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 8 

Abstract The usage efficiency of GNSS multisystem observation data can be greatly 9 

improved by applying rational satellite selection algorithms. Such algorithms can also 10 

improve the real-time reliability and accuracy of navigation. By combining the 11 

Sherman-Morrison formula and singular value decomposition (SVD), a smaller geometric 12 

dilution of precision (GDOP) value method with increasing number of visible satellites is 13 

proposed. Moreover, by combining this smaller GDOP value method with the maximum 14 

volume of tetrahedron method, a new rapid satellite selection algorithm based on the 15 

Sherman-Morrison formula for GNSS multisystems is proposed. The basic idea of the 16 

algorithm is as follows: first, the maximum volume of tetrahedron method is used to obtain 17 

four initial reference satellites; then, the visible satellites are co-selected by using the smaller 18 

GDOP value method to reduce the GDOP value and improve the accuracy of the overall 19 

algorithm. By setting a reasonable precise threshold, the satellite selection algorithm can be 20 

autonomously run without intervention. The experimental results based on measured data 21 

indicate that (1) the GDOP values in most epochs over the whole period obtained with the 22 

satellite selection algorithm based on the Sherman-Morrison formula are less than 2. 23 

Furthermore, compared with the optimal estimation results of the GDOP for all visible 24 

satellites, the results of this algorithm can meet the requirements of high-precision navigation 25 

and positioning when the corresponding number of selected satellites reaches 13. Moreover, 26 

as the number of selected satellites continues to increase, the calculation time increases, but 27 

the decrease in the GDOP value is not obvious. (2) The algorithm includes an adaptive 28 
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function based on the end indicator of the satellite selection calculation and the reasonable 29 

threshold. When the reasonable precise threshold is set to 0.01, the selected number of 30 

satellites in most epochs is less than 13. Furthermore, when the number of selected satellites 31 

reaches 13, the GDOP value is less than 2, and the corresponding probability is 93.54%. 32 

These findings verify that the proposed satellite selection algorithm based on the 33 

Sherman-Morrison formula provides autonomous functionality and high-accuracy results. 34 

 35 

Keywords: Beidou navigation satellite system (BDS); global navigation satellite system 36 

(GNSS); satellite selection 37 

 38 

Introduction 39 

With the full operation of the Beidou navigation satellite system (BDS), the number of 40 

in-orbit satellites in the global navigation satellite system (GNSS) has reached hundreds (Liu 41 

and Cao 2020). The navigation and positioning chip developed in China can receive 42 

multisystem and multifrequency GNSS data. If GNSS data from all visible satellites are used 43 

in navigation and positioning, theoretically, its accuracy is optimized, but the computational 44 

efficiency is reduced, which could seriously affect the real-time performance of navigation 45 

and positioning operations. Conversely, if only a single system is selected through a satellite 46 

selection method, observation data will be wasted. 47 

Appropriate satellite selection can ensure the accuracy of calculations and improve the 48 

timeliness and reliability of navigation and positioning operations, thus enhancing GNSS 49 

applications, such as mobile device (Yu et al. 2017), precise point positioning and real-time 50 

kinematic difference applications (Dabove et al. 2020; Ge et al. 2018; Olivart i Llop et al. 51 

2020). The traditional satellite selection algorithms mainly include the elevation angle and 52 

azimuth angle determination method (Wang et al. 2008) and maximum volume method (Tian 53 

et al. 2014; Blanco-Delgado et al. 2017; Kong et al. 2014). The algorithms of the elevation 54 

angle and azimuth angle determination method mainly focus on the selection of 4-6 satellites 55 

based on the selected satellites distribution in the space. And the maximum volume methods 56 



mainly focus on the selection of 4 satellites for a single system. However, with the increase in 57 

the number of visible satellites, the number of iterations has sharply increased and the 58 

real-time performance of navigation has been seriously affected. Thus five satellites selection 59 

method (Teng et al. 2015), and three-dimensional convex hull satellites selection algorithm 60 

for multi-GNSS constellations are proposed to improve GNSS chip performance. In recent 61 

years, many scholars have combined artificial intelligence with satellite selection algorithms 62 

and proposed various types of intelligent satellite selection schemes (Wu et al. 2010; Doong 63 

