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ABSTRACT

In this paper, a new L1 adaptive back-stepping controller based on the barrier Lyapunov function (BLF) is proposed to respect

the position and velocity constraints usually imposed in designing Euler-Lagrange systems. The purpose of this investigation

is to improve different aspects of conventional L1 adaptive control. More specifically, the modified controller has a lower

complexity by removing the low-pass filter from the design procedure. The performance of the controller is also enhanced

by having a faster convergence speed and increased robustness against nonlinear uncertainties and disturbances arising in

practical applications. The proposed scheme is evaluated on two different Euler-Lagrange systems, i.e. a 6-DOF remotely

operated vehicle (ROV) and a single-link manipulator. The results for the new back-stepping design are assessed in both

scenarios in terms of settling time, percentage of overshoot, and trajectory tracking error. The results confirm that both

tracking and state estimation errors for position and velocity outputs outperform the standard L1 adaptive control technique.

The results also demonstrate the high performance of the proposed approach in removing the matched nonlinear time-varying

disturbances and dynamic uncertainties and a good trajectory tracking despite the uncertainty on the input gain of the system.

Introduction

The use of robotics and autonomous systems in hazardous environments, which are not easily accessible to human have

been the subject of study in various fields1,2,3. One of the hazardous environments that human being has not been able to

discover effectively is the deep see and ocean surfaces. The underwater robots have been proven a useful technology to

explore and investigate such inaccessible environments4,5. Moreover, in nuclear applications underwater robots have shown

a great potential for inspection and monitoring of the environments. Here, we look at a specific category of underwater

robots, called submersible remotely operated vehicles (ROVs). The global offshore ROV industry is predicted to be worth

up to $3.5Bn with modern applications including civil and inshore inspections (CIIs) and decommissioning of oil and gas

pipelines, nuclear storage facilities and accident sites, liquid storage tanks and tunnels. A number of small, relatively cheap,

commercially available ROVs exist, which may be useful for decommissioning and inspection activities within the inaccessible

submerged sites found in the nuclear industry. For example, in decommissioning applications, ROVs are often utilised to

deploy customised sensors and tooling to support activities such as surveying of nuclear ponds, sampling of sludge in ponds,

and remote handling tasks5.

Autonomous operation of this sort of robots raises various control problems. The problems are originated from the in-

trinsic time-varying and high level of nonlinearities, resulting from the hydrodynamic effects and the high level of external

disturbance, caused by the sea currents and the drag effects acting on the vehicle6,7. To overcome these problems, various

control methods have been proposed in the literature such as adaptive RISE8, feedback linearization controller9, output feed-

back control10, L1 adaptive controller11,12, and adaptive fuzzy control13, Lyapunov-based model predictive control14, robust

H∞ control15, fuzzy backstepping sliding mode control16. A more detailed review of the proposed controllers for AUVs can

be found in17. In all of the above-mentioned articles, the requirement for adaptation and robustness is of key importance. This

is due to the fact that identifying the robot’s parameters are usually difficult and they are subject to rapid changes due to the

varying conditions of the environment that they operate. Adaptive controllers are well known to work efficiently with respect

to the changes in the parameters and uncertainties, occurring in the real world10,18,19,20.

The main incentive of using L1 adaptive control is its ability to cope with unmatched and matched uncertainties as well as

the possibility of estimating uncertainties and determining the control effort to minimize the influence of these uncertainties on



the system closed-loop response. The low-pass filters, introduced in this method, even in the presence of fast adaptation and

large amplitude reference inputs, guarantees that the closed-loop response of L1 adaptive control output remains in the low-

frequency range21,22. The primary results on L1 adaptive control system design are reported in the seminal work in23. In this

work, the problem formulation of L1 adaptive control, initial theories, and the stability analysis results for the controller have

been derived. Practical implementation of L1 adaptive controller on a flexible launch vehicle is reported a few years later in24.

A more detailed explanation of the L1 adaptive control theory as well as the ideas about adaptive flight control applications

is reported in25 by the instigators of the L1 adaptive control. Furthermore, the L1 adaptive controller has been applied to

minimum-phase systems based on output feedback control system theories in26. Also, a multi-criteria design scheme, based

on greedy search method has been proposed in27 to design the parameters of the low-pass filter, existing in the process of the

controller design.

Application of L1 adaptive controller along with other forms of controllers to improve the dynamic performance of the

underwater vehicles has been reported in a numerous paper. For example, the use of feedback linearization for direct control

of underwater vehicle-manipulator systems (UVMS) is suggested in9. In this paper, the non-linear dynamic of the system is

replaced with a linear system and the control rule is chosen to force the tracking error to zero. The challenge in using the

feedback linearization controller is the exact knowledge of the system under control. The UVMS is a strongly non-linear

system and has unmodeled dynamics, therefore, the feedback linearization controller is not an appropriate choice. In28 an

adaptive controller for trajectory tracking problem in UVMS is proposed without using any straight velocity feedback. Here,

the velocity is estimated by designing an observer to be used in designing the control law. Therefore, by designing an observer

and a controller the exponential convergence of the trajectory tracking problem as well as convergence of the estimation

error to zero is guaranteed.10 has studied the kinematic and dynamic of UVMSs. In this work, the performance of four

different controllers, i.e. adaptive control, feedback linearization, output feedback control, and sliding mode control, have

been compared by considering uncertainties and ocean wave current. The basic concepts in modelling of kinematics and

dynamics of autonomous underwater vehicles (AUV) are studied by29. Therefore, the isolated movements of the AUV are

studied by controlling its lateral and collective speeds and positions. Here, the performance of the whole system, is evaluated

using both experimental and simulation work. In30 has proposed the software and hardware architecture for guidance and

control system of a specific type of AUV, , i.e. AUV-150. In [26], the L1 adaptive controller is utilised to control the pitch

angle and depth of a 6 degree of freedom ROV. This controller is applied to the real AC-ROV to compensate the effect

of external disturbances and changes in the system parameters. A study, carried out in31, compares the performance of a

common adaptive control method with an L1 adaptive control by applying both controllers to a Rohrs and two carts as the

benchmark problems.

The L1 adaptive controller has two fundamental architectures (i) state feedback setting, and (ii) output feedback setting4.

