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Abstract: One of the most challenging discussions about EEG is the chaotic nature of this 

biological signal. In the present study, we attempt to provide an analysis to demonstrate 

sleep EEG chaoticity. We model changes of sleep attractor dynamic in phase space by 

exponential regression. Our model demonstrates that the sleep attractor is the sleep cycle 

attractor whose size shrinks during successive cycles by presenting a new definition of the 

sleep cycle. We study the EEG dynamics of different sleep stages by presenting two new 

features based on phase space properties. We show that each stage has a unique chaotic 

attractor. We model geometric changes of these attractors during successive sleep cycles. 

Our model achieves an accuracy, sensitivity, and specificity of 89.15%, 82.84%, and 

81.62% classifying sleep stages.  

Keywords: EEG, Chaos, Nonlinear analysis, Sleep EEG dynamics, Sleep attractor, Sleep 

cycle 

 

 

 

 

 

 

 



 

 

1. Introduction 

1.1. Background and Motivation  

Chaos theory describes the behavior of dynamical systems whose states evolve with time 

and are highly sensitive to initial conditions [1]. The first thoughts on using chaos theory in 

EEG analysis can be seen in Basar's work in 1983 [2]. For the first time, Babloyantz 

attempted to show the EEG's chaotic behavior during the sleep cycle in 1985 [3]. He 

calculated the complexity of the EEG by its correlation dimension (CD). Other researches in 

this field performed by Lutzenberger et al. and Natarajan et al. examined the EEG's 

chaoticity during various brain activities using nonlinear features such as fractal dimension 

(FD) and CD [4, 5]. Some researchers have also investigated EEG's chaos during sleep [6-

8]. Despite these justifications, some researchers believe that the given reasons for EEG’s 

chaoticity are insufficient. For example, they have shown that the positive largest Lyapunov 

exponent (LLE), non-integer value of the CD, or even the convergence of a time series's CD 

can be represented by stochastic processes [9-11].  

In the time evolution of nonlinear dynamics, the system is often not accessible as a closed 

formula. However, a trajectory path can show its dynamic in a mathematical space called the 

phase space [12]. Phase space can display all possible states of the system based on the 

system's variables or degrees of freedom [13]. Some nonlinear methods, such as the 

Lyapunov exponents, are based on this space for calculation [14]. A strange attractor is an 

attractor in phase space that has a fractal structure [15]. A strange attractor is a bounded 

region of phase space that initially close trajectories separate exponentially such that the 



 

 

motion becomes chaotic [16]. A strange attractor is one of the key features of a chaotic 

system [17]. Grassberger and Procaccia studied the CD to measure the strangeness of a 

chaotic system [14]. Several kinds of research demonstrate EEG chaoticity by measuring 

EEG attractor's dimensional complexity by nonlinear tools such as CD and FD [7, 18, 19]. 

In addition to examining EEG's nonlinear properties by plotting this signal in the phase 

space at different sleep stages, some studies tried to show its chaotic nature [3, 18]. 

For our study, we select 20 subjects from the Sleep-EDF Database Expanded [20], a greatly 

expanded version of Sleep-EDF Database [21], which is a popular dataset in sleep stages 

modeling [22-25]. Similar to previous researches [3-5], some studies used nonlinear features 

to show the chaos of EEG in the Sleep-EDF Database [18, 26]. Also, some studies used 

nonlinear features for sleep stage classification in this dataset [27-29]. 

1.2. Contribution and Paper Organization 

This paper tries to study the attractors of sleep EEG and its stages in phase space during 

successive cycles. We want to state that the sleep EEG is a chaotic signal with a strange 

attractor, and each sleep stage has a strange attractor inside a general sleep attractor. Based 

on our knowledge, no study presents a unique solution or feature to derive chaos in EEG, which a 

stochastic signal cannot represent. Therefore, our goal is to demonstrate that contrary to 

stochastic signals, the attractors of sleep EEG and its stages have a geometrical structure changing 

according to a specific pattern during successive cycles. Continuing the previous attempts to show 

chaos in EEG [18, 26], we believe this pattern can illustrate EEG chaoticity and separate it from 

stochastic signals. Because the brain is a complex system [30], we study the sleep phenomenon 

from a system theory perspective which tries to explain complex system dynamics [31]. 



 

 

Behavioral complexity measurement is a way of studying complex system dynamics [32]. 

Because of EEG’s nonlinear nature [19], we use nonlinear analysis to examining EEG 

complexity. We present two nonlinear features that can measure the system's complexity 

based on the geometric arrangement of EEG attractor points in phase space.  

Section 2 explains our specific procedure about determining sleep cycles which has an 

essential role in determining the relationship between stages and their attractors. Section 3 

introduces our new features and employed statistical tests. Section 4 presents the 

experimental results. This section shows that the sleep cycle's attractor shrinks during 

successive cycles by beginning the sleep process. We model variations of sleep attractor size 

by exponential regression. Then we model the stages attractors dynamics by providing 

simple time-dependent mathematical relationships. For evaluation, we implement a sleep 

stages classification and report its performance. Section 5 discusses our approaches to show 

EEG chaoticity and modeling stages attractors. Finally, section 6 gives a conclusion of our 

study.  

