is negative-definite

matrix, i.e., the minimum eigenvalue of the matrix Q is

negative, it follows that XTQ∆ ≤ 0. Then multiplying

both sides of Eq.(21) by exp (cat) gives

d

dt
(V1 exp (cat)) ≤ ε0k25 exp (cat)− caV1 exp (cat)

+ 2p1/k4

6∑
i=1

ξ̇1iΩ1i exp (cat)

+ 2p2/k6

6∑
i=1

ξ̇2iΩ2i exp (cat)

≤ ε0k25 exp (cat)

+ 2p1/k4

6∑
i=1

ξ̇1iΩ1i exp (cat)

+ 2p2/k6

6∑
i=1

ξ̇2iΩ2i exp (cat) . (22)

whereΩ1i = P1i (a1N1i (ξ1i)− 1) andΩ2i=P2i (a2N2i (ξ2i)− 1)

Integrating Eq.(22) on [0, t] yields
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V1 (t) ≤ ε0k
2
5

ca
+

(
V1 (0)− ε0k

2
5

ca

)
exp (−cat)

+ 2p1/k4 exp (−cat)
6∑
i=1

∫ t

0

ξ̇1iΩ1i exp (caτ) dτ

+ 2p2/k6 exp (−cat)
6∑
i=1

∫ t

0

ξ̇2iΩ2i exp (caτ) dτ

≤ C + 2p1/k4 exp (−cat)
6∑
i=1

∫ t

0

ξ̇1iΩ1i exp (caτ) dτ

+ 2p2/k6 exp (−cat)
6∑
i=1

∫ t

0

ξ̇2iΩ2i exp (caτ) dτ .

(23)

According to Lemma1, it can be concluded that

V1 (t), ξ1, ξ2,
∫ t
0

6∑
i=1

ξ̇1iP1i (a1N1i (ξ1i)− 1) exp (caτ) dτ

and
∫ t
0

6∑
i=1

ξ̇2iP2i (a2N2i (ξ2i)− 1) exp (caτ) dτ are bounded

on [0, tf ]. And from [31,32], it has that tf =∞. There-

fore, it is verified that the estimation error ∆ is uni-

formly ultimately bounded.

Next it needs to solve the inequality (11). Accord-

ing to Schur complement lemma, (11) is equivalent to

the following inequality. Referring to the existence of

negative-definite matrix Q, after determining the val-

ues of ε0 and δ, we can select a proper T1 to calculate

the following inequality according to linear matrix in-

equality technique in priori [35].

[
PA+ATP − STKT −KS + Ψ P

P − ε02 I12×12

]
< 0,

(24)

where S =
[
I6×6 06×6

]
, K =

[
P1L1 P2L2

]T
.

It should be noted that T1 should be select to guar-

antee that the solution of the above inequality exists.

After obtaining the solution P and K, the values of L1

and L2 are also found, i.e., L = [L1, L2] = P−1K.

3.2 Region tracking control design

After using the Nussbaum state observer to estimate

the unmeasured state x2, this subsection will use these

estimated states to design region tracking control law.

At first, define the tracking error e1 = x1 − x1d,

where x1d is the desired trajectory. As discussed in Sec-

tion 1, the tracking error would converge to zero, if di-

rectly adopting prescribed performance control scheme,

which is not the purpose of the region tracking. There-

fore, a special transformation about the tracking error

is designed to achieve region tracking, shown below.

Hn (s, d) =

{
(|s|−d)n

n! , if |s| ≥ d
0, otherwise.

(25)

where s is a variable, d is a positive scale, n is a positive

integer.

And the partial derivative of Hn (s, d) with respect

to s is given by ∂
∂sHn (s, d) = Hn−1 (s, d) sign (s), for

n ≥ 2.