2009). Wang and Jia et al. (2019) and Wang and Yang et al. (2019) proposed an intelligent 64 

particle swarm optimization algorithm by using intelligent matching for particle and satellite 65 

positions. In terms of the efficiency and accuracy of satellite selection, this type of algorithm 66 

is difficult to implement and requires high equipment performance, so it is not convenient for 67 

use in most models. Based on the initial satellite selection scheme, a satellite constellation 68 

method based on the NSGA-Ⅱ genetic model (Xu et al. 2017;Huang et al. 2018) and a genetic 69 

algorithm based on a crossover operator (Song et al. 2016) were proposed. However, genetic 70 

algorithms have notable requirements for initial sample quality and quantity (Chen et al. 2015; 71 

Huo and Zhang 2015). Constellation selection algorithms based on matrix theory provide 72 

alternatives to intelligent algorithms. A determinant method was used to improve the 73 

traditional satellite selection algorithm by analyzing the corresponding observation matrix 74 

(Fu et al. 2019). Cong et al. (2006) proposed a satellite selection algorithm based on SVD 75 

matrix decomposition. Methods of this type with selection satellites algorithms have low 76 

computational complexity, can be quickly run and are convenient for selecting satellites 77 

through mathematical analysis, equivalent substitution and weighting methods based on 78 

matrix theory. However, most of the current satellite selection algorithms are verified with 79 

simulation data and not experimental data. 80 

Considering the problems above, based on the Sherman-Morrison formula and SVD matrix 81 

decomposition, the smaller GDOP value method is presented. Furthermore, through an 82 

iterative process, a novel fast satellite selection algorithm based on the Sherman-Morrison 83 

formula and maximum volume of tetrahedron method is proposed in this paper. The 84 

algorithm is verified by using measured data from the UB4B0 GNSS chip, which was 85 



produced by Unicore Communications Incorporated. The results for 6-17 selected satellites 86 

and all visible satellite data are compared. Moreover, a reasonable threshold is set to test the 87 

autonomous functionality of the satellite selection algorithm based on the Sherman-Morrison 88 

formula. 89 

Fast satellite selection algorithm based on the Sherman-Morrison formula 90 

 91 

Geometric dilution of precision (GDOP) is used in GNSSs to specify the additional 92 

multiplicative effect of satellite geometry on GNSS precision. Theoretically, all visible 93 

satellites have minimal GDOP values, and the maximum number of calculations must be 94 

considered in GNSS navigation. To improve the timeliness and ensure the accuracy of GNSS 95 

navigation, we propose a novel method based on the Sherman-Morrison formula to select the 96 

visible satellites with the lowest GDOPs as follows. 97 

 98 

GDOP accuracy index for satellite selection 99 

The accuracy of a satellite selection algorithm is mainly evaluated based on the spatial 100 

geometry of the receiver and visible satellites (Kihara and Okada 1984). The most important 101 

parameter used to evaluate the geometric configuration is the GDOP value, which is usually 102 

expressed as the product of the user equivalent range error (UERE) and the GDOP. The 103 

navigation parameter error can be described as: 104 

UERE GDOPδm           (1.) 105 

where GDOP is the geometric precision factor and UEREδ  is the precision of pseudorange 106 

positioning. The navigation accuracy is further improved by reducing the GDOP value when 107 

UEREδ  is determined. In addition, GDOP can be defined as follows: 108 

  1
TGDOP trace


 A A        (2.) 109 

where trace (∙) represents the trace of the matrix and 110 
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where k, l, and m represent the partial derivatives of the connection between a station and a 112 

satellite in the x-axis, y-axis and z-axis directions, respectively; n  represents the number of 113 

satellites; and   represents the cumulative sum. 114 

 115 

Smaller GDOP value method based on the Sherman-Morrison formula 116 

We assume that 
jA  is the observation coefficient matrix for j  in-view satellites from 117 

multiple constellations with intersystem time off-sets considered. By removing the i th 118 

( i =1,…, j ) satellite from j  satellites, we can obtain the observation coefficient matrix 119 

1
i
jA  of -1j  satellites. The relationship between two observation coefficient matrices can 120 

be expressed as follows: 121 

T T T

1 1

i i

j j j j i i  A A A A a a        (4) 122 

where  1i i i ik l m a  is the partial derivative of satellite i  in the direction of the 123 

coordinate axis. Based on the Sherman-Morrison formula (Bartlett 1951), we can obtain the 124 

following equation: 125 
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where 
T(1 )i j ia G a  is a scalar, denoted as 

i
S ; therefore, the square of the GDOP value of j-1 127 

satellites is 128 
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After removing satellite i, Eq. (6) indicates that 
2