2. Materials 

The data used in this study is polysomnographic recordings of 20 healthy subjects (10 male 

and 10 female, aged 25 to 34 years old). Data recorded for two successive nights (a 

recording of a single subject is not available) selected from Sleep-EDF Database Expanded 

has been used [20]. Each recording contains information about more than 20 hours of 

biological signals. EEG recordings of data consist of two channels, Fpz-Cz and Pz-Oz. Since 

we aim to study the sleep dynamics based on a single EEG channel, we use the Fpz-Cz 



 

 

channel. We use this channel due to the Fpz-Cz channel's superiority over the Pz-Oz channel 

to detect sleep stages [33, 34]. We used the 12th order Butterworth notch filter at 50 Hz to 

remove power line interference. Experts prepared the hypnogram of data according to the 

R&K manual in 30-second epochs. To use the AASM manual, we considered the third and 

fourth stages of the R&K manual as the third stage of the AASM manual. There were 58 

movement epochs in only 17 of the 39 recordings. We remove these epochs because experts 

did not score them as any of the five sleep stages based on AASM manual recommendation 

[35]. 

2.1. Data preparation 

Due to the lack of specific patterns in the occurrence of sleep stages or their repetition, 

different sleep cycle definitions have been proposed [36]. Also, we found that the limitation 

of the definition of the sleep cycle in literature causes a portion of data lost in our analysis. 

In some research, the 5-minute succession of REM stages is a requirement for defining a 

sleep cycle [36, 37]. However, in some cases in our dataset, there is no succession of REM 

stages in sleep cycles for a constant time. Hence, without changing the main concept of 

sleep and its cycle definition, we define a term called complete sleep, which includes one or 

more complete sleep cycles. A complete cycle means the continuous occurrence of non-

rapid eye movement stages (NREM period) for at least 5 minutes and the rapid eye 

movement stages (REM period) for at least 5 minutes, respectively. This definition is similar 

to the complete sleep cycle definition of reference [36]; the difference is that in the present 

study, we consider the minimum duration of the NREM period to be at least 5 minutes 

instead of at least 15 minutes. Also, we present another condition for defining a complete 



 

 

cycle to make this definition more comprehensive. We accept REM stages mixed with other 

stages for at least 5 minutes as the end of a cycle, if the first, the end, and most of the epochs 

of this duration be REM stage. If the subject wakes up during the REM period, we accept 

the last sleep cycle with any REM period length as a complete sleep cycle.  

An essential issue in the present study is that we may consider more than one complete sleep 

for a subject in one night's sleep. This condition may happen when a subject waked up for a 

while during a night's sleep. In our work, we define the end of sleep with three conditions: 

First, the occurrence of waking epochs along with other sleep stages for more than 10 

minutes, while the first, the end, and most epochs of this duration be waking stages. Second, 

waking up for more than an hour during sleep, and third, waking up for more than half an 

hour during the REM period. In the third case, when waking epochs occurs during the REM 

period, we consider the two REM periods together as the last cycle's REM period by 

eliminating the waking time. In the present data, three subjects have more than one complete 

sleep. 

2. 2. Elimination of waking epochs during sleep 

To eliminate waking epochs, we follow the method provided by reference [37]. The stage 

that occupies more than half of the epoch length determines the label of that epoch [35]. 

Also, waking up and falling asleep could not have happened instantaneously. Therefore, in 

this study, waking epochs and their pre-epochs and post-epochs were removed from the 

EEG data to eliminate the effects of waking on other stages as far as possible. 



 

 

3. Methods 

EEG epochs are signals with fixed lengths of 3000 samples that a sleep expert labels. To 

study these epochs, we present features that can extract their complexity information. To 

evaluate features' performance to discriminate between stages epochs, we introduce 

appropriate statistical tests. Section 3.3 describes our approach for studying subjects' sleep 

EEG with different duration to reveal sleep EEG patterns. 

3. 1. Feature extraction 

The proposed features in this study need phase space for calculation. Phase space 

reconstruction requires calculating the system dimension equivalent to the phase space 

dimension and system time delay. One of the most common methods for calculating system 

dimensions is the false nearest neighbor method [38]. The average mutual information 

method is a conventional method for calculating the optimal delay [39]. The coordinates of 

each point (𝑋𝑖) in this space are according to Eq. (1). 

𝑋𝑖 = (𝑥𝑖 ,𝑥𝑖+𝜏, . . . , 𝑥𝑖+(𝑚−1)𝜏)                                               (1) 

In Eq. (1), x is the EEG signal, m is the optimal dimension, and 𝜏 is the optimal time delay. 