An L1 adaptive output feedback control architecture for an underactuated MIMO system has been developed in32. The main

issues to design such a system are unknown input gain, non-square structure, and the existing uncertainties. In this work, it

is shown that, the suggested control scheme, guarantees the boundedness of the error signal. The trajectory tracking problem

in the presence of modelling uncertainties as well as the wind and earth effects as the external disturbances is studied in33.

Since no uncertainty in the kinematics is considered in this work, the L1 adaptive backstepping control method has shown

the desired performance. A decentralized control design for unmodeled nonlinear dynamics of a 1.5MW wind turbine is

proposed in34. The scheme has implemented a fuzzy logic system (for estimation of nonlinearities and compensating the

effect of uncertainties) along with the L1 adaptive controller. In35, the tracking control problem of a flying manipulator,

coupled with a quadrotor, has been addressed . In this paper, the analytical model of the coupled system is developed and the

uncertainties between the robotic arm and the aerial platform are formulated as a time-varying nonlinear uncertainty. Then, the

L1 adaptive controller is proposed to control the main loop and compensate the effect of uncertainties and ensure the desired

trajectory tracking performance. Moreover,36 has proposed a new controller design for a MIMO two-link robot manipulator

with disturbances and non-linearity by combining fuzzy PDC and L1 adaptive control schemes. For unmanned underwater

vehicle applications,37 has developed a new integral sliding mode controller for a system with unknown disturbances and

nonlinear uncertainties based on an MIMO extended state observer. The concept of barrier Lyapunov function (BLF) has

been pursued particularly for the collision avoidance problem in robotics applications. However,38 proposed a robust adaptive

controller using the velocity constraints for a ROV. In this work, the model parameters are determined in real-time and a BLF

is used in accordance with the Lyapunov theory.

In this study, the problem of L1 adaptive back-stepping controller using BLF for a class of dynamic systems with uncertain

nonlinear functions, inaccessible states, uncertainty on input gain and unknown disturbance is investigated. Here, we assumed

an unknown disturbance in all of our analyses. To respect the practical limitations, some hard constraints on the position and

velocity errors are considered. Having these constraints and the definition of Lyapunov function as a BLF, a novel controller

with a new adaptation law is proposed and the conditions for stability of the closed-loop system is provided. Such a design

removes the necessity of designing the low-pass filter in the L1 adaptive method, while other features of the controller are
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maintained. Furthermore, the proposed method guarantees that the tracking error of the controller stays inside predefined

hard-bound constraints, despite the unknown system parameters and dynamic uncertainties of the system. The performance

of the proposed controller is evaluated numerically on a 6-DOF ROV with a single-link manipulator in two case studies. The

results, confirm that the proposed method can successfully eliminate the effect of time-varying disturbances and uncertainties,

and satisfies the tracking performance bounds despite the nonlinearities.

This paper is organized as follows. In section 2, the model and characteristics of the submersible ROV are introduced,

and then the nonlinear dynamic and kinematic equations of the system are derived. The problem formulation, theoretical

background of the L1 adaptive controller, definition of BLF as well as design and stability proof of the proposed L1 adaptive

backstepping controller are presented in section 3. In section 4, the numerical simulations and analysis of the case studies are

discussed. Finally, the paper is wrapped up in section 5.

System descriptions

During the past 40 years, the increasing demands for oceanic drawing, sea discovery as well as oil and gas exploitation has led

to the development of an underwater vehicle that can be controlled from long distance. Remotely operated underwater vehicle

are unmanned vehicles, operated by a person working on a vessel or on the land. Submersible ROVs are usually tethered by

using a cable that transmits the electrical power. ROVs are used in a variety of fields such as scientific research, underwater

archaeology, oil and gas drilling support, reconnaissance, homeland security, military applications, and telecommunications.

The schematic model of a typical ROV with the assigned coordinate systems is illustrated in Figure 1.

Figure 1. The schematic of a typical ROV with coordinate system12.

Nonlinear Dynamic and Kinematic Model

The dynamic model of the underwater robot is represented in the following general form39

Mv̇+C(v)v+Dv+g(η) = u

η̇ = J(η)v.
(1)

In (1), M, C and D are the inertia matrix, the centrifugal matrix (Coriolis), the damping matrix, and the vector of gravity

term, respectively. Besides, J(η) ∈R6×6 is the transformation matrix, mapping the body-fixed frame to the earth-fixed frame,

and u is the control input vector. The vectors v and η are velocity and position of the underwater vehicle, in two different

coordinate systems, respectively. The elements of the velocity vector v in the body frame are u,v,w, p,q and r as shown in

Figure 1. Moreover, the elements of the position vector η in the world frame are x,y,z,φ ,θ and ψ . Equation (1), represents

the dynamics of the 6-DOF system with 3 translational and 3 rotational dynamics. Therefore, the dynamic equations of the

system can be written as

Mv̇+C(v)v+(DL +DnL(v))v+g(η) = u

η̇ = J(η)v.
(2)
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By defining X = [x1 = η ,x2 = v]T as the system state vector, the state space model of the system can be derived as

ẋ1 = J(x1)x2

ẋ2 =−M−1DLx2 −M−1(C(x2)+DnL(x2))x2 −M−1g(x1)+M−1u,
(3)

where, x1 = [x,y,z,φ ,θ ,ψ]T and x2 = [u,v,w, p,q,r]T .

Remark 1. Unlike the background work carried out in12, the underwater vehicle doesn’t have a slow dynamic. Also, the

Coriolis term C(v) is non-zero and the damping matrix is considered as a combination of linear and non-linear damping, i.e.

D(v) = DL +DnL(v). It is assumed that the damping matrix is a real positive definite asymmetric matrix. Since C(v) is

non-zero in (2), the ROV is assumed to have a high-velocity and non-adjustable motion.

Preliminaries

Basic structure

Consider the MIMO system with the dynamic equations represented in (4)

ẋ(t) = Ax(t)+Bu(t)+ f(t,x(t))

y(t) = Cx(t).
(4)

In (4), x(t) ∈ R2n is the state vector of the system with x(0) = x0, u(t) ∈ Rm is the control input vector (m ≤ 2n), A ∈
R2n×2n,B∈R2n×m and C∈Rp×2n(p≤ 2n) are the state matrix, input matrix, and output matrix, respectively. In (4), f(t,x(t))∈
R2n is the unknown nonlinear vector, representing the time-varying bounded uncertainties in the system.

