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Abstract 

 

 This paper presents type-1 and type-2 radial basis function networks to evaluate quality features. The proposed 

methodology fuses the central composite design and the radial basis function neural networks in type-1 or interval type-2 

model to generate a network that evaluates quality features in an industrial image processing. The advantages of this 

proposal include that training is not required to get an accurate result and that the generation of the fuzzy rule base using 

central composite design method and statistical indicators is simplified. Another advantage is the excellent results 

obtained with the proposal. Experimentation shows an error reduction of 90% when the interval type 2 Mandami Radial 

basis function neural network compared against its type-1 counterpart using the Gaussian membership functions onto a 

radial basis function network.   

 

Keywords: Radial basis function network, RBFNN, interval type-2, IT-2, image processing, quality assurance.  

 

1. Introduction 

 

 Interval type-2 (IT2) systems arise as an alternative to manage uncertainties present in all industrial process. 

On the other side, type-1 (T1) models cannot manage uncertainties as is mentioned by Mendel [1] such as T1 

singleton fuzzy logic models or their equivalent radial basis function neural networks (RBFNN); T1 models 

also require several cycles, epochs or iterations of training and adjustment to get an acceptable results or an 

adequate level of precision such as is presented by [2] in which 1300 epochs of training has been required to 

get an adequate result. But nevertheless, the main problem to obtain a more precise output relies on the 

modeling of the system as is mentioned by [3], most researchers base their modeling by intuition and as a 

thumb rule. Also, specific criteria for how many rules are needed to modeling a system does not exist.      

 

The literature shows a couple of techniques to model intelligent systems [4-11] but all of them are applied 

toT1 models. Only a pair of proposals is found that uses the IT2 [2, 11]. In [4-5] has been proposed a model 

that uses linguistic labels as fuzzy sets, but in [5] the center label is missing to create the universe of discourse 
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(UOD) and with them the fuzzy rule base. The [4] model is restricted to odd input variables and [5] is 

restricted to even input variables.   

 

In [6] has been developed a method that uses control charts to model the rule base, but it is restricted to: the 

addition of a genetic algorithm to generate the membership functions (MF), the support or the width of the 

fuzzy sets is non-uniform, and finally that a combination of trapezoidal and triangular MF’s is produced to get 
the UOD.  In [7] a similar method to [6] has been used but it only uses triangular MF’s and it also presents the 

presence of blank spaces in the UOD. In [8] five linguistic labels have been used which are restricted to a 

constant rule base that is inflexible and unadaptable with blank spaces in the UOD.   

 

The statistical properties of the Gaussian distribution are used in [3] and [9] to model the fuzzy rule base. The 

central composite design (CCD) of the design of experiments is used in [10-11] to get a simplified and 

compact rule base to assemble the UOD. In [10] a T1 RBFN that does need training has been proposed. In 

[11] the technique of CCD is used to model an IT2 rule base that considers uncertainties.  

 

Some theoretical proposals exist in IT2 RBFNN for the network modelling and assemble. A framework is 

presented in [2] to model a IT2 network for the first time, but it is mentioned the necessity of expert 

knowledge to assemble the IT2. This is not the only one solution, in [1] is stated that “Rules may be provided 
by experts or can be extracted from numerical data”, such is demonstrated in [3, 4, 9-11]. A general IT2 

network is presented in [12], but it is restricted to only one type of membership function, as a Gaussian 

function. A recurrent self-evolving RBFNN is presented in [13] to adapt the neurons in the hidden layer of the 

network in a nonlinear dynamical system. Ngo in [14] has proposed a model to convert the IT2 Mandami 

model into an IT2 Takagi-Sugeno model via genetic algorithms; Baklouti et al in [15] have applied an IT2 

RBFNN to type TSK in order to evaluate time series.     

 

In the classic approach of the RBFNN can only be used two types of membership functions. In [16] only the 

logistic function, see Fig. 1, or the Gaussian function, see Fig. 2, that are defined as receptive fields or 

fuzzyfiers (which were presented by [3]).  

 

 
Fig. 1. Logistic function. 



 
Fig. 2. Gaussian function. 