We design our proposed methods in the two-dimensional (2D) phase space to reduce the 

computational load. 

3. 1. 1. Phase change method 

This method calculates the phase changes (PC) between the phase space points after 

reconstructing the EEG in phase space. The phase between two points (𝜃𝑖) in the phase 



 

 

space is the angle between the lines that connect two successive points to the origin point 

(0,0), according to Fig. 1 and Eq. (2). In this relation, Di is the distance between a point in 

the phase space and the origin point, and Ci is the distance between two successive points of 

the phase space.  

𝑃𝐶 = ∑ 𝜃𝑖𝑛−1𝑖=1 = ∑ |cos−1 𝐷𝑖2+𝐷𝑖+12−𝐶𝑖22𝐷𝑖𝐷𝑖+1 |𝑛−1𝑖=1                                           (2) 

 

Figure 1. Reconstruction of a hypothetical EEG signal in phase space. Equation (2) is the 

sum of the angles between successive points and the origin point (∑ 𝜃𝑖𝑛𝑖=1 ). The red point is 

the origin of phase space. 

3. 1.2. Changes in distance from the origin of phase space 

In this method, after signal reconstruction in phase space, each point's Euclidean distance to 

the origin point (𝐷𝑖) is calculated, according to Fig. 1. Then these distances are added 
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together, according to Eq. (3). In Eq. (3), (𝑥(𝑖), 𝑥(𝑖 + 𝜏)) is the coordinates of the signal 

reconstructed points in phase space, n is the signal's length, and 𝜏 is the time delay. From 

now on, we call this feature changes in distance from the origin (CDO). 

𝐶𝐷𝑂 = ∑ 𝐷𝑖𝑛−𝜏𝑖=1 = ∑ √𝑥(𝑖)2 + 𝑥(𝑖 + 𝜏)2𝑛−𝜏𝑖=1                                           (3) 

The first and second row of Fig. 2a intuitively demonstrates the CDO and PC methods' 

ability by applying them to the EEG for 300 minutes before and after nighttime sleep. 

Figure. 2b shows the result by removing waking epochs. As Fig. 2b shows, we see a specific 

pattern in the first subject's EEG behavior. The first row of Fig .2b shows that in each sleep 

cycle, CDO increases with the beginning of the cycle according to sleep depth and decreases 

when it approaches the end of the NREM period. CDO has its lowest values in the cycle 

during the REM period. The second row of Fig. 2b shows an inverse trend for the PC 

method. 



 

 

 

Figure 2. Result of applying the CDO and PC methods accordingly in the first and second 

rows. (a) Appling the proposed methods to the EEG of the first night of the first subject with 

considering wake epochs from 300 minutes before falling asleep and after waking up, (b) 

the result of applying the methods on the EEG with eliminating wake epochs. The subject's 

Time (30s) Time (30s) 

(a) (b) 



 

 

sleep duration is 721 epochs (considering wake epochs), equivalent to 6 hours. The third 

row shows the hypnogram of data. 

3.2. EEG analysis in sleep cycles 

To investigate sleep EEG, we analyze CDO and PC values' changes in each subject's cycles. 

Due to the variability of cycle length, we scale the length of cycles in the same way. To 

scale the length of REM and NREM periods in each cycle, we consider the REM and 

NREM period’s duration fixed at 20 minutes (40 30-second epochs) and 70 minutes (140 

30-second epochs), respectively. For the NREM period, we perform a 140-point 

interpolation between each two successive CDO values. Then we perform a down sampling 

at a rate equal to the NREM period's time duration in each cycle to obtain a 140-point (70-

minute) signal. Due to the variability in the CDO's amplitude range for each subject, we 

scale it in the range of [0, 1]. We perform the same process for the REM period to obtain a 

40-point signal. With the end of the nighttime sleep, frequent intermittent between waking 

and REM stage occurs [40]. Discontinuity in the REM period causes difficulty accurately 

determining the sleep cycles (four subjects in the present study have more than five sleep 

cycles). Therefore we limit our study to subjects' first five sleep cycles.  

3.3. Statistical tests 

We use two statistical tests in this study: Mann–Whitney U-test and Kolmogorov–Smirnov 

(KS) test. Wilcoxon–Mann–Whitney U-test test or U-test is a nonparametric test of the null 

hypothesis that selected data x and y from two populations, samples from continuous 

distributions with equal medians, against the alternative that they are not. The U test 

assumes that x and y are independent [41]. U-test is more robust than the t-test to indicate 



 

 

significance inaccurately because of the presence of outliers [42]. For distributions far from 

normal and large sample sizes, the U-test is considerably more efficient than the t-test [43]. 

KS test is a nonparametric test that tests whether the data in vector x comes from a normal 

distribution or not [44]. This test decides to reject the null hypothesis by comparing the p-

value with the significance level 𝛼. In this study, we consider the significance level 𝛼 equal 

to 5%. 