The L1 adaptive control problem is formulated by dividing the control input into two parts25

u(t) = um(t)+uad(t). (5)

In (5), um(t) = −KT
mx(t) is the state feedback control input used to convert the system state matrix to a Hurwitz matrix with

desired eigenvalues. Hence

ẋ(t) = Ax(t)+B
(
−KT

mx(t)+uad(t)
)
+ f(t,x(t))

→ ẋ(t) =
(
A−BKT

m

)
x(t)+Buad(t))+ f(t,x(t))

(6)

In (6), the matrix A−BKT
m is representing the desired system matrix, and is referred to as Am from now on. As a result, the

system equations in (4) can be written as

ẋ(t) = Amx(t)+Buad(t)+ f(t,x(t))

y(t) = Cx(t).
(7)

Remark 2. In (7), it is assumed that the initial condition of the system, x0 is bounded with the radius ρ0

∥x0∥∞ ≤ ρ0 ≤ ∞ (8)

By considering the unknown positive constant w as an uncertainty on the input gain, it is assumed that the system in (7)

can be rewritten as

ẋ(t) = Amx(t)+B(wuad(t)+ f1(t,x(t)))

y(t) = Cx(t).
(9)

The assumptions on how to formulate the L1 adaptive control problem are summarized in Remark 325.

Remark 3. To formulate the L1 adaptive control problem, it is assumed

(i) Almost for all t ≥ 0, there is a value d f such that ∥f(t,0)∥∞ ≤ d f

(ii) For any arbitrary positive value δ > 0, there are positive time-independent constants d fx(δ )> 0 and d ft (δ )> 0, such that for

all ∥x(t)∥∞ ≤ δ , the partial derivatives of f(t,x(t)) are bounded and piecewise-continuous

∥
∥
∥
∥

∂ f(t,x(t))

∂x

∥
∥
∥
∥

∞

≤ d fx(δ ),

∥
∥
∥
∥

∂ f(t,x(t))

∂ t

∥
∥
∥
∥

∞

≤ d ft (δ ). (10)
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(iii) It is assumed that the transfer zeros of the conversion matrix in (7), H(s) = C(sI−Am)
−1B are all on the left-hand side of the

imaginary axis.

Remark 4. Equation (9), can be converted to a semi-linear equation with some assumptions on the nonlinear function f1(t,x(t))
and boundedness on the parameters as demonstrated in27. It is assumed that this function can be written as f1(t,x(t)) ≈
θ T (t)∥x(t)∥∞ +σ(t), with σ(t) and θ T (t) as time-varying disturbances and the time-varying uncertainty, respectively. It is

assumed that θ(t) ∈ Θ and |σ(t)| ≤ ∆0, ∀ t ≥ 0. Here, Θ is a known convex compact set and ∆0 is a known bound for σ(t),
respectively.

Therefore, according to Remarks 3 and 4, the semi-linear structure can be written as

ẋ(t) = Amx(t)+B
(
wuad(t)+θ T (t)∥x(t)∥∞ +σ(t)

)

y(t) = Cx(t).
(11)

Standard L1 Adaptive Control Problem

In this section, the L1 adaptive control problem and its main steps are explained. The controller is synthesized in three main

steps.

Step I. State predictor

˙̂x(t) = Amx̂(t)+B
(
ŵ(t)uad(t)+ θ̂ T (t)∥x(t)∥∞ + σ̂(t)

)

ŷ(t) = Cx̂(t),
(12)

where θ̂ T (t), σ̂(t) ∈ Rm, and ŵ(t) are the adaptive estimations for θ T (t),σ(t), and w.

Step II. Adaptation laws

The adaptive estimations of ŵ(t), θ̂ T (t) and σ̂(t) can be determined with the adaptation laws defined below

˙̂θ(t) = ΓProj
(
θ̂(t),−x̃T (t)PB∥x(t)∥∞

)
, θ̂(0) = θ̂0

˙̂σ(t) = ΓProj
(
σ̂(t),−x̃T (t)PB

)
, σ̂(0) = σ̂0

˙̂w(t) = ΓProj
(
ŵ(t),−x̃T (t)PBuad(t)

)
, ŵ(0) = ŵ0,

(13)

where x̃(t) = x̂(t)−x(t) is the state prediction error, Γ ∈ R+ is the adaptation gain, and the positive definite matrix P = PT in

(13), is the solution of the algebraic Lyapunov equation AT
mP+PAm = −Q for any arbitrary symmetric and positive definite

matrix Q = QT .

Remark 5. In (13), Proj(., .) is the projection operator that guarantees
∥
∥θ̂(t)

∥
∥

∞
≤ θb,∥σ̂(t)∥∞ ≤ σb, and ŵ(t) ∈ [wl ,wh] with

0 ≤ wl ≤ wh. The projection operator is defined as

Ωc = {θ ∈ R
n|f(θ)≤ c} , 0 ≤ c ≤ 1

f(θ) =
(εθ )θ

T θ −θ 2
max

εθ θ 2
max

Proj(θ ,y) =







y if f(θ)< 0,

y if f(θ)≥ 0 and ∇fT y ≤ 0,

y− ∇f
∥∇f∥

〈
∇f
∥∇f∥ ,y

〉

if f(θ)≥ 0 and ∇fT y > 0,

(14)

where Ωc is a convex set with smooth bound, f(θ) is a uniform convex function, θmax is the upper bound of vector θ , and εθ

is the projection threshold.

Step III. Control law

The control law of the adaptive feedback system is calculated according to (15)

uad(s) =−KD(s)η̂(s), (15)

where η̂(s) is the Laplace transform of the following signal

η̂(t) = ŵ(t)uad(t)+ η̂1(t)− rg(t). (16)
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In (16), rg(s) = KgR(s), η̂1(t) = θ̂ T (t)∥x(t)∥∞ + σ̂(t), R(s) is the Laplace transform of the reference input r(t), and the input

gain Kg is defined as Kg = −
(
CA−1

m B
)−1

. In (15), K > 0 is the feedback gain, and D(s) is a diagonal matrix with elements

of strictly proper transfer functions that leads to designing the low-pass filter C(s) in (17)

C(s) = wKD(s)+(Im +wKD(s))−1 (17)

In (17), C(s) is a diagonal matrix with elements of strictly proper and stable filter with DC gain of 1.

