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Abstract 26 

 27 

River daily discharge estimation and modeling considers an important step for scheduling and 28 

planning different water resources for sustainable socio-economic development. In the current 29 

work, four techniques of Gaussian processes regression (GPR): Polynomial Kernel, Radial Basis 30 

Function Kernel, Normalized Polynomial Kernel, and PUK Kernel, were used to model the daily 31 

discharge. Hydrological-datasets containing daily-stage (m) and discharge (m3/sec) were 32 

gathered over the period from 2004-2013. The datasets were divided into two sections: (i) 33 

models training containing 70% (2004-2010) of the total data and (ii) remaining 30% (2011- 34 

2013) were for testing. Comparing all the four developed models, our findings show that the 35 

superlative model was the PUK-Kernel model with a correlation coefficient (r) of 0.96, MAE of 36 

36.70 m3/s, RMSE of 90.92 m3/s, RAE of 17.50 %, RRSE of 26.05 % in the training period. 37 

Whereas, it performed equally well in the testing period with r = 0.97, MAE = 44.84 m3/s, 38 

RMSE = 95.05 m3/s, RAE = 17.98 %, RRSE = 24.94 % in the testing period. Our findings can be 39 

included that GPR-PUK was more accurate and stable than other models, and can be used to help 40 

water-users, decision-makers, development-planners for managing water resources and achieving 41 

sustainable development. 42 

 43 

Keyword: Stage-Discharge Modeling, Gaussian Functions, PUK Kernel, Govindpur 44 

 45 

 46 

 47 

 48 

 49 

 50 

 51 
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1. Introduction 52 

River discharge is a critical component of the water cycle since it affects water supply, 53 

irrigation, and flood prediction. River discharge and water level observation is an important 54 

research point in hydrological and hydraulic modeling, and it also represents a piece of vital 55 

knowledge for managing and monitoring water sources. For example, the precise stage-discharge 56 

calculation is critical for estimating design flows for different hydraulic infrastructures such as 57 

bridges, culverts, and canals (Manish et al, 2020). Direct flow discharge measurements are most 58 

often complicated or not possible in very complex or compound rivers. In addition, neither 59 

discharge nor water level may be accessible in certain cases or have the same data series record. 60 

Flow rating curves (FRCs) are therefore the normal and most general method for estimating 61 

missing details about a particular variable in such circumstances (Srivastava et al., 2018). With 62 

more than just a handful, FRCs has been based on calibrated historical phase-discharge rating 63 

records for decades (i.e., discharge and water level) (Mohantyet al. 2019). FRCs is most 64 

commonly used for medium and large rivers, where time and money can be expensive to make 65 

direct measurements. In contrast to FRCs, both flow discharge and water level can be directly 66 

determined in small rivers using current meters or other specialized technologies. The 67 

performance of the FRCs, on the other hand, can be influenced by river stage geometry and 68 

measurement uncertainty in general, limiting the estimation of high values (Manfreda, S.et al, 69 

2020). 70 

 71 

For non-linear regression and classification problems, Gaussian process models have 72 

become extremely common. They are expressive, interpretable, resist overfitting, and have 73 

excellent predictive success in a variety of rigorous empirical comparisons (Rasmussen, 1996; 74 

Kuss and Rasmussen, 2005; Rasmussen and Williams, 2006).  75 
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Gaussian process regression was established from research into neural networks in machine 76 

learning. Neal (1996) demonstrated that Bayesian neural networks were Gaussian processes 77 

when the number of hidden units reached infinitely and hypothesized that there could be easier 78 

ways to allow inference in this situation.  The foundation of subsequent Gaussian process models 79 

became these basic inference techniques. Neural networks, however, were partly inspired by 80 

their ability to capture associations between multiple outputs (responses), using hidden adaptive 81 

units that were shared between the outputs. This skill was lost at the infinity limit. There has 82 

recently been a surge of interest in extending the Gaussian process regression model to account 83 

for associations between output variables (Alvarez and Lawrence, 2011; Yu et al., 2009; Alvarez 84 

and Lawrence, 2008; Bonilla et al., 2008; Osborne et al., 2008; Teh et al., 2005; Boyle and 85 

Frean,2004). These are also referred to as models of 'multi-task learning or 'multiple outputs' 86 

regression. To make better predictions, it can be used to capture correlations between outputs 87 