4. Results 

This section shows the result of extracting proposed features from EEG and 

considering the labels of epochs as REM and NREM. With this approach, we show 

the general pattern of the EEG NREM period during successive cycles. We model 

maximum NREM variation in successive cycles with an exponential regression. 

We demonstrate the performance of our model by reporting regression errors. After 

that, we reveal the sleep stages' EEG patterns and model their dynamics. By 

performing leave one out cross-validation, we report the sleep stages classification 

model's accuracy, sensitivity, and specificity. 

4.1 Sleep EEG dynamic 

Figure 3 shows the CDO’s and PC’s mean and standard deviation of NREM and REM 

periods for all subjects in the first five successive cycles after applying the method of EEG 

analysis in section 3.3. As shown in the successive cycle, Fig. 3a shows the decreasing trend 

of the maximum amplitude of the CDO, and Fig. 3b shows the increasing trend of the 



 

 

minimum amplitude of the PC. As Fig. 3 shows, we see a similar pattern in all cycles. These 

patterns are the average behavior of all subjects. 

 

Figure 3. (a) and (b) are mean (brown) and standard deviation (blue) of PC and CDO, 

respectively, in 5 successive cycles. The black and red line above the figure shows the 

NREM and REM period, respectively. The length of all cycles is 90 minutes (70 minutes for 

NREM and 20 minutes for REM).  

Table 1 shows the mean and standard deviation of stages’ CDO and PC values in successive 

cycles. In each cycle, the CDO’s mean increase, and PC’s mean decrease by increasing the 

depth of sleep. Thus, the CDO's highest and lowest values in each cycle are related to stage 

3 and REM, respectively. Conversely, each cycle's lowest and highest PC values are related 

to stage 3 and REM, respectively. Table 1 shows that the distance between the phase space's 

(a) (b) 



 

 

trajectory and origin increases with sleep depth. Near the end of the cycle and 

simultaneously with decreasing sleep depth, this distance decreases. PC shows a reverse 

pattern. This repetitive behavior of EEG trajectories shows that the sleep attractor shrinks 

during successive cycles. In other words, the area in which the trajectory moves in phase 

space shrinks. 

Table 1. Mean and standard deviation of CDO and PC for different stages during successive 

cycles of all subjects. Before averaging, the values of each feature scaled in the range of [0, 1]. 
Cycle 5 Cycle 4 Cycle 3 Cycle 2 Cycle 1 Feature Stage 

0.2791±0.0744 0.2701±0.0890 0.2672±0.0771 0.2845±0.0820 0.2528±0.0565 CDO 1 
0.5862±0.1022 0.5577±0.0661 0.5478±0.0604 0.5304±0.0664 0.5535±0.0792 PC 
0.3169±0.0478 0.3173±0.0656 0.3384±0.0992 0.3497±0.0625 0.3825±0.0613 CDO 2 
0.5978±0.0429 0.5857±0.0472 0.5852±0.0561 0.5948±0.0474 0.6111±0.0462 PC 
0.5736±0.1373 0.5401±0.1083 0.5707±0.1216 0.5707±0.1216 0.6302±0.1209 CDO 3 
0.5613±0.0575 0.5727±0.0576 0.5683±0.0529 0.5683±0.0529 0.5989±0.0590 PC 
0.2534±0.0472 0.2385±0.0438 0.2656±0.1112 0.2540±0.0729 0.2465±0.0488 CDO REM 
0.6020±0.0569 0.5981±0.0550 0.5979±0.0820 0.6107±0.0699 0.6200±0.0714 PC 

 

4.1.1. Sleep attractor modeling  

Figure 4 shows the fitted line on the mean of more than 95% of the CDO’s maximum 

amplitude (𝑚𝑒𝑎𝑛𝐶𝐷𝑂𝑚𝑎𝑥95%) and less than 5% of the PC's minimum amplitude 

(𝑚𝑒𝑎𝑛𝑃𝐶𝑚𝑖𝑛5%) in the NREM period of the successive cycles. The horizontal axis and 

vertical axis are in terms of cycle number and logarithmic values in this figure. According to 

Fig. 4, we can consider that the 𝑚𝑒𝑎𝑛𝐶𝐷𝑂𝑚𝑎𝑥95%  in successive cycles decreases with the 

slope 𝑒−𝐶𝜏𝑎. The parameter C is the cycle number. The parameter 𝜏𝑎 is the CDO decreasing 



 

 

constant, which is equal to 9.524. As a result, 𝐴0𝑒−𝐶𝜏𝑎  shows the average maximum CDO 

after the first cycle can. Parameter A0 is the 𝑚𝑒𝑎𝑛𝐶𝐷𝑂𝑚𝑎𝑥95%  in the first cycle. For the PC 

feature, 𝐵0𝑒 𝐶𝜏𝑏  shows the average minimum PC after the first cycle. Parameter B0 is the 𝑚𝑒𝑎𝑛𝑃𝐶𝑚𝑖𝑛5% in the first cycle. The parameter 𝜏𝑏  is the PC increasing constant, which is 

equal to 10.021.  