Barrier Lyapunov Function (BLF)

Definition 1. The Barrier Lyapunov Function (BLF) is a continuous, scalar and positive definite function Vi(x) that has

continuous first-order partial derivatives at every point in the open region Ei, containing the origin, and is the solution of the

dynamic system ẋi = fi(xi) on Ei. The BLF has the property of Vi(xi)→ ∞ when xi is getting closer to the boundaries of Ei,

and fulfils this condition ∃ bi, Vi(xi(t))≤ bi, ∀ t ≥ 0 for any trajectory xi(t) starting inside Ei
40.

Lemma 1. Assume the dynamic system ż = f(x,w, t) is smooth and has the state variables defined as z = [x,w]T . Let

n be the size of the vector x and Vi(x) be a BLF that fulfils the condition Vi(xi) → ∞ when xi → ±∆xi, and Q(w) be a

Quadratic Lyapunov Function (QLF). Assume V = ∑n
i=1 Vi(xi)+Q(w), if the inequality V̇ = [ ∂V

∂z
]T f ≤ 0, holds all over the

set S = {(x,w) : |xi|< ∆xi}, then any trajectory, satisfying the initial constraints |xi(0)|< ∆xi, ∀ i will remain inside S for all

times.

Remark 6. In Lemma 1, the states are split into the constrained states x and unconstrained states w. In this paper, BLF is

chosen from41 and is defined as in (18)

V (x) =
1

2D
tan

(
Dx2

)
, (18)

where D = π
∆2 .

The Proposed Control Structure

In this section, we merge the concepts of BLF and adaptive backstepping method to develop a new scheme for L1 adaptive

controller. The aim of the proposed controller is to eliminate the filter C(s) in the design process of L1 adaptive approach

through a novel formulation and structure for the adaptation law and control input. In this way, it is possible to keep the value

of adaptive gain high and unchanged compared to the case when the filter exists. As stated in27, designing such a filter is

very difficult and even impossible in some cases. It is worth noting that, the performance of L1 adaptive control is heavily

dependent on this filter design, and in case that a suitable filter is not designed, the L1 adaptive controller is practically

inefficient. Therefore, in the new design by eliminating this filter, we still keep the robustness and stability performance by

having a high adaptive gain. In the following, the structure of the new design for the L1 adaptive controller with BLF is

described.

Problem Formulation

The problem structure proposed in this section can be applied to the systems with the position and velocity as the states.

Therefore, it covers a wide range of dynamical systems, including the Euler-Lagrange robotic systems. By starting from the

state-space dynamic model represented in (4) and separating the position and velocity states, the state-space model of the

system can be reformulated as

ẋ1(t) = v1(t)

ẍ1(t) = v̇1(t) = A′v1(t)+bu(t)+ f(x1(t),v1(t), t)

y(t) = [0p×n c]x(t).

(19)

In (19), x1(t) = [q1,q2, . . . ,qn]
T and v1(t) = [q̇1, q̇2, . . . , q̇n]

T are the position and velocity vectors, respectively. Also, x(t) =
[
xT

1 (t) vT
1 (t)

]T
is the full state vector of the system. The matrices A′ ∈ Rn×n, b ∈ Rn×m, c ∈ Rp×n in (19), and the rest of the

parameters are defined as before in (4). By writing (19) in the state space form, the matrices A, B and C in (4) can be defined

as

A =

[
0n×n In×n

0n×n A′

]

, B =

[
0n×m

b

]

, C =
[
0p×n c

]
. (20)
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By splitting the control law into two parts

u(t) = um(t)+ϖuad(t), (21)

we define ϖ ∈ R+,ϖ ∈ [ϖl , ϖu] (with 0 < ϖl < ϖu) as the uncertainty on the input gain. By applying the velocity feedback

um(t) =−KT
mv1(t), the second equation in (19) is converted to a system with a Hurwitz state matrix as below

ẋ1(t) = v1(t)

v̇1(t) = A′
mv1(t)+b(ϖuad(t)+ f1(x1(t),v1(t), t)) ,

(22)

Remark 7. According to Remarks 3 and 4, f1(x1(t),v1(t), t) in (22) can be considered as θ T
1 (t)∥x(t)∥∞ + σ1(t) and the

nonlinear system can be transformed into a semi-linear system. Therefore, the system dynamic and the state observer dynamic

can be written as

ẋ1(t) = v1(t)

v̇1(t) = A′
mv1(t)+b

(
ϖuad(t)+θ T

1 (t)∥x(t)∥∞ +σ1(t)
)

y(t) = Cx(t),

(23)

˙̂x1(t) = v̂1(t)

˙̂v1(t) = A′
mv̂1(t)+b

(

ϖ̂uad(t)+ θ̂
T

1 (t)∥x(t)∥∞ + σ̂1(t)
)

ŷ(t) = Cx̂(t).

(24)

L1 Adaptive Back-Stepping Controller with BLF and Position-Velocity Constraints

The primary aim to design the novel adaptive controller is to ensure that the system position and velocity follow a bounded and

smooth desired trajectory. We assume that the position estimation vector x̂1(t) and its derivative in (24) are upper-bounded as

∥x̂1(t)∥∞ ≤ xmax. (25)

By defining the position tracking error as

ex(t) = x̂1(t)−x1 = x̃1(t), (26)

it is assumed that this error is constrained at all times, including the initial condition, by a predetermined bound as defined in

(27)

∥ex(t)∥∞ < ∆ex, ∥ex(0)∥∞ < ∆ex. (27)

Remark 8. According to (26), it can be readily concluded that the position is bounded with a specific upper bound as in (28)

x1(t) = x̂1(t)− ex(t)→∥x1(t)∥∞ = ∥x̂1(t)− ex(t)∥∞ ≤

∥x̂1(t)∥∞ +∥ex(t)∥∞ ≤ xmax +∆ex = ∆x →∥x1(t)∥∞ ≤ ∆x.
(28)

By multiplying both sides of the velocity equation in (23) with the parameter µ , it is possible to eliminate the input control

gain as follows

µ v̇1(t) = µA′
mv1(t)+uad(t)+θ T (t)∥x(t)∥∞ +σ(t), (29)

where µ = B−1
m ϖbT , Bm = ϖbT bϖ , θ T (t) = ϖ−1θ T

1 (t), and σ(t) = ϖ−1σ1(t).
The adaptive backstepping scheme is introduced, by defining the velocity error equation as

ėx(t) = ˙̂x1(t)− ẋ1(t) = ˙̂x1(t)−v1(t). (30)

Assuming that vd is the desired velocity, the velocity tracking error ev = vd − v1 should be designed in a way that to ensure

the convergence of the position tracking error ex defined in (26). Similarly, we define the following constraint on the velocity

tracking error at all times (including the initial condition ∥ev(0)∥< ∆ev).

