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Abstract
This paper studies Radhakrishnan-Kundu-Laksmannan equation which is used to describe the pulse
propagation in optical fiber communications. By using improved modified extended tanh-function method
various types of solutions are extracted such as bright solitons, singular solitons, singular periodic wave
solutions, Jacobi elliptic solutions, periodic wave solutions and Weierstrass elliptic doubly periodic solu-
tions. Moreover, some of the obtained solutions are represented graphically.
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1 Introduction

Nonlinear evolution equations play a major role in a variety of scientific and engineering fields, such as
ocean engineering, optical fiber communications, plasma physics and fluid dynamics. The studies of Soli-
ton solutions for non-linear evolution equation attracted many researchers and one can review the articles
([1]-[27]). The Radhakrishnan-Kundu-Laksmannan (RKL) equation that describe the pulse propagation in
optical fibers has been studied by some authors. In [1], author obtained a single soliton solution for the
RKL equation. In [2], authors studied bifurcations of exact travelling wave solutions for the generalized
RKL equation. In [3], author obtained bright and dark soliton solutions for the Radhakrishnan—Kundu-—
Lakshmanan equation by Lie group analysis. In [4], authors established optical solitons of the RKE equation
by the extended trial function integration scheme. In [5], authors obtained chrip-free optical bight soliton
solutions for the RKE equation. In [7], author obtained periodic and solitary wave forms of exact general
solutions for the RKE equation.

In this work, the improved modified extended tanh-function method is implemented to the Radhakrishnan-
Kundu-Laksmannan equation. The proposed method gives more and variety types of solutions than other
methods. These solutions including bright solitons, singular solitons, singular periodic wave solutions, Jacobi
elliptic solutions, periodic wave solutions and Weierstrass elliptic doubly periodic solutions. In the end of
the paper, two-dimensional and three-dimensional graphs of some solutions are introduced for knowing the
physical interpretation.



2 Governing model
The RKL equation is given by [7]:
P+ a Qe +0 1017+ B quoa +i a (|¢7"0)e =05 n#0. (1)

where ¢ = g(x, t) is a dependant complex-valued variable represents the wave profile, the temporal and spatial
coordinates are represented by the variables t and z respectively, n € Q is the arbitary index, i> = —1, a, b,
a and f are parameters of equation (1).

Assuming that the solution of equation (1) has the form:

q(z,t) = P(¢) ellzketwttbo) o — 4y (2)

Where k,w and 6, represent the soliton frequency, the wave number and the phase constant. Substituting
by equation (2) into equation (1), the real part can be written as:

—P(¢) (ak® + BK® + w) + (a + 38k)P"(C) + (b+ ak)P(()>"*! = 0 3)

And the imaginary part can be written as:

—P'(Q) (2ak +36k* +v) + a(2n + 1)P(O)™P'(Q) + BPP(() = 0 (4)

Integrating the imaginary part (4) with respect to ¢, setting the integration constant to zero, so equation
(4) can be rewritten as:

—P(¢) (2ak + 38K% + 1/) + aP(C)%“ +BP"(()=0 (5)

From equation (3), and considering the principle of linear independence, we can conclude:

a 2a3 38b
k:—3— andw:—ﬁ,whereazj (6)

Taking into consideration equation (6), and applying the transformation P = Q%, equation (5) can be simply
rewritten as:

~an?Q(¢)” = 3aBn*Q(O)" + 36rn*Q(C)? — 36%nQ()Q"(C) + 347nQ'(¢)* = 36°Q'(O)* =0 (7)
Applying the integration scheme over equation(7) leads to the solution of equation (1) as shown in the next
sections.
3 Improved modified extended tanh-function method

In this section, the improved modified extended tanh-function method is described as follows [1, 28]:
Assuming the non-linear evolution equation (NLEE) with two independent variables ¢ and x:

P('LL, Ugy Uty Uy s Uty Ugt s ) = Oa (8)



where u = u(z,t) is an unknown function symbolize the solution of the NLEE (8) and P is a polynomial in
u and its various partial derivatives. Mostly, the soliton solution integration schemes principally based on
supposing a variable £ as a linear conjunction of the independent variables x and ¢ to convert the NLEE into
an ordinary differential equation(ODE):

H(S,8,8", 8" ..)=0, (9)
The elaborated procedures of the proposed integration scheme will be presented in the following steps:
Step—1: Counsidering that the NLEE (8) holds

u(z,t) = u(€), £ =z —vt. (10)

where v is a constant symbolizes the wave speed and will be determined later. Employing the transformation
of equation (10) will leads to the ODE (9).

Step—2: Supposing that the solution of equation (9) has the form:

N N
u(€) =D aid(€) + > Bid(¢). (11)
i=0 Jj=1
where ¢(£) holds
¢ (&) = ev/ao + a16(€) + a2d(£)% + azd(€)? + asp()*. (12)

where € = +1. By virtue of this, different kinds of basic solutions can be revealed.

Step—3: The non-negative integer N is be identified in equation (11) by clenching the balance principle
between the non-linear term with greatest order derivative term in equation (9).

Step—4: Taking into account (12), and substituting by equation (11) into (9), a polynomial of ¢(§) is
recovered. By equating the coefficients of ¢%(£) to zero, an overdetermined system is emerged. Thus, the
real constants v, a; (i = 0,1,..., N),5;(i = 0,1,..., N) are recovered by solving the acquired overdetermined
system. Consequently, the soliton solution of equation (1) will be obtained.

4 Solitons and other solutions For the RKL equation

The solution of equation (1) can be written as q(z,t) = P(z — vt) e!(=Fetwi+0o) where P = Q= and this
leads to equation (7). By applying the homogeneous balance principle, the solution of equation (7) can be
written as:

B

o8

Substituting by equation (13) in equation (7), yields to a polynomial of ¢(£). Equating the coefficients of
this polynomial to zero, leads to the following system of algebraic equation as follow:

Q&) = ap +a19(§) + (13)

For ¢(€)™*:

—3a0526f(n -1+ GaOBQBfn + 3a65fn2 =0. (14)



For ¢(£)~3:

9
6agapf2Bin — 3a1 5283 (n — 1) + ialﬂQBfn + 1200086302 = 0.

For ¢(¢) %
9
a’Bin® + §a10é052/31n + 6agas %P1 (n — 1) + 6agar 8% fin — 3a2B% B (n — 1)
+3a23°Bin + 1201 BB30? + 18@@355?712 —3B8B%vn* = 0.
For ¢(¢)~":
2a%apBin? + 3azap B2 Bin + 6arar f2B1(n — 1) + 6ara1 82 Bin — 3az BB (n — 1)
3
+§a36255n — 6o Bivn® + 1204048661712 + 36aa1a0ﬂﬁfn2 =0.
For 6(£)°:
2 2 2 2.2, 3 2 3 2 2 p2
2a°a1 81n” + a“agn® + 501041C¥05 n+ 5(130(0,8 Bin — 3agai B (n — 1)
+6az01 8281 (n — 1) + 6agar f%Bin — 3asf?Bi(n — 1) — 3aifvn? — 6y BB1vn?
+3o¢o¢éﬂn2 + 36aa1a(2),3ﬂ1n2 + 180[04%55%112 = 0.
For ¢(¢)!:
3
202 a1 agn? + 3azaiaofin — 3a1a2 8% (n — 1)+ ialoﬁﬁQn + 6azay 321 (n — 1)
+6ason f21in — 6aqagfrn? + 12aa1agﬂn2 + 36aaiagfpin® = 0.
For (€)%
9
a’ain® — 3asa?B?(n — 1) + 3aga? Bn + §a3a0a1,6’2n + 6aga15%B1(n — 1)
+6as0q 5%1n — 30(%,6’1/712 + 12aa‘;’561n2 + 180404(2)04%5712 =0.
For 6(6)*
9
—3a3a§[32(n -1)+ iaga%BQn + 6ascpar 3°n + 12aa0a‘;’ﬁn2 =0.
For 9(6)"

—3a403B%(n — 1) + 6as03%n + 3aapn? = 0.