Consider the following Lyapunov function:

V2 =
1

2

6∑
i=1

ln
ρai

ρai − z1i
, (26)

where z1i = H3 (e1i, ε1i), z1i, e1i, ρai and ε1i are the

ith entry of z1, e1, ρa and ε1, respectively. ε1 is a posi-

tive vector. ρai is a function about the prescribed per-

formance, describing the requirements of the transient-

state and steady-state performances. Here it is set that

ρai =
((
ρi − ρi

)
exp (−µρt) + ρ

i
− ε1i

)3
/6, where ρ, ρ

are positive vectors (their entries are ρi and ρ
i

) and µρ
is positive constant with ρi > ρ

i
> 0 and ρ

i
> ε1i, i =

1, 2, . . . , 6. The initial condition of ρa should be chosen

to guarantee that ρai (0) > z1i (0). From Eq. (26), it is

straightforward to verify that V2 is positive and continu-

ous in the set that ρai > z1i, i = 1, 2, . . . , 6. One also has

that V2 →∞ as z1i → ρai. Let V (z1) = V2 (z1)+U (ς),

where γa (‖ς‖) ≤ U (ς) ≤ γb (‖ς‖) with class K∞ func-

tions γa and γb. Based on [19, 36, 37], ρai (0) > z1i (0)

and if the inequality V̇ (z1) ≤ −c2V (z1)+ϑc holds with

the positive constants c2, ϑc, then z1(t) remains in the

set that ρai > z1i(i = 1, 2, . . . , 6) ∀t ∈ [0,∞).

Then, define e2 = x̂2 − x2c, and x2c is from the

following first-order filter:

θẋ2c + x2c = αc, (27)

where θ is a positive constant, less than one in general.

αc is the virtual control law. And x2c follows αc with a

bound, i.e., ‖x2c − αc‖ ≤ yc with a positive constant yc.

And the time-derivative of z1 is expressed as the follow-

ing equation, after substituting (4) and the estimation

error of the Nussbaum state observer:

ż1 = diag (H2 (e1i, ε1i) sign (e1i)) ė1

= diag (H2 (e1i, ε1i) sign (e1i)) (ẋ1 − ẋ1d)
= diag (H2 (e1i, ε1i) sign (e1i)) (x̂2 + T1x1 +∆2 − ẋ1d) ,

(28)
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where the operation ”diag” is to combine the elements

into a 6× 6 diagonal matrix, and i = (1, . . . , 6).

The virtual control law αc considered in this paper

has the following form:

αc = −1

3

(
b1 −

ρ̇ai
ρai

)
col (H1 (e1i, ε1i) sign (e1i))

+ ẋ1d − T1x1

− 1

3
b2col

(
H1 (e1i, ε1i) sign (e1i) z

l1
1i

(ρai − z1i)l1

)

− col
(
H2 (e1i, ε1i) sign (e1i)

ρai − z1i

)
, (29)

where b1 and b2 are positive constants, l1 ∈ (0, 1).

Substituting (28) and (29) into the time derivative

of V2 yields

V̇2 =

6∑
i=1

−ρ̇aiz1i + ρaiż1i
ρai (ρai − z1i)

=

6∑
i=1

−ρ̇aiz1i
ρai (ρai − z1i)

+ Υα (x̂2 + T1x1 +∆2 − ẋ1d)

=

6∑
i=1

−ρ̇aiz1i
ρai (ρai − z1i)

+ Υα (e2 + αc + T1x1 − ẋ1d)

+ Υα (∆2 + x2c − αc)

= −b1
6∑
i=1

z1i
(ρai − z1i)

− b2
6∑
i=1

(
z1i

(ρai − z1i)

)1+l1

+

6∑
i=1

z1iH2 (e1i, ε1i) sign (e1i) e2i
(ρai − z1i)

−
6∑
i=1

(
H2 (e1i, ε1i)

(ρai − z1i)

)2

+ Υα (∆2 + x2c − αc) , (30)

where Υα = row
(

1
ρai−z1i

)
diag (H2 (e1i, ε1i) sign (e1i)),

the operation ”row” is to combine entries into a row

vector, for example, row (Yi) = [Y1, Y2, . . . , YN ].