1

i

jGDOP   includes one more item than does 130 

2

jGDOP . 131 

Now, we need establish the rules for 

T

trace
j i i j

i
S

G a a G
. The SVD of 

T

1 1

i i

j j A A  can be given 132 

as follows: 133 

T T

1 1

i i

j j  A A UZU
                                  

(7) 134 

According to (3), U  is a (4 4)  orthogonal matrix, and Z  is a (4 4)  diagonal matrix, 135 

where 
1 2 3 4diag( )z z z zZ . 136 

By substituting (7) into (4), the orthogonal transformation of both sides of the equation can 137 

be obtained, furthermore, based on the Sherman-Morrison formula, we can obtain the 138 

following formula: 139 
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where  TT T

1 2 3 4i
u u u u u U a . 141 

Orthogonal transformation does not change the trace of the matrix, so the following relations 142 

can be obtained: 143 
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   . Therefore, the 145 

following formula can be obtained: 146 

2 2 2

1GDOP GDOP GDOPi

j j jk q                                  (10) 147 

Eq.(10) indicates that: (1) optimal GDOP value is achieved when all visible satellites are used 148 



for computing the three-dimensional position; (2) with increasing number of satellites, GDOP 149 

value will be smaller. Here we defined the satellite selection method about Eq.(10) as smaller 150 

GDOP value method based on the Sherman-Morrison formula. 151 

In order to maximize the efficiency of satellite data use and reduce the number of calculations 152 

required, how to select four or more satellites from all visible satellites firstly, and then to add 153 

satellite to improve GDOP value according to Eq. (10), are the questions that we will discuss 154 

next section. 155 

 156 

Combining the smaller GDOP value method and the maximum volume of tetrahedron 157 

method 158 

The researches (Kaplan and Hegarty 2006; Kihara and Okada 1984; Newson 1899-1990; 159 

Blanco-Delgado et al. 2017) have been approved minimizing GDOP by selecting a set of 160 

satellites that maximizes the volume spanned by the user-to-satellite unit vectors when four 161 

satellites are used for computing the three-dimensional position. The relation between GDOP 162 

and the volume of tetrahedron can be expressed as follows: 163 
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(11) 164 

Where V stands for the volume of tetrahedron spanned by the user-to-satellite unit vectors. 165 

When V reaches a maximum, the GDOP is considered as an optimal value. 166 

After having selected four satellites based on the maximum volume of tetrahedron method, 167 

we know that small GDOP values imply good accuracies, we add herein another visible 168 

satellite based on the smaller GDOP method above to minimize GDOP value.  169 

Let GDOP
i
 denote the GDOP value after add i  satellites, 

1GDOP
i  denote the GDOP value 170 

after add 1i   satellites. And when 0i  , GDOP
i
 is the minimizing GDOP related to the 171 

maximum volume of tetrahedron method in Eq. (11). According to Eq. (10), the relation 172 

between GDOP
i
 and 

1GDOP
i  can be expressed as follows: 173 

2 2

1 1 1GDOP GDOP
i i i i

k q       ( 0,1,2 4)i i n  L      (12) 174 

Where n  is the number of all visible satellites; 
1 1i i

k q   can be defined as GDOP smaller 175 

efficiency indicator. 176 



In selecting the satellites, adding one satellite every time, minimum 
1GDOP

i  value will be 177 

achieved with the 
1 1i i

k q  maximization according to Eq.(12). Thus GDOP value will be 178 

smaller and smaller with the number of the selected satellites increasing. However, when the 179 

number of the selected satellites reaches a certain value, the rate of GDOP decrease tend to 180 

approach zero. Therefore, in order to make the satellite selection method with higher 181 

computational efficiency, reasonable threshold can be set to stop adding more satellite to 182 

minimize GDOP at this time. The relation between the end indicator of the satellite selection 183 

calculation and the reasonable threshold can be expressed as follows: 184 

1 1

2 2 2

1, ,Max( . ) 1,Max( . )GDOP GDOP GDOP
i i i ii i i k q i k q TH

       ( 0,1,2 4)i i n  L   (13) 185 

Where the 2

1,GDOPi i stands for the end indicator of the satellite selection calculation; 186 

