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Abstract In this article, we have established a mathematical model using im-
pulsive differential equations for the dynamics of crop pest management in the
presence of a pest with its predator and bio-pesticides. The pest population is
divided into two subpopulations, namely, the susceptible pests and the infected
pests. In this control process, bio-pesticides (generally virus) infect the suscep-
tible pest through viral infection within the pest and make it infected so that
predators can consume it quickly. We assume that pest controlling, using this
integrated approach, is a delayed process and thus incorporated latent time
of susceptible pest and gestation delay of predator in the model as time delay
parameters. The system dynamics have been analyzed using qualitative the-
ory: the existence of the equilibrium points and their stability properties has
been derived. Hopf bifurcation of the coexisting equilibrium point is presented
for both the delayed and non-delayed system. Detail numerical simulations
are performed in support of analytical results and illustrate the different dy-
namical regimes observed in the system. We have observed that the system
becomes free of infection when the latent time of the pest is large. Coexisting
equilibrium exists for the lower value of latent delay, and it can change the
stability properties from stable to unstable when it crosses its critical value.
In contrast, gestation delay affects the stability switches of coexisting equi-
librium only. The combined effect of the two delays on the system is shown
numerically. Also, viral replication rate, infection rate (from virus to pest) is
also significant from the pest management perspective. In summary, both the
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delay is essential for crop pest management, and pest control will be successful
with tolerable delays.

Keywords Biopesticides · Predator · Mathematical model · Latent and
gestation delay · Hopf bifurcation · Numerical stability analysis.

1 Introduction

Food scarcity gives us the challenge to improve our agricultural tools and tech-
niques at an advanced level and consequently increase the production of crops.
Chemicals affect insect populations, pests, and beneficial insects to increase
the yield from a crop field. In classical biological control, the pest population is
controlled from the region of its origin by the introduction of natural enemies
[1]. However, chemical control acts as a hazard to the ecosystem. It makes
lots of unwanted harmful effects on other related and nonrelated populations.
This kind of problem can be solved if Integrated Pest Management (IPM) is
adopted.

IPM is becoming more acceptable among researchers, and its growing appli-
cability in the field by marginal farmers. In an integrated pest control process,
we need to reduce the dependency on pesticides by emphasizing the improve-
ment of the applicability of biological control agents. The role of microbial
pesticides in the IPM has been recently studied for agriculture, forestry, and
public health by various researchers [9]. As an integrated approach, bio-control
has a significant role in pest control [14]. On the other hand, there are many
animals and birds whose food is the pest population, but these creatures donot
hamper the crop. Henceforth they can be used as one of the biological control
agents for the control of pest.

In [27], we can find the use of predator populations in removing pest popu-
lation. Further, we can infect the susceptible pest population by inducing viral
or bacterial diseases within the pest. For example, baculovirus usually grows
in plants, and this virus has not no direct effect on the production of crops.
However, they can be involved to reduce the pest population [29]. Thus, infec-
tion to the pest population is one way to eliminate pests from the agriculture
field successfully.

Prey–predator type pest control models, with a disease in the prey, (pest)
populations are very helpful to describe the dynamics of pest and its natural
enemy [26,28]. However, there are few theoretical modelling works on the
dynamics of pests and their predators and biopesticides [2,5,4]. In [2], authors
have assumed a mathematical model for integrated pest control using bilinear
infection rate. Roy et al. [5] have proposed and analyzed mathematical models
for biological pest control, particularly in Jatropha sp. plantation using a virus
as a controlling agent. They have used a separate crop population and a logistic
type growth for pest population. Later in [4] they have introduced a predator
population and shown that integrated pest control is helpful if biopesticide is
release in an impulse way. In their paper, Tan and Chen [7] discussed pest
control biologically by introducing infected pests. Also, Wang and Song [25]
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used mathematical models to control a pest population by releasing infected
pests. All the ecoepidemic models with susceptible prey, infected prey, and the
predators can be used to discuss the nature of the susceptible pest, infected
pest, and predators but consider time delay as crucial in the biological system
dynamics like crop pest control.