By employing the Young’s inequality [34], the fol-

lowing inequalities can be obtained

Υα∆2 ≤
1

2

6∑
i=1

(
H2 (e1i, ε1i)

(ρai − z1i)

)2

+
1

2
∆T

2∆2 (31)

Υα (x2c − αc) ≤
1

2

6∑
i=1

(
H2 (e1i, ε1i)

(ρai − z1i)

)2

+
1

2
y2c . (32)

Consequently, substituting the above two inequali-

ties into (30) gives

V̇2 ≤ −b1
6∑
i=1

z1i
(ρai − z1i)

− b2
6∑
i=1

(
z1i

(ρai − z1i)

)1+l1

+

6∑
i=1

z1iH2 (e1i, ε1i) sign (e1i) e2i
(ρai − z1i)

+
1

2
∆T

2∆2 +
1

2
y2c .

(33)

Next, differentiating e2 with respect to time, and

then substituting the estimation error of the Nussbaum

state observer and (4) obtains

ė2 = ˙̂x2 − ẋ2c = ˙̂x2 −
(x2c − αc)

θ

= ẋ2 −
(x2c − αc)

θ
− ∆̇2

= −T 2
1 x1 − T1x2 + F̄ (x1, x2) + E (x1)u

− (x2c − αc)
θ

− ∆̇2. (34)

Neural network is always used to approximate the

unknown function in control designs. Here, a RBF neu-

ral network is used to approximate the unknown func-

tion F̄ (x1, x2). Of course, another type of neural net-

works can be also applied. Considering that the ocean

current and the velocity of the vehicle are bounded,

it is reasonable that the unknown function F̄ (x1, x2)

can be approximated on a compact set. Define Γ be

the compact set. Due to the approximation property

of RBF neural network, there exits an ideal weighting

matrix W ∗ ∈ R6×m, where m denotes the number of

neurons in the hidden layer. W ∗ satisfies ‖W ∗‖ ≤ W̄

with W̄ > 0, such that [38,39]

F̄ (x1, x2) = W ∗Φ (x̂1, x̂2) + εf , (35)

where Φ (x̂1, x̂2) = [Φ1 (x̂1, x̂2) , Φ2 (x̂1, x̂2) , . . . , Φm (x̂1, x̂2)],

Φi (x̂1, x̂2) = exp
(
−‖(x̂2 + T1x̂1)− µi‖2/σ2

i

)
, σi is the

width of the ith neuron, while µi is the center vec-

tor of the ith neuron. The input of neural network

is the estimated quantity of the vehicle’s velocity, i.e.,

(x̂2 + T1x̂1), since F̄ (x1, x2) is mainly affected by the

vehicle’s velocity from our previous experiences. And

εf is the approximation error of neural network, af-

fected by the number of neurons and network structure.

It is always assumed that the approximation error is

bounded with a positive bound Ξ, i.e., ‖εf‖ ≤ Ξ.

The output of the RBF neural network is given by

F̄ e (x̂1, x̂2) = ŴΦ (x̂1, x̂2) , (36)
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where Ŵ is the estimated weighting matrix of W ∗, and

W̃ = W ∗ − W̄ .

Therefore, the control law u is designed with the

following form:

u = u0 + u1

u0 = E(x1)
+

(
T 2
1 x1 + T1x̂2 +

(x2c − αc)
θ

− ŴΦ (x̂1, x̂2)

)
− E(x1)

+
col

(
H2 (e1i, ε1i) sign (e1i)

ρai − z1i

)
u1 = E(x1)

+

(
−b3e2 − Ξ̂col

(
tanh

(
e2i
ρb

)))
, (37)

where E(x1)
+

is the pseudo-inverse matrix of E(x1). b3
and ρb are the positive constants. Ξ̂ is the estimated

quantity of Ξ, given by

˙̂
W = Γ1e

T
2 Φ (x̂1, x̂2)− β1Ŵ

˙̂
Ξ = Γ2e

T
2 col

(
tanh

(
e2i
ρb

))
− β2Ξ̂, (38)

where Γ1, Γ2, β1 and β2 are positive constants.