(response variables). Suppose we want to predict the concentration of cadmium in the Swiss Jura 88 

region, where geologists are interested in the concentration of heavy metals. A regular regression 89 

model of the Gaussian process will only be capable of using measurements from cadmium 90 

preparation. Related heavy metal calculations can be combined with a multi-task approach to 91 

improve cadmium predictions (Goovaerts, 1997). If we make use of how these (signal) 92 

associations change with geographical position, we may further improve predictions. 93 

 94 

Similarly, extending Gaussian process (GP) regression to allow for input-dependent noise 95 

variances has piqued researchers' interest (Goldberg et al., 1998; Kersting et al., 2007; Adams 96 

and Stegle, 2008; Turner and Sahani, 2008; Turner, 2010; Wilson and Ghahramani, 2010a,b; 97 

Lazaro-Gredilla and Titsias, 2011). Wilson and Ghahramani (2010b, 2011) and Fox and Dunson 98 

(2011) extended the GP framework to handle input dependent noise associations between 99 
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multiple-output (response) variables; GP regression with non-stationary covariance function 100 

amplitudes (Turner and Sahani, 2008; Adams and Stegle, 2008) and length-scales (Gibbs, 1997; 101 

Schmidt and O'Hagan, 2003) and strong tailed predictive distributions for outlier rejection (Neal, 102 

1997; Vanhatalo et al., 2009) are other extensions (De Finetti, 1956; Dawid, 1973; O'Hagan, 103 

1979). We provide a unifying view of sparse approximations for GP regression in this paper. Our 104 

approach is simple but powerful: we evaluate the posterior for each algorithm and calculate the 105 

effectiveness before which it is used. As a result, we re-interpret the algorithms as "exact 106 

inference with an approximate prior," rather than the existing (common) interpretation of 107 

"approximate inference with the exact prior". In terms of prior assumptions about the function, 108 

this method has the advantage of expressing the approximations explicitly, which makes the 109 

implications of the approximations much simpler to grasp. Although our view of approximations 110 

is not the only one possible, it has the advantage of bringing under one umbrella all current 111 

probabilistic sparse approximations, thereby allowing a direct comparison and disclosing the 112 

relationship between them. We introduce Gaussian Process Regression (GPR) in this article, a 113 

modern regression approach that incorporates the structural properties of Bayesian neural 114 

networks (Neal, 1996) with Gaussian processes. This network is an adaptive combination of 115 

Gaussian systems that accommodates input-based signal and noise associations between several 116 

output variables, input dependent length scales and amplitudes, and strong tailed predictive 117 

distributions without requiring costly or numerically inefficient computations. Four Gaussian 118 

processes regression (GPR): Polynomial Kernel, Radial Basis Function Kernel, Normalized 119 

Polynomial Kernel, and PUK Kernel, were applied for daily discharge modeling. Therefore, the 120 

objectives of this study are to 1) fit four GPR models for modeling daily streamflow under 121 

different five scenarios, 2) compare the accuracy and stability of these developed models in 122 
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streamflow prediction, and 3) select the best outcomes have been provided from the created GPR 123 

models based on the performance metrics.  124 

2. Materials and Methods 125 

2.1. Study area 126 

The research field includes the NH-5 road bridge Govindpur, also known as Govindpur, is a 127 

town in  Balasore district of Orissa, India, with latitude 21°32′52” N and longitude 86°55′ 14” E. 128 

The study site is situated on the Burhabalang River, which is an east-flowing river that is also a 129 

tributary of the Subarnarekha river basin in Orissa State (Fig. 1). The drainage basin's 130 

contributing area is 4495 km2. The India-Water Resources Information System (WRIS) portal 131 

provided hydrological data for 10 years (1 June 2004–31 October 2013), including daily stage 132 

(m) and discharge (m3/sec). Fig. 2 shows a time series plot of the overall available datasets of 133 

stage and discharge versus time. These datasets were divided into two parts: (i) training dataset 134 

containing 70% of the total data (1 June 2004 to 31 October 2010) that was used for models 135 

training, and (ii) testing dataset containing 30% of the total data (1 June 2011 to 31 October 136 

2013) that was used to validate the prediction capability of the implemented models. The 137 

statistical analysis of given dataset of stage (m) and discharge (cumec) are presented in Table 1. 138 

The statistical analysis includes, mean, standard deviation (Std. Dev.), minimum, quartile 1 (Q1), 139 

median, quartile 3 (Q3) and maximum values. It gives basic statistical information about training 140 

data and testing data to get an idea about the nature of different datasets. 141 
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 142 

Fig. 1. Location map of study area 143 
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 144 

Fig. 2. Time series plot of stage and discharge dataset of study area 145 

 146 

Table 1 Statistical analysis for Stage (m) and Discharge (cumec) parameters of study area 147 