Mathematical models using delay differential equations are more realistic
as time delays occur in almost all biological systems. In the system under con-
sideration, it is reasonable to consider that the reproduction of the predator
after predating the prey is not an immediate process. It has to pass through
the gestation of the predator. After predation, some amounts of energy in the
biomass of prey assimilate into the predator’s energy in the form of biomass.
However, this bio-physiological process is not simple. Also, the exchange of
prey energy to predator energy is not instantaneous. Different steps are in-
volved in this mechanism. Moreover, there is another time lag present in the
pest management system. A time lag exists between the infection of a pest us-
ing the virus (biopesticide) and the time it becomes fully infected. This time
lag is known as the latent time or latent period of the disease in the pests. In
our model, we consider both the gestation and latent delay.

There are few mathematical models for the dynamics of pest control con-
sidering time-delay effects. Zhang et al. [8] used a delayed stage-structured
epidemic model for pest management. Jana and Kar [10] have considered ges-
tation delay in their prey-predator type model with infection in the prey pop-
ulation. In [11], latent delay was considered in a pest control model using
biopesticides, whereas in [13,12], mathematical models were introduced using
gestation period as a delay parameter.

In the present study, we develop a mathematical model to study the dy-
namics of pest controlling system using biopesticides and a predator popula-
tion. We consider an integrated approach (releasing biopesticides and natural
enemy of pest, i.e., predator). Thus the model is an epidemiological model
for the dynamics of bio-control of a pest. Then we find out the effects of la-
tent and gestation delays on the system analytically and numerically. To our
knowledge, this is the first new work considering both the latent delay and
gestation delay in a mathematical model for pest control.

The article is arranged in the following manner. The delay model is derived
in section 2, including some basic mathematical properties. The existence of
equilibria and their stability is performed in section 3 and section 4 respec-
tively. Possible occupancy of Hopf bifurcation and its possible controls are
discussed in section 5. Detail numerical calculations are presented in section 6
with biological discussion. Finally, we conclude the paper in section 7 with a
discussion.
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2 The mathematical model

Here, a model is formulated considering four populations, namely the suscepti-
ble pest, infected pest, predator, and bio-pesticide. The following assumptions
are taken to develop the mathematical model.

A crop plantation system is considered where pest consumes the plant.
The plant is the prey, and the pest is the predator. Pest is controlled using
bio-pesticides spraying. In this bio-controlling, the pest is made infected as
infected pests are less harmful to the plant. Also, predators are incorporated
into the system. They uptake the pest population. Therefore, they consume
the susceptible pest at a lower rate than consuming the infected pest.

- Let S(t) be the susceptible pest, I(t) be the infected pest, P (t) is the
predator (natural enemy of pest) and V (t) is the bio-pesticide (Virus) at any
time t

- Logistic growth is assumed for plant biomass, with net growth rate r
and carrying capacity K. Let α and β are the predation rates. As predator
can catch infected pest easily, we assume β > α and m ≤ 1 is the conversion
efficacy.

- There is an infection rate of healthy pest, λ, due to the use of biopesticide
(virus), and κ is the virus replication parameter. Finally, ǫ is the intra-specific
competition rate of a predator.

- Let δ is the mortality rate of infected pest induced infection, and d is the
natural mortality rate of a predator.

- Infection of susceptible pest by biopesticide is assumed as a delayed pro-
cess. Here, τ1 > 0 is the time delay due to the delayed response of biopesticide.
We take another delay τ2 > 0 due to the gestation of a predator.

Based on the above assumptions, the following mathematical model is de-
rived:

dS

dt
= rS

(

1− S + I

K

)

− λSV − αSP

a+ S
,

dI

dt
= λe−δτ1S(t− τ1)V (t− τ1)− δI − βIP, (1)

dP

dt
=
mαS(t− τ2)P (t− τ2)

a+ S(t− τ2)
+mβI(t− τ2)P (t− τ2)− dP − ǫP 2,

dV

dt
= κδI − µV,

Let us assume τ = max{τ1, τ2} and denote C as the Banach space of
continuous functions φ : [−τ, 0] → R