Then consider the following Lyapunov function

V3 =
1

2
eT2 e2 +

1

2Γ1
tr
(
W̃T W̃

)
+

1

2Γ2
Ξ̃2, (39)

where Ξ̃ = Ξ − Ξ̂. tr
(
W̃T W̃

)
means to take the trace

of the matrix
(
W̃T W̃

)
. And differentiating both sides

of (39) with respect to time yields

V̇3 = eT2
(
−T 2

1 x1 − T1x2 + F̄ (x1, x2) + E (x1)u
)

− eT2
(

(x2c − αc)
θ

+ ∆̇2

)
− 1

Γ1
tr
(
W̃T˙̂W

)
− 1

Γ2
Ξ̃˙̂Ξ

= eT2

(
−col

(
H2 (e1i, ε1i) sign (e1i)

ρai − z1i

)
+ W̃Φ (x̂1, x̂2)

)
+ eT2

(
εf − ∆̇2 − b3e2 − Ξ̂col

(
tanh

(
e2i
ρb

)))
− eT2 W̃Φ (x̂1, x̂2) +

β1
Γ1
tr
(
W̃T Ŵ

)
− Ξ̃eT2 col

(
tanh

(
e2i
ρb

))
− β2
Γ2
Ξ̂

= −eT2
(
col

(
H2 (e1i, ε1i) sign (e1i)

ρai − z1i

))
− eT2

(
b3e2 + Ξ̂col

(
tanh

(
e2i
ρb

)))
+ eT2

(
εf − ∆̇2

)
+
β1
Γ1
tr
(
W̃T Ŵ

)
− Ξ̃eT2 col

(
tanh

(
e2i
ρb

))
− β2
Γ2
Ξ̂.

(40)

By employing the Young’s inequality, the following

inequalities can be obtained

eT2 εf − Ξ̂eT2 col
(

tanh

(
e2i
ρb

))
≤ Ξ̃eT2 col

(
tanh

(
e2i
ρb

))
+ 6ςρbΞ (41)

eT2 ∆̇2 ≤
1

2
eT2 e2 +

1

2

∥∥∥∆̇2

∥∥∥2
(42)

tr
(
W̃T Ŵ

)
≤ 1

2
tr
(
W ∗TW ∗

)
− 1

2
tr
(
W̃T W̃

)
(43)

Ξ̃Ξ̂ ≤ 1

2
Ξ2 − 1

2
Ξ̃2. (44)

Then, substituting the above four inequalities into

(40) gives

V̇3 ≤ −eT2
(
col

(
H2 (e1i, ε1i) sign (e1i)

ρai − z1i

)
+ b3e2

)
− β1

2Γ1
tr
(
W̃T W̃

)
− β2

2Γ2
Ξ̃2 +

β1
2Γ1

tr
(
W ∗TW ∗

)
+

β2
2Γ2

Ξ2 + 6ςρbΞ +
1

2

∥∥∥∆̇2

∥∥∥2. (45)

Now, the main result of this paper is given as below.

Theorem 1 Consider an underwater vehicle without

velocity measurement (1). Given the performance func-

tion ρai, i = 1, 2, . . . , 6 with the constraint that ρai (0) >

z1i (0). If the state observer is designed as the form in

(7) and (9), and the region tracking control law is pre-

sented as (37) together with the adaptive laws as (38),

then the following properties always hold.

(1) all the signals in the closed-loop system, including

z1, e2, W̃ and Ξ̃, are uniformly ultimately bounded;

(2) the tracking error e1i is always kept within the pre-

scribed boundaries
(
ρi − ρi

)
exp (−µρt) + ρ

i
for i =

1, 2, . . . , 6, i.e., the region tracking control is achieved.