 

2. Theoretical foundations  

 

2.1 T1 Radial basis function neural networks 
 

This kind of neural network is a type of interpolation focused on getting approximations based on a distance 

between a pattern and a sample [16] and is graphically depicted on Fig.3. The RBFNN is similar to the K-

Nearest Neighbor’s (KNN) classifier.  

The T1 RBFNN operates with assigned weights to the inputs in which each weight is placed in a 

multidimensional vector given by (1) and is based on a Gaussian distribution function (2) or by a logistic 

distribution function (3). This Gaussian distribution function is equivalent to a membership function in fuzzy 

models. The output of the RBFNN model could be calculated in many forms. Thought 𝑤𝑖 = 𝑅𝑖(𝑥) = 𝑅𝑖 (‖𝑥 − 𝑢𝑥‖ 𝑢𝑖𝜎𝑥)       ∀ 𝑥, 𝑢 ∈ 𝑈   (1) 

where: ux is the mean of the in the radial basis function, x is the input of the function and  𝜎𝑥  is the 

spread of the function. 

𝑅(𝑥) = 𝑒− ‖𝑥−𝑢𝑥‖22𝜎𝑥2   ∀ 𝑥, 𝑢 ∈ 𝑈     (2) 𝑅(𝑥) = 11+𝑒[‖𝑥−𝑢𝑖‖]2𝜎𝑖2
∀ 𝑥, 𝑢 ∈ 𝑈     (3)  

𝑑(𝑥) = ∑ 𝑐𝑖𝑤𝑖𝐻𝑖=1  ∀ 𝑐, 𝑅 ∈ 𝑥        (4) 𝑑(𝑥) = ∑ 𝑐𝑖𝑅𝑖𝐻𝑖=1 ∀ 𝑐, 𝑅 ∈ 𝑥         (5) 

 

𝑑(𝑥) = ∑ 𝑐𝑖𝑤𝑖𝐻𝑖=1∑ 𝑤𝑖𝐻𝑖=1       (6) 



𝑑(𝑥) = 𝑐𝑖𝑅𝑖(𝑥)𝑅𝑖(𝑥)  ∀ 𝑐, 𝑅 ∈ 𝑥    (7) 

where: ci is the output in the dataset for the prediction and the final approximation is obtained by (5, 

6 or 7) which can be reinterpreted as a center of gravity deffuzifier in fuzzy models (8). 𝑦𝑐(𝑥) = ∑ 𝑦𝑖𝜇𝐵(𝑦𝑖)𝑛1∑ 𝜇𝐵(𝑦𝑖)𝑛1       (8) 

 
Fig. 3. RBFNN of T1 topology, case with two inputs. 

 

2.2 IT2 Fuzzy logic system 

 

The IT2 arises from the union of two T1 fuzzy sets represented by (9) to generate an interval. An 

IT2 fuzzy set is given by (10) and it is characterized by �̃� with a membership function  𝜇�̃�(𝑥, 𝑢), 𝐴 = {(𝑥, 𝜇𝐴(𝑥))/∀𝑥 ∈ 𝑋}      (9) 

where: A represents the set and  𝜇𝐴 is the grade of membership of some x’ in A. �̃� =  {((𝑥, 𝑢), 𝜇�̃�(𝑥, 𝑢))|∀𝑥 ∈ 𝑋, ∀𝑢 ∈ 𝐽𝑥 ⊆ [0,1]}  (10) 

The classic approach for the IT2 models is the Gaussian fuzzifier defined on (11), showing a 

difference against the T1 membership function that presents two means.  

𝜇�̃�𝑘𝑖 (𝑥𝑘) = �̃�𝑘𝑖 = 𝑒𝑥𝑝 [− 12 [𝑥𝑘−𝑚𝑘𝑖𝜎𝑘𝑖 ]2]    (11) 

where 𝑚𝑘𝑖 ∈ [𝑚𝑘1𝑖 ,𝑚𝑘2𝑖 ] is the uncertain mean, k =1,2,…,p (p is the number of inputs) and i = 

1,2,..M (The number of M rules), and 𝜎𝑘𝑖  is the standard deviation.  

2.3 IT2 Radial basis function networks 

 



IT2 RBFNN has been presented for the first time in 2015 by [2]. And since then it has evolved into 

new models such as the ones presented by Mandami [2], Takagi-Sugeno [14] and Takagi-Sugeno-

Kang model [15].  