∥ev(t)∥< ∆ev. (31)
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As mentioned in Remark 6, the first step is to define the BLF as

V1(t) =
1

2Λ
tan

(
ΛeT

x (t)ex(t)
)
, Λ =

π

2∆e2
x

(32)

the tracking error dynamic is defined as

ėx(t) = ˙̂x1(t)+ ev(t)−vd(t). (33)

By calculating the derivative of V1(t) in (32)

V̇1(t) = eT
x (t)ėx(t)

(
1+ tan2

(
ΛeT

x (t)ex(t)
))

, (34)

and with substituting (33) in (34), it can be rewritten as

V̇1(t) = eT
x (t)

(
˙̂x1(t)+ ev(t)−vd(t)

)(
1+ tan2

(
ΛeT

x (t)ex(t)
))

. (35)

Remark 9. Considering (35), two appropriate choices for vd(t) is proposed below

1. Selecting vd(t) as a nonlinear function

vd(t) = ˙̂x1(t)+
kxex(t)

(1+ tan2 (ΛeT
x (t)ex(t)))

→ V̇1(t) =−kxeT
x (t)ex(t)+ eT

x (t)ev(t)
(
1+ tan2

(
ΛeT

x (t)ex(t)
))

. (36)

2. Selecting vd(t) as a linear function

vd(t) = ˙̂x1(t)+ kxex(t)→ V̇1(t) =
(
−kxeT

x (t)ex(t)+ eT
x (t)ev(t)

)(
1+ tan2

(
ΛeT

x (t)ex(t)
))

, (37)

where kx > 0 is the design parameter. Since the term kx

(1+tan2(ΛeT
x (t)ex(t)))

tends to zero if ∥ex(t)∥∞ → ∆ex, the nonlinear option

for vd(t) is excluded in the subsequent analyses.

Remark 10. According to (37) and definition of the velocity error, ev(t) = vd(t)−v1(t), the stability is guaranteed, i.e. V̇1(t)≤
0, if v1(t) = vd(t).

Therefore, the velocity error ev(t) used for the second step of the back-stepping method can be written as

ėv(t) = v̇d(t)− v̇1(t)→ µ ėv(t) = µ v̇d(t)−µ v̇1(t) = µ v̇d(t)−µA′
mv1(t)−uad(t)−θ T (t)∥x(t)∥∞ −σ(t). (38)

After some mathematical manipulation, (38) can be rewritten as

µ ėv(t) =−uad(t)−θ T(t)∥x(t)∥∞ −σ(t)+µAT
1 ξ (t), (39)

where AT
1 = [In,−A′

m] ,ξ (t) =

[
v̇d(t)
v1(t)

]

. On the other hand, ξ (t) and AT
1 are known values while µ , θ T (t), and σ(t) are

unknown values. Therefore, they are replaced with their estimated values µ̂ , θ̂
T
(t), and σ̂(t), achieved through the adaptive

algorithm. According to (37), the derivative of the velocity vd(t) can be written as

v̇d(t) = ¨̂x1(t)+ kxėx(t) = ¨̂x1(t)+ kx (ev(t)− kxex(t)) . (40)

To derive the control signal and adaptation laws as the next step, the following Lyapunov function is proposed

V2(t) = V1(t)+
µ

2̥
tan

(
̥eT

v (t)ev(t)
)
+

1

2
ũT Γ−1µ̃ +

1

2
θ̃

T
Γ−1θ̃ +

1

2
σ̃T Γ−1σ̃ , ̥=

π

2∆e2
v

. (41)

In (41), µ̃(t) = µ − µ̂(t), θ̃(t) = θ(t)− θ̂(t), and σ̃(t) = σ(t)− σ̂(t) are the adaptation errors; V1(t) is the BLF described in

(32), Γ ∈ R+ is the adaptation gain, and ∆ev is the constraint applied to the velocity error ev.

Remark 11. The constraints applied to the position error may cause rapid changes near the boundary with unacceptable

velocity values. Therefore, it is necessary to consider the second Lyapunov function as a BLF.
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In this case, the derivative of V2(t) in (41) can be written as

V̇2(t) = V̇1(t)+µeT
v (t)

(
1+ tan2

(
̥eT

v (t)ev(t)
))

ėv(t)+ µ̃T (t)Γ−1 ˙̃µ(t)+ θ̃
T
(t)Γ−1 ˙̃θ(t)+ σ̃T (t)Γ−1 ˙̃σ(t). (42)

Substituting (37) and (39) into (42) yields

V̇2(t) =
(
−kxeT

x (t)ex(t)+ eT
x (t)ev(t)

)(
1+ tan2

(
ΛeT

x (t)ex(t)
))

+ eT
v (t)

(
1+ tan2

(
̥eT

v (t)ev(t)
))

×
(
−uad(t)−θ T (t)∥x(t)∥∞ −σ(t)+µ(t)AT

1 ξ (t)
)
+ µ̃T (t)Γ−1 ˙̃µ(t)+ θ̃

T
(t)Γ−1 ˙̃θ(t)+ σ̃T (t)Γ−1 ˙̃σ(t).