Proof To demonstrate the convergence of the signals in

the closed-loop systems, the following Lyapunov func-

tion is considered

V = V2 + V3. (46)

Then differentiating both sides of (46), and substi-

tuting (33) and (45) yields
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V̇ ≤ −b1
6∑
i=1

z1i
(ρai − z1i)

− b2
6∑
i=1

(
z1i

(ρai − z1i)

)1+l1

− b3eT2 e2 −
β1
2Γ1

tr
(
W̃T W̃

)
− β2

2Γ2
Ξ̃2

+
1

2
∆T

2∆2 +
1

2
y2c +

β1
2Γ1

tr
(
W ∗TW ∗

)
+

β2
2Γ2

Ξ2

+ 6ςρbΞ +
1

2

∥∥∥∆̇2

∥∥∥2. (47)

According to [40], for all z1i in the set z1i < ρa, the

following inequality holds

6∑
i=1

ln
ρai

ρai − z1i
≤

6∑
i=1

z1i
(ρai − z1i)

. (48)

Consequently, (47) can be further rewritten as

V̇ ≤ −b1V2 − b2V 1+l1
2 − λ1V3 + C̄0

≤ −λ2V + C̄0, (49)

where λ1 = min (2b3, β1, β2) > 0, λ2 = min (λ1, b1) >

0. C̄0 = 1
2∆

T
2∆2 + 1

2y
2
c + β1

2Γ1
tr
(
W ∗TW ∗

)
+ β2

2Γ2
Ξ2 +

6ςρbΞ+ 1
2

∥∥∥∆̇2

∥∥∥2. Since ∆2, ∆̇2, yc, W
∗, Ξ are bounded,

C̄0 is also bounded.

Integrating Eq. (49) over [0, t], one has

0 ≤ V (t) ≤ C̄0

λ2
+

(
V (0)− C̄0

λ2

)
exp (−λ2t)

≤ V (0) exp (−λ2t) +
C̄0

λ2
. (50)

Due to the constraint that ρai (0) > z1i (0), it is ob-

viously that V (0) > 0. Therefore one has that V (t) is

uniformly ultimately bounded according to [41]. Then

in light of (46), all the signals of the closed-loop system,

including z1, e2, W̃ and Ξ̃, are uniformly ultimately

bounded. The proof of Result 1 is completed. Further-

more, one has that z1i ≤ ρai, i = 1, 2, . . . , 6 for any

t > 0 when the initial condition is satisfied, according

to the research in [19,36,37].

Then, according to the definition of the variable z1
and ρa, for the case of |e1i| ≥ ε1i, one has the following

inequality:

0 ≤ (|e1i| − ε1i)3

3!
< ρai

ε1i ≤ |e1i| <
(
ρi − ρi

)
exp (−µρt) + ρ

i
. (51)

From Eq.(51), it can be obtained that the tracking

error e1i is always kept within the prescribed bound-

aries defined below Eq.(26). The proof of Result 2 is

completed.

4 Simulation studies

This section presents a series of simulation results to

demonstrate the effectiveness and feasibility of the pro-

posed observer based region tracking control scheme

for underwater vehicles without velocity measurement.

And two control schemes are used to conduct com-

parative studies, including a traditional observer-based

backstepping control scheme and a traditional region

tracking control with high-gain observer.

As usual, a typical representation of fully-actuated

underwater vehicles is considered. The vehicle’s dynamic

parameters and thruster distribution are presented in

[42]. The initial condition of the vehicle is set as η (0) =

[1, 1,−1, 2π/9, 2π/9, 2π/9]
T

, and the velocity η̇ (0) =

[0.04, 0.04, 0.04, 0.02, 0.02, 0.02]
T

.