 

Figure 4. (a) and (b) are mean (red) and standard deviation (black) of 𝑚𝑒𝑎𝑛𝐶𝐷𝑂𝑚𝑎𝑥95% 

and 𝑚𝑒𝑎𝑛𝑃𝐶𝑚𝑖𝑛5% of NREM period during successive cycles of all subjects. The vertical 

axis is logarithmic. The horizontal axis shows the cycle number. The green line represents 

the fitted line.  

4.1.2. Sleep model evaluation 

First, we normalize subjects’ CDO and PC values between [0, 1]. Then we fit our 

exponential regression model on 𝑚𝑒𝑎𝑛𝐶𝐷𝑂𝑚𝑎𝑥95% in successive cycles for all subjects. 

With a 95% prediction interval, the standard error for the regression is 6.83% ± 1.33%. The 

(a) (b) 



 

 

mean and standard deviation of mean square error (MSE) for all subjects is 0.061 ± 0.014. 

With the same prediction interval, the standard error for the regression on 𝑚𝑒𝑎𝑛𝑃𝐶𝑚𝑖𝑛5% is 7.16% ± 2.15%. The mean and standard deviation of MSE of this model is 0.082 ± 0.024. 

4.2. Sleep stages dynamics 

Now we want to survey this question: whether the trajectory in each stage moves in a 

determined place in the sleep attractor or moves throughout this attractor randomly? 

KS test shows that from the first to fifth cycle, with a significance level of 5% in 94.64%, 

82.74%, 79.17%, 79.35%, and 75% of cases, the distribution of CDO’s amplitude values are 

not normal. On average, the CDO's distribution of stages within the cycles is not normal. In 

non-normal data, the median is more appropriate than the mean for averaging [45]. So, we 

use the median for investigating average changes in CDO’s values. 

To detect attractors of sleep stages, we have to determine the bounds of stages. Bounds of 

stages are the CDO's minimum and maximum amplitude values. Therefore, in addition to 

the CDO’s median, we examine CDO’s minimum and maximum values to show their 

distinguishability in different stages. In advance, to investigate the distinguishability of 

CDO’s minimum, median and maximum (CDOMMM), it is essential to check the normality 

of their distribution. 

To Determine the central tendency of CDOMMM for each stage, we use the KS test result 

to specify the type of averaging method. Table 2 shows the p-values of the KS test with a 

significance level of 5% for CDOMMM. This table shows that the distributions of 



 

 

CDOMMM are not normal in stages of successive cycles for all subjects. Therefore, we will 

use the medians of CDOMMM to determine their central tendency for stages. 

Table 2. The p-values of the KS test with a significance level of 5% for CDOMMM of 

stages in different cycles.  

Max Median Min Stage Cycle 
4.75E-17 2.19E-11 1.65E-14 1  

1 5.16E-21 5.11E-14 3.57E-15 2 
6.93E-18 1.37E-15 1.22E-15 3 
5.10E-19 5.08E-12 1.92E-15 REM 
5.63E-13 1.58E-09 7.23E-12 1  

2 5.37E-21 9.12E-14 3.15E-15 2 
8.31E-16 5.79E-14 7.32E-14 3 
1.33E-18 4.50E-12 3.86E-15 REM 
8.06E-12 2.70E-08 2.93E-10 1  

3 4.06E-16 3.02E-11 2.52E-13 2 
1.43E-12 6.04E-11 1.40E-11 3 
2.36E-15 7.46E-11 1.22E-11 REM 
3.11E-09 4.63E-06 4.33E-08 1  

4 5.92E-12 2.77E-07 1.53E-08 2 
1.58E-07 2.86E-06 7.74E-07 3 
7.80E-12 2.42E-07 8.61E-09 REM 
0.00023 5.04E-03 0.00088 1  

5 3.10E-06 1.14E-03 0.00038 2 
0.00092 1.80E-03 0.00135 3 

2.13E-05 2.58E-03 0.00064 REM 
 

According to the non-normal distribution of values in Table 2, the U-test is suitable to 

evaluate the distinguishability of stages’ CDOMMM. Table 3 shows the p-values of the U-

test between stages in different cycles for the CDOMMM. For obtaining the stages’ 

CDOMMM, due to their non-normal distribution, the outlier data is removed with the Tukey 

outlier data removal method [46]. Values of p-value> 0.05 are in boldface in Table 3. As 

this table shows, the CDO feature could not distinguish between stage one and REM. Also, 



 

 

the minimum CDO values of stages show high similarity between stage one and stage 2. 

Based on the high correlation of stages one and REM CDO values, we ignore stage one 

from our modeling and focus on stages 2, 3, and REM. 

Table 3. U-test p-values with a significance level of 5% between stages’ CDOMMM in 

successive cycles. P-values greater than 0.05 are in boldface. 