Variable Mean Std. Dev Minimum Q1 Median Q3 Maximum 

Training 

Stage 2.946 1.581 0.860 1.840 2.520 3.500 8.840 

Discharge 243.5 349.2 1.4 61.2 136.8 265.0 2885.9 

Testing 

Stage 2.754 1.703 0.8600 1.480 2.200 3.440 9.240 

Discharge 291.6 381.5 3.6 77.8 157.1 342.4 2685.6 

 148 

2.2. Machine learning methods used: Gaussian processes regression  149 

 150 

Gaussian processes are modern supervised machine learning models utilized in regression 151 

and classified process (Williams and Rasmussen, 1996; Rasmussen et al. 2012). It is important in 152 

the field of machine learning models. GPR mainly knows that the learning sample tracks the 153 

previous chances of a Gussian regression. It calculates the consistent probability afterwards. It is 154 
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produced according to the Bayesian model of linear regression. To describe the covariance of a 155 

previous scattering over the target functions, GPR uses the kernel to explain a chance function 156 

with the detected training information. A (Gaussian) post circulation over target functions, whose 157 

average is used for the data prediction, is explained according to the theorem of Bayes. 158 

The gathering of converted forecasters and predictands form a column vector𝑧𝑇 = ⌊𝑧1, 𝑧2, . . 𝑧𝑑⌋. 159 𝑧𝑖~𝑁(𝜇𝑖, 𝜎𝑖) di is the dimension of forecaster and predictands, the combined Gaussian 160 

distribution for the d variables 161 𝑧 ~𝑁(𝜇, 𝛴) 162 

𝜇𝑇 = [𝜇1, 𝜇2, … . 𝜇𝑑]             (1) 163 

𝛴 = 𝑑𝑖𝑎𝑔(𝜎) 𝑋 𝑅 𝑋 𝑑𝑖𝑎𝑔(𝜎)           (2)  164 

Where diag(𝜎) is a diagonal matrix from the standard deviation, 𝜎𝑇 = [𝜎1, 𝜎2, … 𝜎𝑑], and 165 

R is the proportional correlation matrix. 166 

Random processes represent Gaussian processes, where the joint distribution of a random 167 

variable is typical for the interconnection of many transformed forecasts and predictors following 168 

Gaussian distribution. Mean vector, standard vector and correspondence matrix; (Sun et al. 169 

2014). 170 

Rasmussen and its staff Gaussian technique of regression initially introduced 'the 171 

principled, virtually and mathematically based on the approach to kernel creating' (GPR) 172 

(Rasmussen et al. 2006). GPR's advantage over numerous other advantages lies in seamlessly 173 

integrating hyperparameter approximation, model training and insecurity evaluations. Gaussian 174 

(GP) methods presume that Gaussian mixed distribution of the possibility of model output 175 

(Markonis et al. 2015). 176 
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Polynomial Kernel  177 

In machine learning language, the polynomial kernel (poly kernel) is a kernel function 178 

that is commonly utilized with the support-vectors machines (SVMs) and other kernel-coded 179 

models which refer to parallel vector. The polynomial kernel automatically appears in order to 180 

achieve its similarity not only on the specified functions of the input samples, but also in their 181 

mixtures. Such groupings were classified as interaction characteristics in the sense of regression 182 

analysis. In the sense of regression analysis, these groups have been classified as characteristics 183 

of interaction. The contained polynomial kernel space is equal to a polynomial regression, but it 184 

is an educated sum of parameters without a combined blow-up. If the function data input is 185 

binary, then the functionality connects to logical function connections (Yoav Goldberg et al. 186 

2008). 187 

For degree-d polynomials, the polynomial kernel is well-defined as  188 

𝐾(𝑥 , 𝑌) =(xT, y + C)d                            (3) 189 

where x and y are vectors in the input space, i.e., vectors of features calculated from 190 

exercise or trial samples and c ≥ 0 is an unrestricted parameter trading off the approach of 191 

higher-order versus lower-order definitions in the polynomial. When c = 0, the kernel is known 192 

as homogeneous. 193 

 PUK Kernel 194 

 195 

The Pearson Universal Kernel is an effective use of machine learning programming and helps to 196 

broadly interpret and understand the various fields of data. In particular this kernel formula is a 197 

highly accurate climate- and hydrological prediction. The general form of the Pearson VII 198 

function for curve appropriate obtained is assumed by 199 
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𝑓(𝑥) = 𝐻[1+((2(𝑥−𝑥0√2( 1𝑤−1)/𝛿)2] 𝜔                                               (4)  200 

where H is the top tallness at the center x0 of the peak, and x denotes the self-determining 201 

variable. The parameters 𝜎 and 𝜔 regulator the half-width and the following factor of the peak. 202 