4
+ equipped with the sup-norm,

‖φ‖ = sup
−τ≤θ≤0

{|φ1(θ)|, |φ2(θ)|, |φ3(θ)|, |φ4(θ)|},

where, φ = (φ1, φ2, φ3, φ4) ∈ C([−τ, 0],R). For biological reasons, populations
always have nonnegative values if they survive, therefore, the initial function
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for model (1) is taken as below:

S(θ) = φ1(θ), I(θ) = φ2(θ), P (θ) = φ3(θ), V (θ) = φ4(θ)

with φi(θ) ≥ 0, θ ∈ [−τ, 0], φi(0) > 0, i = 1, 2, 3, 4. (2)

3 Preliminary results

In this division, some fundamental properties such as positive invariance and
boundedness of the solutions of the delayed system (1) are depicted.

Biologically, positivity signifies the survival of the populations. Therefore
we require the following theorem.

Theorem 1 All the solution of (1) with the provided initial conditions (2) are
positive and are finally bounded.

Proof We can rewrite the system (1) in the following form,

dX

dt
= F (X), X = (x1, x2, x3, x4)

T , F = (F1, F2, F3, F4)
T , (3)

where Fi’s represent the right hand sides of (1), with x1(t) = S(t), x2(t) =
I(t), x3(t) = P (t), x4(t) = V (t).

Using the results from [24] and [23], the solution of the system (1) exists
in the region R

4
+ and all solutions remain non-negative for all t > 0. Indeed,

it is easy to check in system (3) that whenever choosing X(θ) ∈ R+ such that
S = 0, I = 0, P = 0, V = 0, it follows

Fi(X)|xi=0,X∈R4
+

≥ 0.

Thus, using the lemma in [24], and the theorem in [23], any solution of (1) with
X(θ) ∈ C, say X(t) = X(t,X(θ)), satisfies X(θ) ∈ R4

+ for all t ≥ 0. Hence the
solution of the system (1) exists in the region R4

+ and all components remain
non-negative for all t > 0. Therefore, the positive cone R

4
+ is an invariant

region.

To ensure the model remains biologically plausible, both plant and vector
populations have to remain bounded during their time evolution. We have the
following theorem due to boundedness. To prove the boundedness of S(t), I(t)
and P (t), let us define

G(t) = me−δτ1S(t) +mI(t+ τ1) + P (t+ τ2)

Then,

dG(t)

dt
= me−δτ1

dS

dt
+m

dI(t+ τ1)

dt
+
dP (t+ τ2)

dt

< e−δτ1rS

[

1− S + I

K

]

− δI(t+ τ1)− dP (t+ τ2)

< e−mτ

[

(r +m)S − rS2

K

]

− qG(t), where q = min

{

δ

m
,
d

m

}

.



6 M. H. Noor, F. A. Basir

Now, (r +m)S − rS2

K
is a quadratic in x and its maximum value is K(r+m)2

4r .
Also the maximum value of e−mτ is 1. Using this, we can write

dG(t)

dt
<
K(r +m)2

4r
− qG(t).

This implies

lim sup
t→∞

G(t) ≤ K(r +m)2

4rq
. (4)

and hence, the S(t) and I(t) are bounded. As I is bounded, using the well-
known comparison principle, from the last equation of (1), V (t) is also bounded.

3.1 Existence of equilibria

The model (1) has five equilibria namely (i) the trivial equilibrium E0(0, 0, 0, 0);
(ii) the axial equilibrium E1(K, 0, 0, 0), (iii) biopesticide and infected pest free
equilibrium E2(S̄, 0, P̄ , 0) where

P̄ =
r(K − S̄)(a+ S̄)

αK
(5)

and S̄ is the positive root of

P0S
3 + P1S

2 + P2S + P3 = 0, (6)

with coefficients

P0 = −ǫr, P1 = −2arǫ+ǫrK, P2 = −mα2K+dαK−ra2ǫ+2ǫrKa, P3 = ǫrKa2+mαKa.