Max Median Min  
 

 
SR S3 S2 S1 SR S3 S2 S1 SR S3 S2 S1 

0.9673 1.1E-14 2.1E-12 1 0.6652 9.3E-14 8.1E-11 1 0.6521 1.2E-14 4.8E-07 1 S1  
1 1.4E-13 5.4E-13 1 2.1E-12 3.7E-12 4.2E-08 1 8.1E-11 1.7E-08 1.3E-14 1 4.8E-07 S2 

6.8E-15 1 5.4E-13 1.1E-14 2.5E-14 1 4.2E-08 9.3E-14 6.8E-15 1 1.3E-14 1.2E-14 S3 
1 6.8E-15 1.4E-13 0.9673 1 2.5E-14 3.7E-12 0.6653 1 6.8E-15 1.7E-08 0.6521 SR 

0.0907 2.6E-12 0.0008 1 0.2786 2.9E-11 0.0001 1 0.0166 6.6E-12 0.5116 1 S1  
2 5.8E-10 6.4E-13 1 0.0008 1.8E-09 3.0E-09 1 0.0001 3.8E-06 4.2E-14 1 0.5116 S2 

1.4E-13 1 6.4E-13 2.6E-12 5.0E-13 1 3.0E-09 2.9E-11 1.1E-13 1 4.2E-14 6.6E-12 S3 
1 1.4E-13 5.8E-10 0.0907 1 5.0E-13 1.8E-09 0.2786 1 1.1E-13 3.8E-06 0.0166 SR 

0.8127 3.3E-10 0.0031 1 0.3332 5.9E-09 1.4E-06 1 0.1212 2.4E-10 0.4690 1 S1  
3 4.4E-06 1.1E-09 1 0.0031 1.7E-06 8.4E-06 1 1.4E-06 0.0026 8.0E-11 1 0.4690 S2 

9.6E-11 1 1.1E-09 3.3E-10 1.2E-09 1 8.4E-06 5.9E-09 8.0E-11 1 8.0E-11 2.4E-10 S3 
1 9.6E-11 4.4E-06 0.8127 1 1.2E-09 1.7E-06 0.3332 1 8.0E-11 0.0026 0.1212 SR 

0.2011 1.7E-06 0.0078 1 0.7058 0.0002 0.0062 1 0.0472 2.0E-06 0.2415 1 S1  
4 5.0E-05 7.8E-06 1 0.0078 0.0005 0.0016 1 0.0062 0.0014 3.6E-07 1 0.2415 S2 

2.8E-07 1 7.8E-06 1.7E-06 6.5E-06 1 0.0016 0.0002 2.8E-07 1 3.6E-07 2.0E-06 S3 
1 2.8E-07 5.0E-05 0.2011 1 6.5E-06 0.0005 0.7058 1 2.8E-07 0.0014 0.0472 SR 

0.5414 0.0003 0.1995 1 1 0.0093 0.1995 1 0.0273 0.0003 0.5414 1 S1  
5 0.0053 0.0001 1 0.1995 0.0314 0.0417 1 0.1995 0.0625 0.0001 1 0.5414 S2 

0.0001 1 0.0001 0.0003 0.0020 1 0.0417 0.0093 0.0001 1 0.0001 0.0003 S3 
1 0.0001 0.0053 0.5414 1 0.0020 0.0314 1 1 0.0001 0.0625 0.0273 SR 

 

Figure 5 shows the fitted line on the medians of CDOMMM’s box plots for stages 2, 3, and 

REM in successive cycles. This figure shows CDOMMM’s changes during sleep have a 

pattern. The minimum and maximum CDO values determine the stage attractor’s bounds 

distinct from other attractors. The general sleep attractor consists of a combination of stages 

Cycle   Stage 



 

 

attractors. The CDO median values pattern of each stage shows the average trajectory 

behavior in the general sleep attractor. Figure 5 shows medians of CDOMMM of stage 2, 

which decrease during successive cycles. For stage 3, the CDO's median and maximum 

variation trend descends while CDO’s minimum has ascending trend during successive 

cycles. The median and minimum of CDO of the REM stage have a downward trend during 

successive cycles, while the CDO’s maximum has an upward trend. Table 4 shows the fitted 

lines' slope on the medians of CDOMMM for stages 2, 3, and REM during successive 

cycles. The interquartile ranges in Table 4 indicate slopes of the median’s upper and lower 

quartiles of CDOMMM. 



 

 

 

Figure 5. Box plot of changes in the CDOMMM of stages for all subjects during successive 

cycles. The first to third rows show the changes in stages 2, 3, and REM. The left to right 

columns corresponds to the minimum, median and maximum changes of CDO. The vertical 

axis shows the scaled CDO’s values, and the horizontal axis shows the sleep cycle number. 



 

 

The green lines represent the fitted line on the median points. The MSE shows the 

calculation error inside each subfigure.  