(43)

By designing the control input signal uad(t) in (44), it is possible to cancel the extra terms in (43) so that V̇2(t)≤ 0 is satisfied

uad(t) =−θ̂
T
(t)∥x(t)∥∞ − σ̂(t)+ µ̂(t)AT

1 ξ (t)+ ex(t)

(
1+ tan2

(
ΛeT

x (t)ex(t)
))

(1+ tan2 (̥eT
v (t)ev(t)))

+kvev(t)+Kgr(t). (44)

In (44), kv ∈ Rn×n is a diagonal and positive definite matrix which must be designed. r(t) and Kg = −
(

c(A′
m)

−1
b
)−1

are

the reference trajectory and the feed-forward gain, respectively. Such a control input causes the velocity tracking error in (39)

to be

µ ėv(t) =−kvev(t)− ex(t)

(
1+ tan2

(
ΛeT

x (t)ex(t)
))

(1+ tan2 (̥eT
v (t)ev(t)))

− θ̃
T
(t)∥x(t)∥∞ − σ̃(t)+ µ̃(t)AT

1 ξ (t)−Kgr(t). (45)

Substituting (44) into (43) yields

V̇2(t) =−kxeT
x (t)ex(t)

(
1+ tan2

(
ΛeT

x (t)ex(t)
))

−kveT
v (t)ev(t)

(
1+ tan2

(
̥eT

v (t)ev(t)
))

+

µ̃(t)
(
eT

v (t)
(
1+ tan2

(
̥eT

v (t)ev(t)
))

AT
1 ξ (t)+Γ−1 ˙̃µ(t)

)
+ θ̃

T
(t)

(
−eT

v (t)
(
1+ tan2

(
̥eT

v (t)ev(t)
))

∥x(t)∥∞ +Γ−1θ̃(t)
)

− σ̃T (t)
((

1+ tan2
(
̥eT

v (t)ev(t)
))

ev(t)+Γ−1 ˙̃σ(t)
)
− eT

v (t)Kgr(t)
(
1+ tan2

(
̥eT

v (t)ev(t)
))

.

(46)

Since ˙̃µ(t)=− ˙̂µ(t), ˙̃θ(t)=− ˙̂θ(t), and ˙̃σ(t)=− ˙̂σ(t), and to guarantee the non-positiveness of V̇2(t), the following adaptation

laws are proposed to remove the undesirable components in (46)

˙̂µ(t) = ΓProj
(
µ̂(t),eT

v (t)
(
1+ tan2

(
̥eT

v (t)ev(t)
))

AT
1 ξ (t)

)
, µ̂(0) = µ̂0

˙̂θ(t) =−ΓProj
(
θ̂(t),eT

v (t)
(
1+ tan2

(
̥eT

v (t)ev(t)
))

∥x(t)∥∞

)
, θ̂(0) = θ̂ 0

˙̂σ(t) =−ΓProj
(
σ̂(t),

(
1+ tan2

(
̥eT

v (t)ev(t)
))

ev(t)
)
, σ̂(0) = σ̂0.

(47)

By merging (46) and (47), the right-hand side in (46) can be simplified as

V̇2(t)≤−kxeT
x (t)ex(t)

(
1+ tan2

(
ΛeT

x (t)ex(t)
))

− eT
v (t)(Kgr(t)+kvev(t))

(
1+ tan2

(
̥eT

v (t)ev(t)
))

. (48)

Assuming that
∥
∥Kgr(t)

∥
∥

∞
≤ k̄g and kv is designed so that kv = k′vIn, k′v ≥ 10k̄g. By knowing the upper bounds for the errors

from (27) and (31), the right hand-side of (48) can be written as

V̇2(t)≤−kx∆e2
x

(
1+ tan2

(
ΛeT

x (t)ex(t)
))

−
(∥
∥Kgr(t)

∥
∥

∞
∆ev + k′v∆ev

2
)(

1+ tan2
(
̥eT

v (t)ev(t)
))

V̇2(t)≤−kx∆ex
2
(
1+ tan2

(
ΛeT

x (t)ex(t)
))

−
(
k̄g∆ev + k′v∆ev

2
)(

1+ tan2
(
̥eT

v (t)ev(t)
))

.
(49)

Therefore, it is possible to conclude that the derivative of V2(t) is negative over the set S as follows

V̇2(t)≤ 0 → S =
{(

ex(t),ev(t), µ̃(t), θ̃(t), σ̃(t)
)

: ∥ex(t)∥∞ < ∆ex, ∥ev(t)∥∞ < ∆ev

}
. (50)

The main properties of the proposed technique can be formulated as in Theorem 1 presented below.

Theorem 1. For the dynamic system defined in (19) with the Lyapunov function (41), the control and adaptation laws given

by (44) and (47). Assuming that the initial conditions are satisfying

∥ex(0)∥∞ < ∆ex,∥ev(0)∥∞ < ∆ev, (51)

the following properties will be true for the system trajectories
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(i) The tracking errors ex(t) and ev(t) remain inside a compact set, and the system state variables satisfy the constraints

∥ex(t)∥∞ < ∆ex,∥ev(t)∥∞ < ∆ev for all times t.

(ii) All signals in the closed-loop system are bounded.

(iii) The position and velocity tracking errors (ex(t), ev(t)) tend to zero asymptotically.

Proof.

(i) Given that V2(0) is bounded and V̇2(t) ≤ 0, it can be readily concluded that V2(t) < V2(0) along the system trajectories.

Therefore, according to Lemma 1, for any system trajectories satisfying (51), ∥ex(t)∥∞ < ∆ex,∥ev(t)∥∞ < ∆ev.

(ii) According to (i) in Theorem 1, ex(t) and ev(t) are bounded for all times. Following (38), and assuming that vd(t) and v̇d(t) are

bounded, it can be concluded that ξ (t) in (39) is bounded. Moreover, by looking at (47) and Remark 4, the estimated values

for the uncertainty µ̂(t), θ̂(t), σ̂(t), and the adaptation errors µ̃(t), θ̃(t), σ̃(t) are bounded. From (44), it can also be seen that

the control law uad(t) will remain bounded.

(iii) According to (50) and the previous results, it is determined that V̈2(t) is bounded. Therefore, applying the Barbalats lemma42

yields that the tracking errors ex(t) and ev(t) are asymptotically converging to zero.

Remark 12. It is worthwhile to note that the initial conditions ∥ex(0)∥∞ < ∆ex,∥ev(0)∥∞ < ∆ev imply that kx and ∆ev cannot

be chosen independent from each other. Therefore, ∆ev must be chosen in a way that the following inequality is satisfied

ev(0) = ẋ1(0)+ kxex(0)−v1(0)→∥ẋ1(0)+ kxex(0)−v1(0)∥∞ ≤ ∥ẋ1(0)−v1(0)∥∞ + kx∆ex < ∆ev. (52)

Similarly, according to (28), the value of ∥x1(t)∥∞ is bounded due to the upper value of ∆ex. The choice of ∆ex also provides

a constraint for the maximum velocity as follows

∥v(t)∥∞ ≤ ∥xd(t)+ kxex(t)∥∞ +∥ev(t)∥∞ ≤ max
t>0

|xd(t)|+ kx∆ex +∆ev = ∆v (53)

In order to gain a better understanding, the schematic block diagram of the proposed control system is illustrated in Figure

2.