(iv) the predator-free equilibrium E3(S̃, Ĩ, 0, Ṽ ), where,

S̃ =
µ

λe−δτ1κ
, Ĩ =

µ(Kλe−δτ1κ− µ)r

λe−δτ1κ(δKλκ+ µr)
Ṽ =

δ(Kλe−δτ1κ− µ)r

λe−δτ1(δKλκ+ µr)

(iv) the coexistence equilibrium, E∗(X∗, S∗, I∗, A∗), given by

P ∗ =
λe−δτ1κδS∗ − µδ

µβ
, V ∗ =

κδI∗

µ
,

I∗ =
µβd+ ǫ(a+ S∗)(λe−δτ1κδS∗ − µδ)

µmβ2(a+ S∗)
,

and S∗ is the positive root of

A1S
2 +B1S + C1 = 0. (7)
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A1 = −δ2ǫKκ2λ2e−δτ1 − δǫκλe−δτ1µr − β2mµ2r,

B1 = −aδ2ǫKκ2λ2e−δτ1 + δ2ǫKκλµ− αβδKκλe−δτ1mµ− aδǫκλe−δτ1µr

+δǫµ2r − aβ2mµ2r + β2Kmµ2r,

C1 = −βdδKκλµ+ aδ2ǫKκλµ+ αβδKmµ2 − βdµ2r + aδǫµ2r + aβ2Kmµ2r.

Predator-free equilibrium E3 exists when

Kλκ > µeδτ1 (8)

Existence condition of infected pest free equilibrium E2 is stated below. Here,
clearly P0 < 0 and P3 > 0. Thus we have the following proposition.

Proposition 1 Let

∆ = 18P1P2P3P4 − 4P 3
2P4 + P 2

2P
2
3 − 4P1P

3
3 − 27P 2

1P
2
4 (9)

be the discriminant of (6). Now, if ∆ > 0, and if

(a) P1 > 0, P2 > 0 or P1 < 0, P2 < 0, then equation (6) has a one positive
root,

(b) P2 > 0, P3 < 0, P4 < 0 or P2 < 0, P3 < 0, P4 > 0, the equation (6) has
two positive roots,

(c) P2 > 0, P3 < 0, then the equation (6) has two positive roots.

Again, noticing A1 < 0 and using the Descartes rule of sign, we derive the
following proposition for the existence of coexisting equilibrium E∗.

Proposition 2 Suppose the discriminant of equation (7) is positive i.e. B2
1 −

4A1C1 > 0. Now if B1 < 0, C1 < 0, then (7) has no positive root meaning
that there is no feasible endemic equilibrium E∗. If B1 > 0, C1 > 0 then
there exists a unique endemic equilibrium. But if B1 > 0, C1 < 0 then there
exists exactly two positive roots of (7), consequently two feasible coexisting
equilibrium is possible.

3.2 Characteristic equation

Characteristic equation of the Jacobian matrix is needed for the stability of
equilibria. For this we linearize the system (1) about E(S, I, P, V ) as follows:

dX

dt
= FX(t) +GX(t− τ1) +HX(t− τ2). (10)

Here F,G are 4× 4 matrices, given as below:

F = [Fij ] =





















F11 − rS
K

− αS
a+S

− λS

0 − δ − βP − βI 0

0 0 −d− 2ǫP 0

0 κδ 0 −µ





















,
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G = [Gij ] =





















0 0 0 0

λe−δτ1I 0 0 λe−δτ1S

0 0 0 0

0 0 0 0





















,

H = [Hij ] =





















0 0 0 0

0 0 0 0

mαPa
(a+S)2 mβP H33 0

0 0 0 0





















where, F11 = r(1− 2S+I
K

)−λV − αaP
(a+S)2 , H33 = mαS

a+S
+mβI. The characteristic

equation of the delay system (1) is given by,

| ξI − F − e−ξτ1G− e−ξτ2H |= 0. (11)

This gives the following characteristic equation,

φ(ρ, τ1, τ2) = ρ4 + l1ρ
3 + l2ρ

2 + l3ρ+ l4 + e−ρτ1(b1ρ
2 + b2ρ+ b3)

+e−ρτ2(a1ρ
3 + a2ρ

2 + a3ρ+ a4) + e−ρ(τ1+τ2)(q1ρ+ q2) = 0,

(12)

Coefficients of equation (12) are given in Appendix A.

4 Stability of equilibria without delay

In this section, the local stability analysis of the equilibria of the system (1)
without delay is studied. For the stability of any equilibrium, we need the
distribution of the roots of the characteristic equation (12). From this, we
show that the trivial-equilibrium point E0(0, 0, 0, 0) is always unstable.