To reflect the effectiveness of the proposed observer

based region tracking control scheme to reject ocean

current disturbances, the following equation is used to

generate ocean current η̇c [21, 30]:

d

dt
‖η̇c‖+ µc ‖η̇c‖ = ωc, (52)

where ‖η̇c‖ denotes the magnitude of ocean current

η̇c; µc is a fixed constant, set as 3; ωc is a Gaussian

noise with mean 1.5 and variance 1. The orientation of

ocean current is simulated by the sum of Gaussian noise

with mean 0 and variance 50. According to the model,

the mean value of ocean current used in simulations is

0.50m/s while its standard variance is 0.056.

This paper uses a RBF neural network to approxi-

mate the unknown function F̄ (x1, x2). Only one hidden

layer is considered, and the number of the neurons in

the hidden layer is 54. σi = 0.1 and the centers of radial

basis functions are distributed evenly within the range

of [−0.5, 0.5]×[−0.5, 0.5]×[−0.5, 0.5]×[−0, 0]×[−0, 0]×
[−0.2, 0.2]. Also, the initial entries of the weighting ma-

trix Ŵ are zero.

Solving (24) using LMI technique, then the follow-

ing parameters are determined. T1 = 2.5I6×6, P1 =

0.0641I6×6, P2 = 0.0641I6×6, L1 = 4.365I6×6, L2 =

−5.25I6×6.

According to the definitions of variables α, γ1 and

γ2, the values of these variables are given as α = 0.5,

γ1 = 1/3, γ2 = 1.5. And two types Nussbaum-type
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functions are used in the observer,including N1i (ξ1i) =

ξ21i cos (ξ1i), N2i (ξ2i) = ξ22i cos (ξ2i).

In order not to introduce serious fluctuation in the

estimated velocity, k1, k3, k5, a1, a2 should be set rela-

tively small values.Here, these variables are set as k1 =

1, k3 = 1, k5 = 0.5, a1 = 0.1, a2 = 0.1. After deter-

mining these values of the above variables, the other

parameters used in the observer are selected by trial

and error. Here, k0 = 10, k2 = 10, k4 = 10, k6 = 10,

p1 = 0.1 + tanh (t/30),p2 = 0.1 + tanh (t/30).

The prescribed performance function is selected ac-

cording to the given mission. For example, here the fol-

lowing function is chosen. ε1i = 0.1, (i = 1, 2, . . . , 6)

and ρa = ((2− 0.3) exp (−0.1t) + (0.3− 0.1))
3
/6. Of

course, these above parameters can be changed as the

requirement of the given mission. Finally, the control

parameters are selected as below.

b1 = 0.5, b2 = 0.5, θ = 0.1, l1 = 1/3, b3 = 2, ρb = 2.

Γ1 = 0.5, β1 = 0.6, Γ2 = 0.1, β2 = 0.05.

In simulations, the vehicle is commanded to track

the following desired trajectory:

ηd = [xd, yd, zd, 0, 0, 0]
T

, (53)

where xd = 4 (sin (0.05t) + sin (0.15t)), zd = −2, yd =

4 (cos (0.05t)− cos (0.15t)).

4.1 Simulation verification for the case without

measurement noise

In this subsection, the case without measurement noise

is considered to verify the effectiveness of the proposed

observer-based region tracking control strategy, where

two comparative control algorithms are considered. Specif-

ically, a traditional observer-based backstepping control

algorithm is used to demonstrate the advantages of the

region tracking control strategy, while a traditional re-

gion tracking control scheme based on high-gain ob-

server is applied to verify the superior of the proposed

region tracking control strategy.

The form of the traditional observer-based back-

stepping controller is shown as

αc = −T1x1 + ẋ1d − b1e1 − b2be1cγ1

ẋ2c = (αc − x2c) /θ
e2 = x̂2 − x2c
u = u0 + u1

u0 = E(x1)
+

(
T 2
1 x1 + T1x̂2 +

(x2c − αc)
θ

)
− E(x1)

+
ŴΦ (x̂1, x̂2) , (54)

u1 = E(x1)
+

(
−b3e2b4be2cγ2 − Ξ̂col

(
tanh

(
e2i
ρb

)))
,

(55)

where T1 = 2.5I6×6, b1 = 3, b2 = 1, b3 = 2, b4 =

2, γ1 = γ2 = 1/3, θ = 0.2, ρb = 2. In addition, the

weighting matrix Ŵ and the parameter Ξ̂ are still from

(38), and the estimated quantities x̂1 and x̂2 are from

the observer (7).