However, a function 𝜔 goes to the class of effective kernel functions. Individual if its symbolic 203 

and positive semi-definite kernel matrix is consistent. To show that these situations are certainly 204 

being resolved by PUK, Uestuen redrafted Eq. (4) into a function of both vectors (Uestuen et al., 205 

2006): 206 

 207 𝐾(𝑥𝑖, 𝑥𝑗) = 1
[1+((2√|𝑥𝑖−𝑥𝑗|2√2(1/𝜔)−1)/𝜎)]2 𝜔                       (5) 208 

 209 

The PUFK has the same or more powerful plotting effect as with the standard functions of the 210 

kernel, which mainly contribute to the equal or better generalization of SVMs. The Weka 211 

package was used for the performance of algorithms (Inamdar et al., 2004) and the following 212 

parameters were defined as defaults in total.  213 

 214 

Normalized Polynomial Kernel 215 

In machine learning and data mining, standardized polynomial kernel graders are used. It 216 

can be used in different fields to predict data. A machine learning technology is now being used 217 

in large-scale analysis with AI, drones and robotic technology built on the programming of 218 

machine learning. The metrological and the remote sensing data is a huge data and no precise 219 

information by conventional methods, but more accurate information can be given in comparison 220 

with machine learning with kernel classification. (Scholkopf 1997). 221 
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The normalization polynomial kernel of the vectors of the initial space can be agreed as the most 222 

basic kind of preprocessing𝑥 ∈ 𝑅𝑁 is an input vector, the consistent normalized vector 𝑥 can be 223 

described as : 224 𝑥 = 𝑥‖𝑥‖ ∈ 𝑅𝑁            (6)  225 

Where ‖𝑥‖2=∑ 𝑥𝑖2𝑁−=1 , this vector lies on a unit hypersphere of 𝑅𝑁. Feature space data 226 

normalization does not mean tough pre-processing because input vectors are not obviously 227 

useful, but can be seen as a kernel example of the above considered pre-processing, which is an 228 

extension of the normalization feature. Normalization in a function space basically involves 229 

trying to define the functions of the SVM kernel, because it works for unrefined input vectors 230 

(Scholkopf et al. 1999; Cortes et al. 1995). Accepted the K (x, y) is the kernel function on behalf 231 

of a dot product in the feature space (W. Maass 2000). Normalization in the feature space then 232 

number to describing a new kernel function 𝐾(𝑥, 𝑦) as respectively: 233 𝐾(𝑥, 𝑦)=
𝐾(𝑥,𝑦)√𝐾(𝑥,𝑦)𝐾(𝑥,𝑦) 𝜖𝑅         (7) 234 

  235 

 RBF kernel 236 

The RBF kernel is a common kernel function that is used in various machine training 237 

kernel learning algorithms. It is widely used in vector machinery classification. Usually the RBF 238 

kernel is a good first option. This kernel maps samples to higher dimensional areas, which means 239 

that a nonlinear relationship of class labels and attributes can be dealt with as opposed to the 240 

linear kernel (Keerthi et al. 2013). In addition, RBF is a different situation in the linear kernel 241 

Normalized poly kernel, since the linear kernel with a penalty parameter 𝐶 has performs with 242 

parameters the same as the RBF kernel. (C, y) Furthermore, in certain parameters the sigmoid 243 

kernel is like RBF One important idea is0 < 𝐾𝑖𝑗 ≤ 1 244 
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In comparison, kernel values can be used to (𝛾𝑋𝑖𝑇 + 𝑟 > 1) for polynomial kernelsto 245 

infinity as long as the grade is high (Lin et al. 2003). Furthermore, in such parameters the 246 

sigmoid kernel is not true, i.e. not an internal two-vector product. In certain situations, the RBF 247 

kernel is not suitable. In particular, when the number of functions is very high, the linear kernel 248 

can be used (Vapnik 1995). 249 

 250 

2.3. Methodology Adopted 251 

The hydrological datasets containing the daily stage (m) and discharge (m3/sec) of 10 years (1st 252 