Figure 2. The schematic block diagram illustrating the details of the proposed scheme.
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Simulation Results

The performance of the proposed L1 adaptive backstepping controller with BLF is studied here under two different scenarios

with time-varying uncertainties and disturbances. In both cases, the joint position and velocity constraints are considered in

the design. In the first scenario the tracking performance of a single-link robotic manipulator is evaluated for the new design,

while in the second scenario the more complex problem of controlling a 6-DOF ROV robot is investigated. In both cases, the

tracking errors are compared based on these two measures

(a) The Integral Absolute Error (IAE). i.e. IAE =
∫ st

0 e(t)dt36

(b) Integral Error with Trapezoidal Rule (IETR)43:

IET R =
st−b

∑
t=0

(∫ t+b

t
e(t)dt

)

≈
st−b

∑
t=0

(

b

[
e(t)+ e(t +b)

2

])

where st in the equations above represents the simulation time and b is the time step.

Case study I

The dynamic of a single-link robot can be described as25

Jφ̈(t) = u(t)+
Mgl cos(φ(t))

2
+G(t)+D(t)φ(t)+F(t)φ̇(t). (54)

In (54), φ̈(t), φ̇(t) and φ(t) are the manipulator angular acceleration, velocity, and position, respectively. Here, u(t) is the

control effort, J is the unknown moment of inertia for the robot, M is the unknown link mass, and l is the link length.

Moreover, D(t) and F(t) are the position-dependent external torque coefcient and unknown time-varying friction coefcient,

respectively. Moreover, σ(t) is a time-varying unknown and bounded disturbance and we have the following assumptions for

the controller design

Am =

[
0 1

−1 −1.4

]

,b =

[
1

0

]

θ(t) =
[

1+ D(t)
J

1.4+ F(t)
J

]T

=
[
sin(0.5πt)+ cos(πt) −1+0.1sin(3πt)

]T

σ1(t) =
Mgl cos(φ(t))

2J
+

σ(t)

J
= cos(φ(t))+2sin(πt)+ cos(

7π

5
t)

w = 1/J = 1.5.

(55)

The numerical results showing the performance of the proposed adaptive controller compared to the standard L1 adaptive

control are plotted in Figure 3. As can be seen from the figure, the tracking error is converging to zero and the estimated

and true states of the system are demonstrating a close match. The results confirm the capability of the proposed controller in

removing the time-varying disturbances and uncertainties, and demonstrates a good tracking performance. The performance of

the proposed controller is compared numerically against the standard L1 controller in Table 1. Looking at the measures listed

in the table, it is evident that the proposed controller outperforms the standard L1 adaptive control and shows no overshoot.

Table 1. Comparing the performance of the proposed and traditional adaptive controllers for a single link robot.

Characteristics Extended L1 adaptive back-stepping controller with BLF L1 adaptive controller25

Settling time (sec) 7.16 7.25

Overshoot (%) 0% 5.4%

TR 13.8210 20.1791

IAE 33.1342 41.3859

RMSE 1.1367 1.4313
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Figure 3. Performance of the proposed method (top) and the traditional method (bottom) for a single-link robot.

Case study II

In the second scenario, we consider the dynamic model of a 6DOF submersible ROV as mentioned in (3)

ẋ1 = J(x1)x2

ẋ2 =−M−1DLx2
︸ ︷︷ ︸

A′

+M−1
︸︷︷︸

b

(u+(−C(x2)−DnL(x2))x2 −g(x1)
︸ ︷︷ ︸

f1(x1(t),x2(t),t)

) y(t) = Cx(t) (56)

The parameters used to simulate the dynamic system above are listed in Table 2. It is worth pointing out that accurate tracking

of the desired trajectory requires an additional element, the so called gain tuning. In the single-input single-output systems, a

feed-forward gain k is required to eliminate the effect of the steady-state error. Nonetheless, in the multivariable systems this

gain does not necessarily lead to a minimum steady-state tracking error due to the interaction between different inputs/outputs.

Therefore, the tuning gain is designed as

Kg =−kci

(

c
(
A′

m

)−1
b
)−1

;kci = diag[kc1,kc2, . . . ,kc6]

0.5 ≤ kci ≤ 1.
(57)

The values tuned for the kci parameters in (57) are kc1 = 1, kc2 = 0.95, kc3 = 0.95, kc4 = 1, kc5 = 0.85, and kc6 = 0.9.

Figure 4, illustrates the value of position error coefficient as a function of position and velocity error norms. In order to

evaluate the performance of the proposed method in front of the time-varying disturbance, the disturbance profile shown in

Figure 5 is applied to the system. The performance of the system to follow a fixed velocity and position setpoint along with

the estimated states (without and with disturbance) are depicted in Figures 6 to 11. The results confirm a proper tracking and

state estimation performance for both position and velocity variables of the ROV in presence of the time-varying disturbances

and nonlinear uncertainties. To gain a better assessment on the quality of the controller, the control efforts are also plotted

in Figures 8 and 11. These figures demonstrate the control signals designed for the proposed controller (without and with

disturbance) to compensate and direct the ROV to follow the desired velocity and position values. As can be seen from these

figures, the control signals in both cases represent a smooth and well-behaved performance without any drastic changes. It

is worth noting that the control signal in (40), can be divided into two components. The second component is dealing with

compensation of the steady-state error and represents the feedforward gain of the control signal. Since the reference signal r(t)
is assumed to be constant in the simulation results, the feedforward matrix Kg is also a constant matrix, and hence the second

part of the control signal is always constant. The value of the first component of the control signal is calculated according

to the term −θ̂ T∥x(t)∥L∞ − σ̂(t)+ µ̂(t)AT
1 ξ (t)+ ex

1+tan2(Kex
T ex)

1+tan2(Kev
T ev)

+ kvev. Since the error signal converges to zero gradually,

this term is shrinking and its value will become negligible compared to the second term. This justifies clearly, why the control

signal shows almost a constant value during the adaptation.
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Figure 4. The position error coefficient in the control

signal.
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Figure 5. The time-varying disturbance profile applied to

the system.