Next we analyse the stability of virus-free equilibrium E2(S̄, 0, P̄ , 0).

4.1 Stability of virus-free equilibrium E2(S̄, 0, P̄ , 0)

In this case, the Jacobian matrix,

J = [Jij ]4×4 =























J11 − rS̄
K

− αS̄
a+S̄

− λS̄

0 − δ − βP̄ 0 λe−δτ1 S̄

mαP̄a
(a+S̄)2

mβP̄ J33 0

0 κδ 0 −µ
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where, J11 = r(1− 2S̄
K
)− αaP̄

(a+S̄)2
, J33 = mαS̄

a+S̄
− d− 2ǫP̄ .

The characteristic equation at E2(S̄, 0, P̄ , 0) is

ξ4 +M1ξ
3 +M2ξ

2 +M3ξ +M4 = 0, (13)

with

M1 = −J11 − J22 − J33 − J44,

M2 = J11J22 − J13J31 + J11J33 + J22J33 + J11J44 + J22J44 + J33J44 − J42J24,

M3 = J13J22J31 − J11J22J33 − J11J22J44 + J13J31J44 − J11J33J44

−J22J33J44 + J11J42J24 + J33J42J24,

M4 = −J13J22J31J44 + J11J22J33J44 + J13J31J42J24 − J11J33J42J24.

For the stability of an equilibrium point we use the Routh-Hurwitz criterion
and equation (13) and get the following theorem.

Theorem 2 The virus-free equilibrium E2 is asymptotically stable if the fol-
lowing conditions are satisfied

M1 > 0, M2 > 0, M3 > 0, M4 > 0, M1M2−M3 > 0, M1M2M3−M2
3−M4M

2
1 > 0.

In the following subsection, we study the stability of predator-free equilibrium
E3.

4.2 Stability of E3(S̃, Ĩ, 0, Ṽ ) without delay

In this case the Jacobian matric,

L = [lij ] =





















l11 − rS̃
K

−αS̃ − λS̃

λĨ − δ − d − βĨ λS̃

0 0 −d 0

0 κδ 0 −µ





















where, l11 = r(1 − 2S̃+Ĩ
K

) − λṼ . Thus for τ1 = 0 = τ2, the characteristic
equation at E3 becomes

(ξ + d) · (ξ3 + σ1ξ
2 + σ2ξ + σ3) = 0 (14)

where,

σ1 = −(l11 + l22 + l33),

σ2 = l11l22 + l11l33 + l22l33 − l12l21 − l32l23,

σ3 = l12l33l21 − l11l22l33 − l13l32l21 + l11l32l23.

Since one of the roots of (14) is −d < 0, thus using the Routh-Hurwitz criterion
on the rest of the roots, we have the following theorem for the stability of E3.
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Theorem 3 For τ1 = 0 = τ2, the predator-free equilibrium E3(S̃, Ĩ, 0, Ṽ ) is
stable if and only of

σ1 > 0, σ2 > 0, σ3 > 0, σ1σ2 − σ3 > 0. (15)

4.3 Stability of E∗ without delay

For τ1 = 0 = τ2, the characteristic equation at endemic equilibrium is

H(ξ) = ξ4 +A1ξ
3 +A2ξ

2 +A3ξ +A4 = 0. (16)

Employing the Routh-Hurwitz criterion, for the stability of an equilibrium
point E∗, the following conditions need to be satisfied,

A1 > 0, A2 > 0, A3 > 0, A4 > 0, A1A2−A3 > 0, A1A2A3−A2
3−A4A

2
1 > 0,
(17)

where,

A1 = l1+a1, A2 = l2+b1+a2, A3 = l3+b2+a3+q1, A4 = l4+b3+a4+q2.
(18)

For stability and Hopf bifurcation of E∗, we have the following theorem.

Theorem 4 The endemic E∗ with τ1 = 0 = τ2 is stable if

A2 > 0, A3 > 0, A4 > 0, A1A2 −A3 > 0, A1A2A3 −A2
3 −A4A

2
1 > 0.