,Max( . )GDOP
i ii k q stands for the GDOP value after having added i  satellites, moreover, with the 187 

i i
k q maximization; 

1 11,Max( . )GDOP
i ii k q  stands for the GDOP value after having added 1i   188 

satellites, moreover, with the 
1 1i i

k q  maximization; TH stands for the reasonable threshold. 189 

Thus the characteristics of the maximum volume of tetrahedron satellite selection method 190 

are combined with the advantages of the Sherman-Morrison formula in the proposed 191 

approach, as shown in Fig. 1. 192 

 193 



 194 

Fig. 1 Flow chart of the satellite selection algorithm based on the Sherman-Morrison formula 195 

 196 

As shown in Fig. 1, after obtaining the satellite coordinates and observation data, the 197 

maximum volume of tetrahedron satellite selection method is used to select the four initial 198 

visible satellites, and the satellite selection algorithm based on the Sherman-Morrison 199 

formula is then used to co-select the visible satellites. The specific steps of the smaller GDOP 200 

value method in the co-selection process related to the visible satellites can be described as 201 

follows. First, determine whether the maximum 
i i

k q maximization, and the indicator 202 

2

1,GDOPi i
 
is less than the threshold value TH . If the threshold requirement is met, stop 203 

adding more satellite, and end the calculation cycle. Finally output the satellite selection 204 

result. 205 

 206 

Experimental verification and analysis 207 

To verify the feasibility of the satellite selection algorithm based on the Sherman-Morrison 208 

formula, measured data are used. The GNSS data collected with a UB4B0 chip produced by 209 

Unicore Communications Incorporated were analyzed with a routine written in the MATLAB 210 



2017b programming platform. Moreover, a processing program for the satellite selection 211 

algorithm based on the Sherman-Morrison formula was used to test the empirical validity of 212 

the results. 213 

 214 

Results and analysis of the proposed algorithm in multiepoch, multisatellite experiments 215 

Here, a total of 2400 ephemeris files were collected with the UB4B0 chip, and the epoch 216 

interval was 10 seconds. The observations and ephemeris files from BDS/GPS/GLONASS 217 

were used to further assess the experimental results. According to the design principle of the 218 

satellite selection algorithm based on the Sherman-Morrison formula, 6-17 visible satellites 219 

were selected without setting a threshold, and the experimental results are shown in Fig. 2. 220 

Additionally, the optimal estimation results of the GDOP for all visible satellites are given in 221 

Fig. 2. 222 

 223 

Fig. 2 Comparison of the results for all visible satellites and those of the satellite selection 224 

algorithm based on the Sherman-Morrison formula 225 



In Fig. 2, ALL represents the optimal GDOP estimation results for all visible satellites. 226 

Moreover, 6 SAT-17 SAT represent the results for the corresponding number of selected 227 

satellites (i.e., 6, 7, 8,...,17). 228 

Fig. 2 shows that the GDOP value decreases as the number of selected satellites increases. 229 

The results of the fast satellite selection algorithm based on the Sherman-Morrison formula 230 

indicate that the algorithm results reflect the variational GDOP trend. Additionally, the results 231 

in Fig. 2 can be summarized as follows: when the number of selected satellites ranges from 6 232 

to 8, the GDOP value decreases at a rapid rate; however, compared with the results for all 233 

visible satellites, these results display relatively large differences in GDOP values. When the 234 

number of selected satellites ranges from 9 to 13, the GDOP value decreases significantly; 235 

compared with the results for all visible satellites, these results display smaller differences in 236 

GDOP values. When the number of selected satellites ranges from 13 to 17, the decrease in 237 

the GDOP is not obvious; compared with the results for all visible satellites, these results 238 

display very small GDOP differences. Moreover, the GDOP is less than 2 in all cases, which 239 

indicates that the positioning accuracy is high. In summary, compared with the optimal 240 

GDOP estimation results based on all visible satellites, the results when the number of 241 

selected satellites reaches 13 yield a GDOP value of less than 2, which indicates that the 242 

algorithm has high accuracy and stability. Therefore, 13 satellites can be regarded as the 243 

optimal number of selected satellites. 244 

To verify the computational efficiency of the satellite selection algorithm based on the 245 

Sherman-Morrison formula, Table 1 gives the calculation time results of experiments over 246 