June 2004-31st October 2013) were used for analysis process. The output variable is current day 253 

discharge. Five different scenarios were used by lagging of stage and discharge data. Table 2 254 

shows the input combinations used in each scenario to developed the models. Table 2 shows five 255 

days lag of stage data ht, ht-1, ht-2, ht-3, ht-4, ht-5 as present day, previous one day, two day lag, three 256 

day lag, four day lag and five day lag, respectively while five days lag discharge data Qt-1, Qt-2, 257 

Qt-3, Qt-4, Qt-5 as previous one day, two day lag, three day lag, four day lag and five day lag, 258 

respectively. Qt is the present day discharge which is an output of the model. 259 

Different techniques of gaussian function were used to predict present day discharge at 260 

Govindpur site. The techniques of gaussian function were Polynomial Kernel, Radial Basis 261 

Function Kernel, Normalized Polynomial Kernel and PUK Kernel. The obtained results of this 262 

model were evaluated by correlation coefficient, MAE, RMSE, RAE, RRSE. The flowchart 263 

methodology for discharge estimation is given in Fig. 3. 264 

 265 

 266 

 267 
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Table 2 Input combination used in each scenario of study 268 

Scenarios Lagging Input Combinations 

Scenario-1 One day lag ht, ht-1, Qt-1 

Scenario-2 Two day lag ht, ht-1, ht-2, Qt-1, Qt-2 

Scenario-3 Three day lag ht, ht-1, ht-2, ht-3, Qt-1, Qt-2, Qt-3 

Scenario-4 Four day lag ht, ht-1, ht-2, ht-3, ht-4, Qt-1, Qt-2, Qt-3, Qt-4 

Scenario-5 Five day lag ht, ht-1, ht-2, ht-3, ht-4, ht-5, Qt-1, Qt-2, Qt-3, Qt-4, Qt-5  

 269 

Fig. 3. Flowchart methodology of discharge estimation at study area 270 

 271 

 272 

 273 
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2.4. Performance indicators 274 

Actual data of discharge (Q) and predicted values were compared using different 275 

performance evaluators in this study. To evaluate the accuracy of models, the following 276 

performance indicators have been selected using coefficient of determination (r), mean absolute 277 

error (MAE), root mean square error (RMSE), relative absolute error (RAE) and root relative 278 

square error (RRSE) (Malone et al. 2017;Elbeltagi et al. 2020a, b, c; Srivastava et al., 2017, 279 

2018, 2020a, 2020b; Kumar et al., 2020 Kumari et al., 2020). All parameters defined as follows: 280 𝐷𝐴𝑖 is an observed or actual value, 𝑄𝑃𝑖  is simulated or foreseen value, 𝑄−  is the mean value of 281 

reference samples, and N is the total number of data points. The performance of developed 282 

models was also compared using visual inspection such as line diagram and scatter plot. 283 

 284 

Correlation coefficient (r) 285 

Correlation coefficient value ranges from -1 to +1 and the value close to +1represents best fit. It 286 

is to measure collinearity between the actual (A) and predicted (P) variables in hydrological 287 

studies. It is oversensitive to extreme value (Kumar et al., 2020; Tarate et al., 2021). 288 

𝑟 = [ ∑ {(𝑄𝐴− �̅�𝑃)(𝑄𝐴− �̅�𝑃)}𝑛𝑖=1√∑ (𝑄𝐴−�̅�𝑃)2𝑛𝑖=1 √∑ (𝑄𝐴−�̅�𝑃)2𝑛𝑖=1 ]                                    (8) 289 

Mean Absolute Error 290 

The mean absolute error evaluates the mean magnitude of the errors in a set of forecasts, without 291 

considering their sign. It’s an average of the absolute differences between expected and observed 292 

values over the test sample. It is defined as: 293 𝑀𝐴𝐸 =  1N ∑ |𝑄𝑃𝑖 − 𝑄𝐴𝑖 |𝑁𝑖=1       (9) 294 
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Root mean square error 295 

RMSE is the sample standard deviation of the differences between foreseen and actual values. It 296 

is given by: 297 

RMSE=√1N ∑ (𝑄𝐴𝑖 − 𝑄𝑃𝑖 )2𝑁𝑖=1      (10) 298 

Relative Absolute Error  299 

The relative absolute error takes the total absolute error and normalizes it by dividing by the total 300 

absolute error of the simple predictor. 301 

                     RAE =|𝑄𝐴𝑖 − 𝑄𝑃𝑖𝑄𝑃𝑖 |× 100                                                                (11) 302 