(15)

(16)

(17)

(20)

Solving the system of equations (14-22) using Mathematica to get «ag, a1, 81, a:;4 = 0,1, ...,4 and v. Thus,



different types of solutions of equation (1) can be obtained as follows:
Result 1:
Setting ag =0, a; = 0 and a3 = 0, obtain:

38vn? — a?n? aa?n?
= = =27 7" anday = ——27
(67} O, Bl O, a9 362 anda aq B(n T 1)

So, the corresponding solution of equation (1) can be written as:

_LlL o
r,t) =3 2n
q(x,t) o]
1/n
_ g2 2 _ 292 " a .3
(n+1) (3B = a?) sech | (v — vt) 3pvn” —a7n” X 6Z<@Z7227?t+00)7
af 332
the solution represent a bright soliton with 35v — a? > 0.
Or
_L o
r,t) =3 2n
q(x,t) o]
2 2 2,2 Yn
( a 2453
(n+1) (3 — a?) sec | (z — vt) 3fvn® — a’n? X e’<@w_mt+eo),
af 332

the solution represent a singular periodic wave solution with 38y — a? > 0.
Result 2:

2
Setting ag = 7=

2, a1 =0 and a3 = 0, obtain:

(n+1) (38v — a?) B _n2 (38v — a?)

n?(n+1) (3fv — a2)2

ag =0, a1 = and a4 = —

12088, T 652

So, the corresponding solution of equation (1) can be written as:

7L2(3Bz/7a2)
(n+1) (38v —a?) —% tanh | —22 (2 — vt)

144033632

2

|81

q ZE,t = 5 +
(1) b1 2v/3af3

n2(3pv—a2)

n2(36v—a?)
coth . (z —vt) \n )

¢/ (Fo—dim o)

/ aff
2\/3 T (n+1)(3Fr—a?)

the solution represent a singular soliton with 38v — a? > 0.
Or

n2(38v—a2)

(n+1) (38v — a?) ,/—Wtan +ﬁ2(x— vt)

|81]

T,t) = —— +
a(@?) B 2v/3a3

n2(3ﬁu7a2)
cot | —2(z—wt)

1/n 5
} ei(%p%two)
B
2V3\/ ~ Gyt an

(26)



the solution represent a singular periodic wave solution with 38v — a2 < 0.

Result 3:

. a§m2(1—m2) .
Setting ag = waEmE? M= 0 and a3 = 0, obtain:
Case 1:

V—aaf8 — asfin B 38vn? — a®n?

ap=0, a1 ==+ Jan , b1 =0, as = 352 and m = 1. (29)
So, the corresponding solution of equation (1) can be written as:
2 2,2 e
1 — 2 _ i Lx_ﬁ
qla,t) = £ -5t {\/(n + )Sﬁﬂl/ a?) sech ( W&Tan(z _ Vt)> } X e (SB 2752 t+00)(30)

the solution represent a bright soliton with 34v — a? > 0.
Case 2:

(aw@/ﬁm . 3@53/%\/?1)
+1

a ) nvn + 1 (a® — 3pv
ap =0, a = Ve Ve . By = +i (o — 35v) (31)
a’n — 3Pvn 12\/a/asB33/?
n? (38v — a?) d V242
=——————Z2 an =
ag 652 m 2
So, the corresponding solution of equation (1) can be written as:
n2(38v—a?)
2 (z—tv)\[——F57
(n+1)(3Br—a ) 382
V2 =
q(z,t) = +i + (32)
6 —3v2
23/4\/6 — 32 (\/TT — (@ =36) 35”) 1/n
ei(ﬁx 20 t+00)
(x—tv) 3;31/2 az)
(12y/an) cn 7 L
the solution represent a Jacobi elleptic function solution.
Result 4:
a2(17m2)
Setting ag = 1142(2—77”2)2’ a1 = 0 and a3 = 0, obtain:
\/f 3 2 _ 42,2
a0:0,a1=:tW,&:O,@:Wandmzl. (33)
So, the corresponding solution of equation (1) can be written as:
(.1? _ Vt) /SBunQ;aan 1/n o
qlz,t) =9 + b+ anech ? e’(?’ﬁw b HGO)
Vvan V3
(34)



the solution represent a bright soliton solution with 38y — a? > 0.

Result 5:
Setting ag = WZ’H)Q, a1 = 0 and a3z = 0, obtain:
i (aZ\/ﬁ\/Bx/n—&-l _ 3@;33/%\/7%1)
ap = 0 a1 = + Ve Ve
’ a’n — 3Bvn ’
; +1(a®-3 2 (38v — a?
T ) )
12 /a/a; B3/ 6532
So, the corresponding solution of equation (1) can be written as:
iVBVA T 1y - e (@ — vt)y | E0=)
q(z,t) ==+ tanh
2n 2V/3
— Ut nz(BBZ—aQ) 1/n . .
"~ eoth (x —vt)y/ 3 ez(ﬁajf%ﬁkeo)’
23

the solution can represent a singular soliton solution with 33 — a? > 0.

Result 6:

Setting ag = 0, a; = 0 and a4 = 0, obtain:

36v —a? 2 (3o — a*ay)

a1:07a/2: , az =

332 3621

So, the corresponding solution of equation (1) can be written as:

q(x,t) = ag cosh

B

1/61/7%2(3371/15) ;

e

the solution represent a hyperbolic type solution with 38v — a? > 0.

Or:

Bv — %(m — vt)

B

q(z,t) = ag cos

the solution represent a periodic wave solution with 38v — a? > 0.

e \38

243

T 2782

and n =1, with a =0.

L . 2a3
(#”‘ﬁ“a‘))’

t-‘rgo)
)

(39)



Result 7:

Setting as = 0 and a4 = 0, obtain:

af? 20 51 4aad a? + 9aad
ar =0, ag=——, a1 = — , a3 = , v=———/——"andn=1. 40
28 B BB 35 (40)
So, the corresponding solution of equation (1) can be written as:
B1 ei(%xf%ﬂr&)) ’ (41)

x,t) =< ag +
) { ’ o(a2+90p03)\ [aa3, 267 57 }
A G BB o3 208

the solution represent a Weierstrass elliptic doubly periodic solution.
Result 8:

Setting ag = az = 0 and a4 = 0, obtain:

ay
4a2 ’

138y — a2 2\/af/36v — a? 2 (3Bv — a?)
a1:07a0:i W, a1=:t \/§ﬁ3/2 s GQZ_T, and n = 1. (42)

So, the corresponding solution of equation (1) can be written as:

3Bv—a? 3
o) = { LV op A }ei(;ﬁx—%wao)(%)

+
V3 392 (12 )\ e R e
+ 4(3Bv—a?) t+e

Where 38v —a? < 0.
Result 9:

Setting ag = 0, a3 = 0 and a4 = 0, obtain:

2 (3aoﬁu — a2a0) _ 3pr— a?
3ap2 T 3R

So, the corresponding solution of equation (1) can be written as:

[2=38Y (0 pt) ' 5
B2 }ez(:&gz—%t—‘reo). (45)

B1 =0, a1 = ,ao=0, and n = 1. (44)

q(z,t) = { + apsin 7

Where 38v —a? < 0.
Or:

2,/ — L= (1 — 1) o 23
32 }ez<3ﬁz 725—&-90). (46)

_ 2
q(z,t) = { + ap sinh 2767
V3



Where 38v — a? > 0.
Result 10:
Setting a1 =0, a3 = 0 and a4 = 0, obtain:

2,2 2 (38 — o2
afin® e, B
B(n+1) 342

So, the corresponding solution of equation (1) can be written as:

(z—vt) [ 71,2(3[;2—(12)

V3 1/n
} S0 (48)

\/> (n+1)( 361/ a?)