The traditional region tracking control scheme is

from [13, 14]. Since the control law is designed based

on the full states of an underwater vehicle, high-gain

observer is added to estimate the unmeasured veloc-

ity. Hence, the form of the traditional region tracking

control scheme based on high-gain observer is given as

follows:

Fp (e1) =

6∑
i=1

κi
2

(max (0, fpi (e1i)))
2

vs = J−1 (η)

(
η̇d − αv

(
∂Fp (e1)

∂e1

)T)
u = B+

(
−ŴΦ (0, v̂)−Mv̇s −Kdṽ − kssign (ṽ)

)
−B+JT (η)Kp

(
∂Fp (e1)

∂e1

)T
, (56)

where fp (e1) = [fp1 (e11) , fp2 (e12) , . . . fp6 (e16)]
T

, and

fpi (e1i) = 0.5
(
e21i − r2i

)
with the individual regional

bound vector r, i = (1, 2, . . . , 6). Ŵ comes from Eq.(38).

κ and αv are positive constants. ṽ = v̂−vs, v̂ is the esti-

mated velocity of the vehicle with respect to the body-

fixed frame v̂ = J−1 (η) x̂2 from the following high-gain

observer:

˙̂x1 = T1x̂1 + x̂2 + L1∆1

˙̂x2 = −T 2
1 x̂1 − T1x̂2 +M−1η (η) ŴΦ (0, v̂)

+ E (x1)u+ L2∆1, (57)

where T1 = 0, L1 = 100, L2 = 2000.

Under the action of the proposed observer-based

region tracking control strategy, the desired path and

the real path are shown in Fig. 2, and the tracking re-

sults of the vehicle are shown in Fig. 3, where the dash

line denotes the prescribed boundaries. From Fig. 2,

it is obvious that the vehicle did not accurately follow

the desired path under the proposed observer-based re-

gion tracking control strategy. That is because that the

high tracking precision is not the priority of the region

tracking control, as long as the tracking errors are al-

ways kept within the prescribed boundaries as shown
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in Fig. 3(a). The corresponding control inputs of each

thrusters are presented in Fig. 3(b). Fig. 4 is the re-

sults of the conventional backstepping control scheme

based on the Nussbaum state observer. It is shown from

Fig. 3(a) and Fig. 4(a) that the tracking precision of

the conventional backstepping control scheme is better

than the proposed control scheme, while the chatter-

ing phenomenon are much more serious. From Fig. 3

and Fig. 4, the results demonstrate that the control in-

puts become relatively smooth by sacrificing a certain

tracking precision and the tracking errors still satisfies

the requirement of the prescribed boundaries under the

action of the proposed observer based region tracking

control strategy. Fig. 5 presents the tracking results, in-

cluding tracking error and control input, based on the

conventional region tracking control scheme based on

high-gain observer, where the dash line denotes the pre-

scribed boundaries. Compared with the proposed con-

trol strategy, the tracking errors cannot be maintain

within the prescribed region under the action of the

conventional region tracking control scheme, although

the control inputs are relatively smooth in comparison

with the conventional backstepping control scheme.

It is be highlighted that the tracking accuracy is not

the first priority in the region tracking control, as long

as the tracking error satisfies the prescribed require-

ments/boundaries. Hence, the indexes about control ac-

curacy in the normal tracking control are not used to

explain the advantages of the proposed region track-

ing control strategy. Contrarily, on the premise that

the tracking error is always kept within the prescribed

boundaries, we need to pay more attention on control

inputs to demonstrate the performance of the region

tracking control strategy. To be quantitatively evaluate

the performances of the proposed observer-based region

tracking control strategy, two indexes about control in-

puts are used, including energy consumption (i.e., the

integral of the square of the control input) and chatter-

ing (i.e., the integral of the variance of control input),

while whether the tracking error is always kept within

the prescribed boundaries or not is considered the in-

dex about tracking precision, after all high precision is

not the original purpose of the region tracking control

concept.