Table 4. The slope of fitted lines on the medians of CDOMMM and their interquartile range 

(in parentheses) for stages 2, 3, and REM for all subjects during successive cycles. 

Maximum Median Minimum Stage −0.0090 (−0.0080, −0.0011) −0.008 (−0.006, −0.0012) −0.0043 (−0.0038, −0.0049) 2 −0.0244 (−0.02010,−0.0267) −0.0038 (−0.0032,0.0042) 0.0067 (0.0059,0.0077) 3 0.0100 (0.0098,0.0108) −0.0074 (−0.0065, −0.0080) −0.0019 (−0.0013, −0.0026) REM 
 

4.2.1. Sleep stages attractors modeling  

Figure 6 shows a schematic of the maximum and minimum CDO changes of stages 2, 3, and 

REM in three consecutive cycles. In this figure, the attractors of stages 2, 3, and REM are 

considered a disk. L2, L3, and LR are the differences between the maximum and minimum 

distance of points from the origin of phase space in stages 2, 3, and REM, respectively. They 

are a symbol of the size of each corresponding sleep stage attractor. According to Table 4, 

since the maximum slope of the CDO for stage 2 is greater than the minimum slope of the 

CDO, L2 decreases during successive cycles. Decreasing the maximum and increasing the 

minimum amplitude of the CDO for stage 3 indicates L3 decreases during successive cycles. 

The negative and positive slopes of the REM stage’s minimum and maximum CDO mean 

increasing LR. Therefore, the attractor of stages 2 and 3 decreases, while the REM stage's 

attractor increases during the successive cycles. 



 

 

 

Figure 6. Schematic representation of the changes in CDO's maximum and minimum values 

for stages 2, 3, and REM in three consecutive cycles. a, b, and c show the area covered by 

the attractor of stages on the phase space in the first, second, and third cycles, respectively. 

The attractors of stages 2, 3, and REM are considered a disk with green, blue, and red 

colors, in which L2, L3, and LR show the difference between the CDO's maximum and 

minimum values, respectively. The white area inside the red area indicates where the CDO 

has no value for different stages.  

Table 5 shows the mathematical relationships of L2, L3, and LR in Fig. 6. These 

relationships are dependent on the number of cycles. They are relative to the area in the 

general sleep attractor in which the trajectory moves at each stage. 

Table 5. Mathematical relationships of changes in L2, L3, and LR. The values of 𝑟2𝑚𝑎𝑥0, 𝑟3𝑚𝑎𝑥0, 𝑟𝑅𝑚𝑎𝑥0, and the values of 𝑟2𝑚𝑖𝑛0 , 𝑟3𝑚𝑖𝑛0, and 𝑟𝑅𝑚𝑖𝑛0show the maximum and 

minimum CDO values in the first sleep cycle for stages 2, 3, and REM, respectively. 

Constant parameters of relationships are (𝑃2𝑚𝑎𝑥, 𝑃3𝑚𝑎𝑥, 𝑃𝑅 𝑚𝑎𝑥) and (𝑃2min , 𝑃3min, 𝑃Rmin), 

(a) (b) (c) 

LR 

L2 

L3 



 

 

which are maximum and minimum values of CDO slopes of stages 2, 3, and REM in Table 

4, respectively. C is the number of sleep cycles. 

The relationship of changing in size of each attractor Size of each stage attractor 𝑟2𝑚𝑎𝑥0(1 + 𝑃2𝑚𝑎𝑥𝐶) − 𝑟2𝑚𝑖𝑛0(1 + 𝑃2𝑚𝑖𝑛𝐶) L2 𝑟3𝑚𝑎𝑥0(1 + 𝑃3𝑚𝑎𝑥𝐶) − 𝑟3𝑚𝑖𝑛0(1 + 𝑃3𝑚𝑖𝑛𝐶) L3 𝑟𝑅𝑚𝑎𝑥0(1 + 𝑃𝑅 𝑚𝑎𝑥𝐶) − 𝑟𝑅𝑚𝑖𝑛0(1 + 𝑃𝑅 𝑚𝑖𝑛𝐶) LREM 

 

4.2.2. Sleep stages model evaluation 

For evaluation of the performance of our model, we used it as a sleep stages classifier. We 

used leave-one-out cross-validation. In the training phase, appropriate 𝑃𝑖𝑚𝑎𝑥 and 𝑃𝑖𝑚𝑖𝑛 

(i=2,3 and REM) have been obtained. Then by use of maximum and minimum CDO in the 

first cycle of a test subject (𝑟2𝑚𝑎𝑥0 and 𝑟2𝑚𝑖𝑛0) and using obtained 𝑃𝑖𝑚𝑎𝑥 and 𝑃𝑖𝑚𝑖𝑛, the 

model’s performance has been evaluated. Our model achieved an average classification 

accuracy, sensitivity, and specificity of 89.15%, 82.84%, 81.62%, respectively. Table 6 

shows the confusion matrix of our classification. 