Root Relative Squared Error 303 

The relative squared error takes the total squared error and normalizes it by dividing by the total 304 

squared error of the simple predictor. By taking the square root of the relative squared error one 305 

reduces the error to the same dimensions as the quantity being predicted. 306 

RRSE=
√∑ (𝑄𝑃𝑖 −𝑄𝐴𝑖 )2𝑁𝑖=1√∑ (𝑄𝐴𝑖 −𝑄−)2𝑁𝑖=1                                                                             (12) 307 

 308 

 309 

3. Results and Discussion 310 

In this section, we discuss about the quantitative and qualitative evaluation of the results 311 

obtained from the four different models namely Poly Kernel, RBF-Kernel, and Normalized. Poly 312 

Kernel and PUK-Kernel were used in this study for five different scenarios (scenarios 1-5). 313 

Among these scenarios which one is the best suitable and deciphering the role, each scenario is 314 

described below. 315 

 316 

https://www.gepsoft.com/GeneXproTools/AnalysesAndComputations/MeasuresOfFit/RelativeSquaredError.htm
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3.1. Evaluation of different models using statistical indicators 317 

 Table 3 shows statistical indicators by using five different error measures that are r, MAE, 318 

RMSE, RAE, RRSE for all four models, and four training and testing periods for scenario 1. 319 

Among all the four models the best model which simulated the observed streamflow discharge 320 

performance well can be seen of the PUK-Kernel model with r = 0.96, MAE = 36.70 m3/s, 321 

RMSE = 90.92 m3/s, RAE = 17.50 %, RRSE = 26.05 % in the training period. Whereas, it 322 

performed equally well in the testing period with r = 0.97, MAE = 44.84 m3/s, RMSE = 95.05 323 

m3/s, RAE = 17.98 %, RRSE = 24.94 % in the testing period. However, among the selected 324 

models the least performance of simulated discharge was shown by Norm. Poly Kernel having r 325 

= 0.78, MAE = 131.67 m3/s, RMSE = 218.55 m3/s, RAE = 62.78 %, RRSE = 62.62 % in the 326 

training period. Whereas, it in the testing period the efficiencies slightly decreased with r = 0.48, 327 

MAE = 206.53 m3/s, RMSE = 334.28 m3/s, RAE = 82.84 %, RRSE = 87.72 % in the testing 328 

period. The order of model performance and capturing of the simulated discharge against 329 

observed discharge based on r from very good to unsatisfactory was attained PUK-kernel (0.97)> 330 

Poly Kernel (0.92)> RBF-Kernel (0.91)> Norm. Poly Kernel (0.48).  331 

 332 

Table 3. Statistical indicators and error measures between observed and simulated discharge of 333 

four different models utilized in this study for scenario 1.     334 

Model Dataset r MAE 

m3/s 

RMSE 

m3/s 

RAE 

(%) 

RRSE  

(%) 
Poly Kernel Training 0.8916 157.149 201.542 74.928 57.749 

 Testing 0.927 223.454 262.531 89.632 68.894 

RBF-Kernel Training 0.875 88.549 201.614 42.22 57.770 

 Testing 0.9138 136.207 241.647 54.635 63.414 



18 

 

Norm. Poly Kernel Training 0.783 131.678 218.550 62.783 62.624 

 Testing 0.4836 206.534 334.28 82.845 87.72 

PUK-Kernel Training 0.967 36.703 90.927 17.500 26.054 

 Testing 0.97 44.847 95.057 17.989 24.945 

 335 

 336 
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 337 

Fig. 4. Reproduction of observed and simulated discharge for four different models as a function of time 338 

a) Poly Kernel, b) RBF-Kernel, c) Norm. Poly Kernel, and d) PUK-Kernel for scenario 1 339 

3.2. Time series analysis of the different models for different scenarios 340 

Fig. 4 shows the results of the four different models (Fig. 4 a-d) for scenario 1 plotted between 341 

observed and simulated discharge hydrograph in the form of time series and scatter plots. It 342 

shows the visual representation of the results obtained in Table 3 where it is seen clearly that the 343 

best performance is shown by Puk-kernel model, the observed discharge is well captured by this 344 

model throughout the time period. Underestimation of high flows can be observed from the 345 

figure for this model comparison of observed streamflow. Discharge of more than ~1500 m3/s is 346 

not well captured in this model. Low flows are very captured in the model, which shows that 347 

baseflow is well simulated. However, when coming to the other models in the scenario 1, RBF-348 
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Kernel is the second best model, where it highly underestimates the peak flows and simulates the 349 

low flow quite well. This shows the incapability of all the models of capturing the high flows.  350 