 

The basis of this model is the extension of the initial model showed by [16] to obtain the left and 

right functions (Fig. 4). Basically the similitudes of the T1 fuzzy model are equivalent to the T1 

RBFNN. These are well known since 1993 in [17-19].  

 

Fig. 4 IT2 RBFNN topology, from [2]. 

The IT2 RBFNN algorithm is generated with the adjustment of T1 RBFNN. First of all (2) is 

replaced with (11). Secondly (4-7) are converted to (12-15) to get the lower output and similarly 

(16-19) to get the upper output,     

  𝑑(𝑥) = ∑ 𝑐𝑖𝑅𝑖(𝑥)𝐻𝑖=1  ∀ 𝑐, 𝑅 ∈ 𝑥     (12) 𝑑(𝑥) = ∑ 𝑐𝑖𝑤𝑖𝐻𝑖=1  ∀ 𝑐, 𝑅 ∈ 𝑥       (13) 

𝑑(𝑥) = ∑ 𝑐𝑖𝑤𝑖𝐻𝑖=1∑ 𝑤𝑖𝐻𝑖=1       (14) 

𝑑(𝑥) = 𝑐𝑖𝑅𝑖(𝑥)𝑅𝑖(𝑥) = ∀ 𝑐, 𝑅 ∈ 𝑥    (15) 

𝑑(𝑥) = ∑ 𝑐𝑖  𝑅𝑖(𝑥)𝐻𝑖=1  ∀ 𝑐, 𝑅 ∈ 𝑥      (16) 𝑑(𝑥) = ∑ 𝑐𝑖𝑤𝑖𝐻𝑖=1  ∀ 𝑐, 𝑅 ∈ 𝑥      (17) 

 



𝑑(𝑥) = ∑ 𝑐𝑖𝑤𝑖𝐻𝑖=1∑ 𝑤𝑖𝐻𝑖=1      (18) 

𝑑(𝑥) = 𝑐𝑖𝑅𝑖(𝑥)𝑅𝑖(𝑥) = ∀ 𝑐, 𝑅 ∈ 𝑥   (19) 

where ci is the output in the database for the prediction and the final approximation is obtained by 

(20) which can be reinterpreted as (21), 

𝑑(𝑥) = 𝑑(𝑥)+𝑑(𝑥)2     (20) 

𝑑(𝑥) = (𝑐𝑖𝑅𝑖(𝑥)𝑅𝑖(𝑥) )+(𝑐𝑖𝑅𝑖(𝑥)𝑅𝑖(𝑥) )2      (21) 

A. Central Composite design  

The factorial design or CCD is a technique used to analyze the factors and their possible correlation or not a 

correlation. These factors present limits to define the universe and their levels are called low and high. In 

order to establish the model, a combinatorial via permutations is needed to define a pattern where one the 

variables must change meanwhile the rest remain constant. The simplest model is called 2k (Fig. 5). 

 

In Fig. 5, each sing at a corner represents different levels of variables. For (1) both variables are in low 

level, for (a) the first variable is on high level and the second one is on the  low level, for (b) the first variable 

is on the in low level and the second on high level, and for (ab) both variables are on high level.  

 
Fig. 5. 2k CCD model.  

 

3.  Revisited equivalence of the T1 FLS and T1 RBFNN 

 

In [2] a series of restrictions have been established to this equivalence as follows:  

 The number of perceptive fields in the hidden layer is equal to the number of fuzzy rules.  

First, a definition for the receptive field is required.  

Definition 1: a receptive field is a neuron in the network that represents a mathematical operation 

such as (2) or (3). 

But this restriction needs to be enhanced and Fig. 3 needs to be redrawn since the receptive field on 

this figure only represents a part of the fuzzy rule. e.g. in T1 model a fuzzy rule is defined by (22), 

and for every variable in the RBFNN it is required a receptive field represented mathematically by 

(2 or 3), then the number of receptive fields (rf) required is equal to the number of variables (V) 



multiplied by the number of rules (r) given by (23). The enhanced graphical representation is 

depicted on Fig. 6,  

 

Rule i: IF x1 is a and x2 is b then y is G     (22) 

 

where: x1, x2 are the inputs and G is the output of the rule.  