040:07 a1:0, ag = — (47)

CSC

q(z,t) = :I:{

the solution represents a singular periodic solution with 38v —a? < 0.
Or:

(z—vt) [ 71,2(3[;1;—(12)

V3 1/n 5
(2,) = + ci(Fo=Fmtroo) (49)
q\z,

(\/> T (nF1)( Sﬁu a2))

the solution represents a singular soliton with 38v — a? < 0.

csch

5 Graphical representation of some solutions

In this section, some of the the obtained solutions are represented graphically for certain values of n, 8, a, v
and a. Figure 1 shows 3D and 2D graphs of the bright soliton solution (24) for (n = 0.5, = 1.34,a =
2.88,v = 0.66,a = 0.7). Figure 2 shows 3D and 2D graphs of the singular periodic solution (25) for
(n=0.5,8=3.08a =-23,vr=1.88,a = 2.72). Figure 3 shows 3D and 2D graphs of the singular soliton
solution (27) for (n = 0.5, = —1.42,a¢ = 3.36,v = —2.36,a = 2.24). Figure 4 shows 3D and 2D graphs
of the singular periodic solution (28) for (n = 0.5, = —1.36,a = —0.66,v = —0.36,a = —2.74). Figure
5 shows 3D and 2D graphs of the bright soliton solution (30) for (n = 0.5, = —242,a = —1.42,v =
—0.52,a = 0.76). Figure 6 shows 3D and 2D graphs of the singular periodic solution (48) for (n = 0.5,8 =
0.82,a =0.02,v = —0.4,a = —0.98). Figure 7 shows 3D and 2D graphs of the singular soliton solution (49)
for (n=0.5,8 = —2.04, = —1.52,v = —0.82,a = —2.26).



Figure 1: 3D and 2D graphs of the bright soliton solution (24) for (n = 0.5, 8 = 1.34,a = 2.88,v = 0.66,a =
0.7).

-80+

(a) (b)

Figure 2: 3D and 2D graphs of the singular periodic solution (25) for (n = 0.5,3 = 3.08,a = —2.3,v =
1.88,a = 2.72).
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(b)

Figure 3: 3D and 2D graphs of the singular soliton solution (27) for (n = 0.5,8 = —1.42,a = 3.36,v =
—2.36,a = 2.24).

-10 -5 5 10

(b)

Figure 4: 3D and 2D graphs of the singular periodic solution (28) for (n = 0.5, = —1.36,a = —0.66,v =
—0.36,a = —2.74).
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(b)

Figure 5: 3D and 2D graphs of the bright soliton solution (30) for (n = 0.5,8 = —2.42,a = —1.42,v =
—0.52,a = 0.76).
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-1000

(b)

Figure 6: 3D and 2D graphs of the singular periodic solution (48) for (n = 0.5, = 0.82,a = 0.02,v =
—0.4,a = —0.98).
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Figure 7: 3D and 2D graphs of the singular soliton solution (49) for (n = 0.5,8 = —2.04,a = —1.52,v =
—0.82,a = —2.26).

6 Conclusion

In this article, the Radhakrishnan-Kundu-Laksmannan equation that describes the wave propagation in
optical fibers been studied successfully by applying the improved modified extended tanh-function method.
Various types of solutions were extracted such as bright solitons, singular solitons, singular periodic wave
solutions, Jacobi elliptic solutions, periodic wave solutions and Weierstrass elliptic doubly periodic solutions.
Moreover, 3D and 2D plots of some solutions were introduced to show their features.
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