2400 epochs. 247 

 248 

Table 1 Calculation time over 2400 epochs for the satellite selection algorithm based on 249 

the Sherman-Morrison formula 250 

Satellite 

number 
6 7 8 9 10 11 

Time (s) 815.254 821.957 828.785 836.621 844.747 857.624 



  

Satellite 

number 
12 13 14 15 16 17 

Time (s) 864.962 871.653 882.498 898.352 912.415 931.564 

 251 

Considering the satellite selection principle, the calculation time of the algorithm based on 252 

the Sherman-Morrison formula increases with increasing number of selected satellites. When 253 

the number of selected satellites is greater than or equal to 13, the calculation time of the 254 

algorithm increases rapidly. However, the average calculation time is less than 0.5 s in all 255 

epochs when the number of selected satellites is between 6 and 17. Furthermore, the results 256 

suggest that the satellite selection algorithm based on the Sherman-Morrison formula 257 

provides good real-time performance. 258 

Results of automatic satellite selection when setting the threshold value  259 

The calculation results of the proposed satellite selection algorithm are shown in Fig. 3 for 260 

threshold values is set as 0.01, and the end indicator 2

1,GDOPi i
 
less than it. The GDOP 261 

values are distributed between 1.3 and 2.6, and most of them are less than 2. This finding 262 

suggests that the selection algorithm based on the Sherman-Morrison formula has high 263 

accuracy and is autonomous. The statistics for the algorithm results over 2400 epochs are 264 

shown in Tab. 2. 265 

 266 



 267 

Fig. 3 Results of the algorithm based on the Sherman-Morrison formula with a threshold 268 

Tab. 2 Statistics for the algorithm results over 2400 epochs 269 

GDOP 
Less than 

1.5 

Less than 

1.6 

Less than 

1.7 

Less than 

1.8 

Less than 

1.9 

Less than 

2.0 

Sat_all method 60.88% 82.79% 87.00% 91.46% 94.63% 100.00% 

Sherman-Morrison 26.33% 48.75% 71.13% 83.46% 89.71% 93.54% 

 270 

According to Tab. 2, 93.54% of the GDOP values obtained with the algorithm based on the 271 

Sherman-Morrison formula over 2245 epochs are less than 2. Thus, under normal conditions, 272 

the GDOP value is less than 2, indicating that the approach can meet the requirements of 273 

high-precision navigation. Therefore, the proposed algorithm is characterized by high 274 

accuracy and broad applicability. 275 

The number of selected satellites and the probability statistics for the algorithm based on 276 

the Sherman-Morrison formula are shown in Fig. 4 and Tab. 3. 277 

 278 



 279 

Fig. 4 Comparison of number of satellites selected in the all-visible-satellite method and the 280 

satellite selection method based on the Sherman-Morrison formula 281 

Tab. 3 The probability statistics for the algorithm based on the Sherman-Morrison formula 282 

Satellite 

number 
13 or less More than 13 

Probability 85.79% 14.21% 

 283 

Tab. 3 indicates that the probability is 85.79% when the number of selected satellites is 284 

less than or equal to 13. Additionally, the probability is 14.21% when the number of selected 285 

satellites is greater than 13. Combined with the results in Fig. 1 and Tab. 1, it can be seen that 286 

after setting a reasonable threshold for the end indicator of the satellite selection calculation, 287 

the algorithm based on the Sherman-Morrison formula exhibits high precision and supports 288 

autonomous functionality. 289 

 290 

Conclusions 291 

Based on theoretical and experimental verifications, the main conclusions of this study can be 292 

summarized as follows. 293 



(1) The satellite selection algorithm based on the Sherman-Morrison formula reflections 294 

the variations in the GDOP. That is, the GDOP value decreases gradually with increasing 295 

number of selected satellites. When the number of selected satellites is greater than or equal 296 

to 13, the GDOP remains basically stable. The average calculation time in each epoch is less 297 

than 0.5 s, which indicates that the proposed method can meet the real-time requirements of 298 

navigation and positioning. 299 

(2) The satellite selection algorithm based on the Sherman-Morrison formula provides 300 

autonomous function by setting a precision threshold. When the reasonable precise threshold 301 

is set to 0.01, the GDOP values are distributed between 1.3 and 2.6. In addition, 93.54% of 302 

the values are less than 2. This finding further verifies that the algorithm can maintain high 303 

positioning and navigation accuracy under autonomous conditions. 304 
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