 𝑟𝑓 = 𝑉 ∗ 𝑟           

 (23)    

 
Fig. 6. RBFNN of T1 topology, two input case expanded.  

 

The IT2 RBFNN topology of [2] shown in Fig. 4 needs to be redrawn (Fig 8) because Fig. 4 has additional 

receptive fields, this condition requires additional calculus and training to tuning precise output, also require 

additional receptive fields to achieve a precise output. Then, the quantity of receptive fields is given by (24), 

and the topology is reorganized with the addition of the new receptive fields, 

 



 
Fig. 7. IT2 RBFNN topology, two input case expanded.  

 
 𝑟𝑓 = 2(𝑉 ∗ 𝑟)            (24)   

 

where: rf are the receptive fields, V  is the number of variables and r  is the number of rules are.  

 

 The membership function within each rule is chosen as Gaussian.   

 

But this fact requires testing because in [16] its mentioned that the logistic function is an alternative model 

of RBF but, that form of MF’s need to be tested. Also, a definition of membership function is required in the 

neural network.  

 

Definition 2: The membership function for neural networks is a function that defines the weight for the 

input variable.   

 

 The T-norm operator used to compute each rule’s firing strength is the multiplication.  

 

The T-norm has been defiendd in [20] as the intersection of two sets. But, the intersection in the case of T1 

RBFNN does not use in the receptive fields as occurs with the fuzzy rules before fuzzification in the FLS.  

 

 Both the T1 RBFNN and the Fuzzy Inference System being considered here use the same 

defuzzification method using the center of gravity deffuzifier given by (8).      

 

4. Proposal  

B. Assemble and calculation of IT2 RBFNN parameters based on the CCD 

 



From CCD and [11] the IT2 CCD is obtained and used to generate the fuzzy rule base that serves as inputs 

for the IT2 RBFNN.  

 

The initial calculi of the rule base or the inputs for the IT2 RBFNN are given by (25) as being proposed in 

[11]. These are obtained from the process control specifications and their equivalences to the CCD 2k model 

are presented in Table 1,  
 

Table 1 

Equivalences of CCD states and quality control limits. 
CCD Symbolic 

Representation 

Treatment Quality control 

limits 

ab=1 A low,  B low 𝐿𝐶𝐿𝑎 𝐿𝐶𝐿𝑏 

Ab=a A high, B low 𝐿𝐶𝐿𝑎 𝑈𝐶𝐿𝐵 

aB =b A low,  B High 𝐿𝐶𝐿𝐴 𝐿𝐶𝐿𝑏 

AB=ab A high, B High 𝑈𝐶𝐿𝐴 𝑈𝐶𝐿𝐵 

 

2k= [  𝐿𝐶𝐿𝑎 𝐿𝐶𝐿𝑏𝐿𝐶𝐿𝑎 𝑈𝐶𝐿𝐵𝑈𝐶𝐿𝐴 𝐿𝐶𝐿𝑏𝑈𝐶𝐿𝐴 𝑈𝐶𝐿𝐵] (25) 

where:  2k is the matrix that conforms the CCD model and every pair in the matrix is formed by the possible 

combinations of the lower and upper limits of control for the input variables.  

 From (25) the inputs are obtained for the receptive fields on the IT2 RBFNN. The input for the first 

receptive field in the T1 RBFNN is LCLa and for calculating the receptive fields for the first variable in IT2 

RBFNN additional calculations are needed. Firstly, it is needed the spread of the data specifications and it is 

given by (26),  

 𝜎𝑥𝑖 = ∑ (𝑥𝑖−�̅�𝑖𝑛 )𝑛𝑖=1       (26) 

 

With the matrix presented in (25) and  𝜎𝑥𝑖  from (26) the IT2 matrix could be calculated. The lower limit of 

interval represented by   𝐿 is given by (27) and the upper interval limit 𝑅 is given by (28), and their respective 

solutions  𝑦 upper and  𝑦 lower are obtained by interpolation, which are given by (29 and 30).  