Table 4. Statistical indicators and error measures between observed and simulated discharge of 351 

four different models utilized in this study for scenario 2.     352 

Model Dataset r MAE 

m3/s 

RMSE 

m3/s 

RAE 

(%) 

RRSE  

(%) 

Poly Kernel Training 0.878 152.299 196.923 72.615 56.426 

 Testing 0.907 212.693 251.529 85.316 66.007 

RBF-Kernel Training 0.853 88.348 202.819 42.124 58.116 

 Testing 0.885 125.204 230.928 50.222 60.601 

Norm. Poly Kernel Training 0.813 123.507 205.506 58.887 58.886 

 Testing 0.553 195.942 319.291 78.597 83.789 

Puk-Kernel Training 0.969 34.190 89.194 16.301 25.558 

 Testing 0.974 42.912 90.459 17.213 23.738 

 353 

 354 
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 355 

Fig. 5. Reproduction of observed and simulated discharge for four different models as a function 356 

of time a) Poly Kernel, b) RBF-Kernel, c) Norm. Poly Kernel, and d) PUK-Kernel for scenario 2 357 

 358 

Table 5. Statistical indicators and error measures between observed and simulated discharge of 359 

four different models utilized in this study for scenario 3.     360 

Model Dataset r 
MAE 

m3/s 

RMSE 

m3/s 

RAE 

(%) 

RRSE 

(%) 

Poly Kernel Training 0.879 147.733 192.161 70.438 55.060 

 Testing 0.892 206.243 247.396 82.729 64.92 

RBF-Kernel Training 0.847 89.314 204.081 42.584 58.478 

 Testing 0.868 121.667 229.473 48.803 60.219 

Norm. Poly Kernel Training 0.823 119.171 200.937 56.820 57.580 

 Testing 0.5806 192.2897 312.6158 77.1316 82.0377 

PUK-Kernel Training 0.970 33.407 88.346 15.928 25.315 
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 Testing 0.971 42.635 94.979 17.102 24.925 

 361 

362 

 363 

Fig. 6. Reproduction of observed and simulated discharge for four different models as a function 364 

of time a) Poly Kernel, b) RBF-Kernel, c) Norm. Poly Kernel, and d) PUK-Kernel for scenario 3 365 
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 366 

In the scenario 2, similar to the previous case the best results obtained are from the PUK-Kernel 367 

model with r = 0.97, MAE = 42.91 m3/s, RMSE = 90.45 m3/s, RAE = 17.21 %, RRSE = 23.73 % 368 

in the testing period. Whereas, the least performance in the testing period shown by Norm. Poly 369 

Kernel with r = 0.55, MAE = 195.94 m3/s, RMSE = 319.29 m3/s, RAE = 78.59 %, RRSE = 83.78 370 

%. Rest of the models performed in between these model performances as shown in the Table 4 371 

with detailed error measures. The clear visualization of these statistical measures can be further 372 

illustrated from the Fig.5 where PUK-Kernel simulated the discharge against observed quite well 373 

with underestimation in the peak flow. From Figs. 6-8, it can be observed that a similar trend of 374 

the discharge is obtained from all the five models with PUK-Kernel performing the best model. 375 

The r value of PUK-Kernel from scenario 3 to 5 is ~0.97. While for all other models, it ranged 376 

from 0.48 (Norm. Poly Kernel) to 0.92 (Poly Kernel).  377 

Table 6. Statistical indicators and error measures between observed and simulated discharge of 378 

four different models utilized in this study for scenario 4.     379 

Model Dataset r MAE 

m3/s 

RMSE 

m3/s 

RAE 

(%) 

RRSE 

(%) 

Poly Kernel Training 0.881 142.093 186.954 67.749 53.570 

 Testing 0.885 200.304 242.435 80.346 63.621 

RBF-Kernel Training 0.845 89.769 204.491 42.801 58.595 

 Testing 0.858 120.684 229.946 48.409 60.343 

Norm. Poly Kernel Training 0.828 115.793 198.245 55.209 56.805 

 Testing 0.611 187.879 305.075 75.363 80.059 

PUK-Kernel Training 0.971 32.958 86.645 15.714 24.827 

 Testing 0.970 43.652 97.090 17.510 25.479 

 380 



24 

 

 381 

 382 

Fig.7. Reproduction of observed and simulated discharge for four different models as a function 383 

of time a) Poly Kernel, b) RBF-Kernel, c) Norm. Poly Kernel, and d) PUK-Kernel for scenario 4 384 

 385 

 386 
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Table 7. Statistical indicators and error measures between observed and simulated discharge of 387 

four different models utilized in this study for scenario 5.     388 

Model Dataset r MAE 

m3/s 

RMSE 

m3/s 

RAE 

(%) 