Table 2. The parameters used for the numerical simulation in case study II.

m 405kg Γ 500000

ex(0) [0.5;0.5;0.4;0;0.36;0.4]T ev(0) [0.25;0.25;0.2;0;0.18;0.2]T

A′
m −2I6 ϖ 1.1

∆ex 1.1 ∆ev 0.9

kx 0.5 kv 850I6

rp(t) [1;1;0;0;0;0]T rv(t) [1;1;0.5;0.2;0.1;1]T

The tracking performance of the proposed controller is assessed by forcing the ROV to follow the step changes in the

desired position in x and y directions. As can be seen from Figures 12 and 13, the step changes with amplitudes of 2, 5, 7,

-2 and 0 and -1, 4, 6, 2 and 0 at the time periods of 0-20, 20-40, 40-60, 60-80, and 80-100 seconds are applied to x and y

directions of the ROV. The desired setpoint for other states of the ROV is assumed to be zero. The tracking performance of

the proposed controller in x and y directions is shown in Figure 12. As can be inferred from this figure, the tracking is carried

out with the least possible error despite the frequent changes on the desired setpoint at different time intervals. The desired

trajectory tracking performance of the submarine on the x-y plane is depicted in Figure 13.

For further evaluation the performance of the proposed controller is compared against the standard L1 adaptive control

method in Figures 14 and 15. The standard L1 adaptive controller is designed after fine tuning of the low-pass filters parame-

ters as below

C1(s) =
k1

s+ k1
=

1
1
k1

s+1
=

1

τ1s+1
;C2(s) =

1

τ2s+1

C3(s) =
1

τ3s+1
;C4(s) =

1

τ4s+1
;C5(s) =

1

τ5s+1

C6(s) =
1

τ6s+1
;{τ1 = 0.0025;τ2 = 0.005;τ3 = 0.005;τ4 = 0.0025;τ5 = 0.0014;τ6 = 0.002}.

(58)

However, the other simulation parameters remain unchanged according to Table 2. Comparing these figures with the results

shown in Figures 7 and 8, shows evidently that the proposed method has a better performance than the standard L1 adaptive

control. The result is justified further through the numerical analysis of the velocity error listed in Table 3. As can be seen

from the table, the proposed method outperforms the standard L1 adaptive control for all different linear and angular velocities.

Moreover, comparing the control efforts of the standard L1 adaptive control with the control efforts of the proposed method

in Figures 16 and 8 confirms that the proposed method consumes lower energy overall.
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Figure 6. The closed-loop system response to follow a fixed position reference input along with the estimated states for the

proposed L1 adaptive back-stepping with BLF controller (without disturbance in the system input).
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Figure 7. The closed-loop system response to follow a fixed velocity reference input along with the estimated states for the

proposed L1 adaptive back-stepping with BLF controller (without disturbance in the system input).

Table 3. Comparing the performance of the proposed and standard L1 adaptive control for the ROV robot.

Method

L1 adaptive controller12 L1 Adaptive Back-Stepping with BLF Controller

TR IAE Overshoot(%) Settling time(sec) TR IAE Overshoot(%) Settling time(sec)

evx 3.4054 6.8107 52.1% 5.967 1.5374 3.4053 0% 5.151

evy 2.860 5.2350 0% 5.967 1.0229 2.6869 0% 4.063

evz 0.6542 1.3648 0% 5.219 0.7489 1.5074 0% 5.049

evroll
0.5510 1.2844 3.23% 5.219 0.1885 0.4872 0% 4.675

evpitch
0.2621 0.5377 0% 5.151 0.2062 0.4355 0% 4.335

evyaw 1.3839 3.8654 0% 5.83 1.3527 2.7878 0% 4.947

evtotal
9.1166 19.098 55.33% 33.353 5.0566 11.3101 0% 28.22

Discussion and Conclusions

In this paper, an L1 adaptive back-stepping control with BLF and predefined constraints for the position-velocity is proposed.

The purpose of this investigation is to remove the effect of the continuous linear filter in the whole design process, and hence
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Figure 8. The L1 adaptive back-stepping with BLF control signals for ROV robot (without disturbance in the system input):

(a) Position control signal, (b) Velocity control signal.
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Figure 9. The closed-loop system response to follow a fixed position reference input along with the estimated states for the

proposed L1 adaptive back-stepping with BLF controller (with disturbance in the system input).

reduce the complexity of the design in the standard L1 adaptive control. In this way, a fast adaptation and robustness is

guaranteed. In the proposed technique, a pre-defined set of constraints on the velocity and position of the system is imposed

by the use of barrier Lyapunov functions through which a new adaptation law is designed. In this way, it is possible to

guarantee that the tracking errors of the proposed method stay inside the known constraints despite the unknown and time-

varying parameters and nonlinear uncertainties acting on the system. The efficacy of the proposed technique is evaluated on

a 6-DOF underwater ROV robot as well as a single-link robotic manipulator. The achieved results demonstrate a very good

tracking and state estimation performance for both position and velocity states of the system. The results are evaluated despite

the presence of time-varying disturbances and uncertainties on a nonlinear dynamic of the system. As the future work, the

problem of lack of access to system states and designing an observer is going to be investigated.
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Figure 10. The closed-loop system response to follow a fixed velocity reference input along with the estimated states for

the proposed L1 adaptive back-stepping with BLF controller (with disturbance in the system input).
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Figure 11. The L1 adaptive back-stepping with BLF control signals for ROV robot (with disturbance in the system input)

(a) position control effort, (b) velocity control effort.
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Figure 12. The tracking performance of the ROV positions for frequent step changes in x (a) and y (b) directions.
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Figure 13. The tracking performance of the desired trajectory the submarine on the x-y plane.
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Figure 14. The closed-loop system response to follow a fixed position reference input along with the estimated states for

the L1 adaptive controller.
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Figure 15. The closed-loop system response to follow a fixed velocity reference input along with the estimated states for

the L1 adaptive controller.
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Figure 16. The control effort of the standard L1 adaptive control for the ROV robot: (a) Position control signal, (b)

Velocity control signal .
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