The equation (25) is converted into equation (31) to get data in the receptive field in the IT2 RBFNN, 𝐿 = 𝑥𝑖-𝜎𝑥𝑖      (27) 𝑅 = 𝑥𝑖+𝜎𝑥𝑖      (28) 𝑦 = 𝑦𝑖-𝜎𝑦𝑖      (29) 𝑦 = 𝑦𝑖+𝜎𝑦𝑖      (30) 

 

𝑅𝑓 = [  
 𝑎   𝑎   𝐴   𝐴

𝑎𝑎𝐴𝐴
  𝑏 𝐵 𝑏𝐵

 𝑏𝐵𝑏𝐵
𝑦1𝑦𝑏𝑦𝑎𝑦𝑎𝑏

𝑦1𝑦𝑏𝑦𝑎𝑦𝑎𝑏]  
 
     (31) 

 

For i=1, a, b, ab. 



 

where: 𝑅𝑓 represents the receptive field universe, 𝑎 represents the lower limit of the IT2 for the variable a 

and it is the first receptive field in the RBFNN. The same case is for the rest of the elements in the matrix 𝑅𝑓. 

The interval for the output response is obtained from 𝑌𝑖 , 𝑌𝑖 . Those values represent the lower and upper output 

or response for a specific receptive field of the inputs. 

 

C. Enhancement and changes to the classic IT2 RBFNN  

 

First, the RBF was changed from logistic to a Gaussian function form (3).  

Second, the use of the CCD IT2 from [11] is adapted to model the IT2 RBFNN using (25-31).   

 

5. Results 

The results of this proposal are organized as follows. First it is presented the test for the logistic function as 

radial basis or receptive field in IT2 RBFNN without type reduction (Fig. 8) and IT2 RBFNN with type 

reduction (Fig. 9). Secondly, it is presented the test for the Gaussian RBF as receptive field in IT2 RBFNN 

without type reduction (Fig. 10) and IT2 RBFNN whit type reduction (Fig. 11). All experiments were made 

with a non-iterative RBFNN model; this is a network that does need training due to the application and the 

modeling basis.    

 

To calculate the accuracy and the enhancement of the proposal is used the mean square error to document 

the variations given by (33),  

 𝑀𝑆𝐸 = ∑ (�̂�𝑖 − 𝑌𝑖)2𝑛𝑖=1 𝑛  

 

where: �̂�𝑖 is the goal or expected value,  𝑌𝑖 is the obtained value by the model and n is the total of samples 

tested. The values obtained in the experiments are shown in Table 2. 

 

Table 2 

MSE obtained in the experiments 
Model  MSE 

T1 RBFNN (Logistic RBF) 24.299 

T1 RBFNN (Gaussian RBF) 0.9853 

IT-2 RBFNN (Logistic RBF) 28.3849 

IT-2 RBFNN (Gaussian RBF) 0.1974 

  

The use of the logistic RBF as is shown in Fig. 9 demonstrates that this function produces a big error rate 

with an MSE value of 24.29 for T1 RBFNN and 28.3849 for IT2 RBFNN that increases the error with IT2 

model (see fig. 10).  

 

The classic Gaussian RBF provides good results for the IT2 model when it is compared to their counterpart 

of T1 (Fig. 12) and with the logistic RBFNN in both types reducing the error in a proportion of 24.66 times 

less for T1 and 143.609 times for IT2 models.   

 



 
Fig. 8. IT2 RBFNN approximations with logistic RBF’s without type reduction.  

 
Fig. 9. RBFNN approximations with logistic RBF’s, IT2 RBFNN with type reduction.  

 
Fig. 10. IT2 RBFNN approximations with Gaussian RBF’s without type reduction.  

 
Fig. 11. RBFNN approximations with Gaussian RBF’s, IT2 RBFNN whit type reduction.  
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6. Conclusion 

 

The use of CCD provides a better method to assemble the fuzzy rule base in a simplified and compact manner 

with the advantage of a compact base with a few rules that provide precise approximations as outputs. 

 

A simplified and compact rule base reduces the computational times, expend in the calculations.     

 The use of the logistic RBF turned out not to be suitable for a network without training and this is part of 

future work. 

 

 The adapted model of Fig. 7 provides an accurate result without training. 

 

The classic Gaussian RBF provides good results for the IT-2 model when it is compared to their counterpart 

of T1 with a five times better enhancement in the prediction.  

 

The most important enhancement is the use of a RBFNN that does not need training and provides accurate 

results. 
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