RRSE 

(%) 

Poly Kernel Training 0.884 137.426 182.408 65.524 52.267 

 Testing 0.883 195.146 235.941 78.277 61.916 

RBF-Kernel Training 0.845 90.054 204.588 42.937 58.623 

 Testing 0.852 120.485 230.626 48.329 60.522 

Norm. Poly Kernel Training 0.831 113.224 197.023 53.984 56.455 

 Testing 0.634 186.242 298.323 74.706 78.287 

PUK-Kernel Training 0.969 33.644 89.934 16.041 25.770 

 Testing 0.971 44.208 97.138 17.733 25.491 

 389 

 390 
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 391 

Fig. 8. Reproduction of observed and simulated discharge for four different models as a function 392 

of time a) Poly Kernel, b) RBF-Kernel, c) Norm. Poly Kernel, and d) PUK-Kernel for scenario 5 393 

The results in all scenarios were also evaluated through Taylor diagram as shown in Fig. 9. The 394 

Taylor diagram represents three indices namely, correlation coefficient, standard deviation and 395 

root mean square difference (RMSD) (Taylor, 2001). Based on Taylor diagram, it is clear that 396 

the PUK kernel model was found to be the superior while Normalized Poly Kernel model were 397 

observed worst among all scenarios.  398 
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Fig. 9. Taylor diagram for developed models during testing periods in all scenarios 399 

Previous studies on the stream discharge relationship have demonstrated that PUK-Kernel model 400 

performs better than other models utilized here (Singh et al., 2019; Sattari et al., 2021). In a 401 

recent study by Khosravi et al. (2019) have compared the different methods based on the kernel 402 

and standalone tree based algorithms and found that the prediction power of kernel based 403 

functions are higher than non-kernel based functions. The findings of the study are corroborated 404 

with our results and support firmly the results with the error measures and graphical indicators 405 

obtained through model simulations (Kumari and Srivastava, 2020; Elbeltagi et al., 2021). Sattari 406 

et al., 2021 showed that poly kernel function provides the better results than the RBF kernel also 407 

they found that different scenarios yielded the same results of poly kernel functions. These 408 

findings are in line with our study where in all the five scenarios our best model does not change 409 

depending on the scenarios selected. The similar results were also obtained in other previous 410 

studies (Srivastava et al., 2017; 2018). Rasouli et al., 2011 demonstrated that nonlinear models 411 

outperformed the multiple linear regression models and Bayesian neural network slightly 412 

outperformed the linear modes in the simulation of lead times of streamflow. In addition, the 413 
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least performance shown in this study by normalized poly kernel is supported with the previous 414 

literature (Wang et al., 2009). Further, Zhu et al., 2019 also showed that seasonal streamflow is 415 

better simulated with kernel GPR method that well relates with our study. In another carried out 416 

by Adamala and Srivastava, 2018 it was found that the kernel based methods are one of the best 417 

alternatives to understand the rainfall-runoff relationship in the catchment. In particular to this 418 

climatology, the discharge estimation under predicts the observed streamflows which may due to 419 

the to the overprediction of model simulated water balance losses, such as base flow and ET 420 

(Paul et al., 2018; Srivastava et al., 2020; Elbeltagi et al., 2020). 421 

 422 

4. Conclusions 423 

The present study has examined four techniques of Gaussian processes regression (GPR): 424 

Polynomial Kernel, Radial Basis Function Kernel, Normalized Polynomial Kernel and PUK 425 

Kernel, to capture the daily discharge of Govindpur site located at the Burhabalang river in the 426 

India. The proposed models were trained and tested by using 10-year daily river stage and 427 

discharge data is measured from 2004 to 2013. The datasets were divided from 2004 to 2010 for 428 

models training process and from 2011 to October 2013 for testing. These models' precision was 429 

optimized by considering five different scenarios based on various combinations of time-lags of 430 

stage and discharge values up to 5-day. The performance of developed models was evaluated by 431 

r, RMSE, RAE, RRSE and visual inspection like line diagram and scatter plot. The results 432 

showed that the PUK kernel model outperforms all the other proposed models in each of the five 433 

examined scenarios during both training and testing phases. In contrast, the Normalized poly 434 

kernel model is the lowest performance model in all scenarios for predicting the river discharge. 435 
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Thus, it can be concluded that the PUK kernel model could be used as a reliable model for river 436 

discharge prediction and enhancing the flood management system.   437 
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