 

 

 

 

 



 

 

Table 6. Confusion matrix for three-stage sleep classification.  

 

 

5. Discussion 

Many studies tried to demonstrate EEG chaoticity using nonlinear features [5-8]. In this 

paper, we attempted to show EEG chaoticity in our dataset using nonlinear features. Chaotic 

and stochastic signals have similarities in many aspects [9, 10]. Therefore, it is controversial 

to show EEG chaoticity using conventional approaches to measure EEG nonlinearity [11]. 

We tried to demonstrate EEG chaoticity from a different view. We revealed a pattern of 

changes in each stage attractor during successive sleep cycles and demonstrated that sleep 

EEG is not a stochastic signal but a chaotic signal. This study introduced two nonlinear 

features based on phase space properties to investigate sleep EEG dynamic in section 4.1 

and present trajectory motion specific patterns during sleep stages in section 4.2. Therefore, 

the sleep strange attractor can be considered the attractor of the repeatable sleep cycle during 

sleep. However, the size of the strange attractor decreases over successive cycles. Similar to 

reference [8], Table 1 showed that the proposed features change according to the complexity 

 Stage 2 (Model) Stage 3 (Model) Stage REM (Model) Sensitivity 

Stage 2 (Expert) 15208 983 1593 85.52 % 

Stage 3 (Expert) 757 4164 128 82.47 % 

Stage REM (Expert) 1381 168 6412 80.54% 



 

 

of stages. This accordance demonstrates that our features can measure the complexity of 

EEG epochs. The complexity of EEG reflects interactions of brain neural networks [47], 

which is related to brain consciousness level [48, 49]. Based on this relationship, we can 

conclude that our features can measure brain consciousness levels. 

Studies modeled sleep in various aspects such as sleep stages classification [24], slow-wave 

activity [37], and circadian rhythm [50]. This study modeled sleep from a system theory 

perspective and use EEG reconstruction's geometric properties in phase space. We use just a 

single EEG channel and a single feature. Our model achieves a sensitivity of 85.52%, 

82.47%, and 80.54% in classification stages 2, 3, and REM. In classification stages 2, 3 and 

REM ,respectively, reference [28] achieves sensitivity of 87.07%, 98.77%, and 83.33% and 

reference [51] archives sensitivity of 89.56%, 79.85%, and 78.14%. These results reveal that 

our model has an acceptable performance. 

In section 4.1.1, the CDO method demonstrates a similar EEG delta band power pattern, 

which Achermann et al. modeled [37]. EEG is a non-stationary signal [18], and using of 

frequency and power of a signal is valid only when a signal is stationary [52]. However, the 

CDO and PC methods are not dependent on the stationarity of a signal. 

One of the limitations that we encountered in our research was the determination of sleep 

cycles. Defining a sleep cycle is a challenging issue [36]. As the end of nighttime sleep 

approaches, an increase in light sleep incidence during the REM period makes it difficult to 

determine sleep cycles accurately [37]. Section 2.1 presents new definitions for the sleep 

cycle to reduce the limitations of defining it and consider more modes of combining REM 



 

 

and NREM periods with different lengths. Another issue we encountered in this study was 

determining complete sleep. We found that prolonged waking during nighttime sleep causes 

a change in the sleep EEG dynamics. As a result, the descending trend of CDO or ascending 

trend of PC in successive cycles disturb. However, the mentioned pattern can be seen again 

by considering sleeping again after prolonged waking as a new complete sleep. In three of 

the 39 subjects' night data, we identified more than one complete sleep during their 

nighttime sleep. Therefore, we included two complete periods of sleep for them in nighttime 

sleep. 

EEG activity of stages one and REM are so similar that they are intuitively indistinguishable 

[53]. Other studies have reported low sensitivity of stage one detection in their work [54, 

55]. On the other hand, stage one epochs' volume in a normal night's sleep is 2% to 5% [56, 

57].  Section 4.2.1 ignores stage one from our examination and focuses on stages 2, 3, and 

REM based on these facts. Maybe analyzing EEG epochs in a higher dimension can solve 

the indistinguishability between stage one and REM's CDO values. 

Sleep-EDF Database Expanded has a wide age range (25 to 101 years) and a sufficient 

number of male and female subjects (78 subjects). Therefore, future studies can analyze the 

effect of age and sex in the proposed modeling.  

6. Conclusion 

This study introduced two nonlinear features based on phase space properties to investigate 

sleep EEG dynamics. We demonstrated and modeled the pattern of trajectory motion during 

sleep and its stages. The existence of this pattern illustrates that the attractor of sleep EEG 



 

 

has no resemblance to the attractor of a stochastic signal. Our proposed features can measure 

the degree of complexity, which helps to reveal chaotic system dynamics. Our sleep stages 

model based on one of our introduced features can classify sleep stages with acceptable 

accuracy. 
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