Therefore, from Figs, 3-5 and Table 1, it can be

concluded that under the action of the proposed region

tracking control strategy, the tracking errors are within

the prescribed boundaries all the time and meanwhile

the control inputs are relatively smooth among these

control strategies for underwater vehicles without mea-

surement noise.

Fig. 2 Path considered in simulation

4.2 Simulation verification for the case with

measurement noise

For an underwater vehicle, it is inevitable that the

vehicle’s state measured from sensors suffer from mea-

surement noises. Hence, in this subsection, measure-

ment noise is considered to verify the effectiveness of the

proposed observer-based region tracking control strat-

egy. The measurement noise is simulated as follows.

Gaussian noise with mean 0 and variance 1 is filtered by

a low-frequency filter and the result (change between -

0.2 to 0.25) is added into the vehicle’s position/attitude

states.

Under the same measurement noise, the tracking

results of these control strategies are, respectively, pre-

sented in Figs. 6-8. Among these control strategies, the
the control inputs from the conventional backstepping

control scheme are most easily to be affected by mea-

surement noises, which is caused by the fact that the

goal of this control strategy is to obtain high track-

ing precision. Compared Fig. 6 with Fig. 8, the track-

ing errors of the vehicle is always kept within the pre-

scribed boundaries based on the proposed control strat-

egy while the conventional region tracking control scheme

is failed in terms of the region reachability. In order

to clearly demonstrate the performances of these con-

trol strategies, similar to the case without measurement

noises, the results about region reachability, evaluation

about control inputs are tabulated in Table 2.

From Figs. 6-8 and Table 2, it can be concluded

that the proposed observer-based region tracking con-

trol strategy can guarantee the tracking errors to be

always within the prescribed and its control inputs are

relatively smooth among these control strategies even

in presence of the measurement noises.
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Table 1 Comparative results of these control strategies for the case without measurement noise

Strategies Region reachability Energy consumption Chattering

Proposed YES 1.42×108(N2) 5.02×103(N)
Backstepping YES 1.85×108(N2) 3.00×104(N)
Conventional region NO 1.60×108(N2) 1.28×104(N)

Table 2 Comparative results of these control strategies for the case with measurement noise

Strategies Region reachability Energy consumption Chattering

Proposed YES 1.56×108(N2) 6.30×103(N)
Backstepping YES 2.15×108(N2) 5.76×104(N)
Conventional region NO 1.69×108(N2) 1.35×104(N)
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Fig. 3 Tracking results based on the proposed observer-
based region tracking control strategy without measurement
noise

5 Conclusions

This paper presents an observer-based region tracking

control strategy for underwater vehicles without veloc-
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Fig. 4 Tracking results based on the conventional backstep-
ping control scheme without measurement noise

ity measurement. To estimate the unmeasured veloc-

ity of the vehicle, a Nussbaum state observer is de-

veloped and it is verified that the estimation error is

uniformly ultimately bounded. Then, according to the

estimated velocity, a region tracking control scheme to-
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Fig. 5 Tracking results of the conventional region tracking
control scheme based on high-gain observer without measure-
ment noise

gether with a new error transformation is designed for

the vehicle in the framework of backstepping technique.

The uniform ultimate boundedness of the tracking er-

rors are proved based on Lyapunov theory. Simulation

results on a fully-actuated underwater vehicle also con-

firm that the tracking errors are always kept within the

prescribed boundaries based on the proposed observer-

based region tracking control strategy without velocity

measurement, even in presence of measurement noise,

and the corresponding control signals are much smoother

than the traditional backstepping control scheme and

conventional region tracking scheme.
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