It undergoes a Hopf bifurcation at λ = λ∗ ∈ (0,∞) if and only if

A2(λ
∗) > 0, A3(λ

∗) > 0, A4(λ
∗) > 0, A1(λ

∗)A2(λ
∗)−A3(λ

∗) > 0,

ψ(λ∗) = 0, and A3
1A

′
2A3(A1 − 3A3) 6= (A2A

2
1 − 2A2

3)(A
′
3A

2
1 −A′

1A
2
3).

(19)
where ψ(λ) is a continuously differentiable function ψ : (0,∞) → R of λ as
follows,

ψ(λ) := A1(λ)A2(λ)A3(λ)−A2
3(λ)−A4(λ)A

2
1(λ).

Moreover, at λ = λ∗, two eigenvalues ρ(λ) of the characteristic equation are
purely imaginary, and the other two have purely imaginary parts. Primes de-
note differentiation concerning the parameter λ.

Remark 1 Replacing λ in the above analysis by any other model parameter
(for example, α, β, etc.), the Hopf bifurcation of endemic equilibrium point
can be investigated at the critical value of that parameter.



Title Suppressed Due to Excessive Length 11

5 Stability analysis with delay

In this section, we have only provided the local stability of the equilibria E3

and E∗ respectively with delay i.e. when τ1 > 0 and τ2 > 0.
For the delay model, the characteristic equation (20) is transcendental in

ξ with infinitely many roots. Any steady state, E(S, I, P, V ), is locally stable
(or unstable) if all the roots of the corresponding characteristic equation have
negative real parts (or have positive real parts). Also, Hopf-bifurcating periodic
solution persists if at least one purely imaginary root occurs. We shall examine
the possible existence of Hopf bifurcation.

5.1 Stability of E3 with delay

For the stability of E3 with delay, three cases will raise: (i) τ1 > 0, τ2 = 0, (ii)
τ1 = 0, τ2 > 0 and (iii) τ1 > 0, τ2 > 0.

For τ1 > 0, τ2 = 0, we get the following characteristic equation,

ξ3 + ā1ξ
2 + ā2ξ + ā5 + [ā3 + ā4ξ]e

−ξτ1 = 0. (20)

where

ā1 = −(l11 + l22 + l33), ā2 = l11l22 + l11l33 + l22l33,

ā3 = −l11l22l33, b1 = −l12m21 − l32m23,

b2 = l12l33m21 − l13l32m21 + l11l32m23

For Hopf bifurcation to occur, we have to show that there exists a purely
imaginary eigenvalue. Suppose ξ = iw(τ1) is a purely imaginary root of the
equation (20), then we have

− iw3 − ā1w
2 + iā2w + (ā4iw + ā3)(coswτ1 − i sinwτ1) + ā5 = 0. (21)

Grouping real and imaginary parts, we get the following equations,

ā1w
2 − ā5 = ā3 coswτ1 + ā4w sinwτ1, w3 − ā2w = ā4w coswτ1 − ā3 sinwτ1.

(22)
Squaring and adding the real and imaginary parts we get,

w6 + (ā21 − 2ā2)w
4 + (ā22 − 2ā1ā5 − ā24)w

2 + (ā25 − ā23) = 0. (23)

Putting θ = w2, the equation (23) is reduced to

H(θ) = θ3 + S1θ
2 + S2θ + S3 = 0, (24)

where,

S1 = ā21 − 2ā2, S2 = ā22 − 2ā1ā5 − ā24, S3 = ā25 − ā23. (25)

Now if S3 < 0 holds then equation (24) has at least one positive root. Let θ0
be the least positive root of (24) for which the characteristic equation (20) has
pair of purely imaginary roots ±i

√
θ0.



12 M. H. Noor, F. A. Basir

From the equation (22), writing
√
θ0 = w, we get the values of τ1 for which

(24) has positive roots is

τk1 =
1

w
cos−1

[ ā4w
4 − (ā2ā4 − ā1ā3)w

2 − ā3ā5

ā24w
2 + ā23

]

+
2kπ

w
, k = 0, 1, 2, ..., (26)

Let

τ∗10 = min
k≥0

{τk1 }, w0 = w(τ∗10).

Then we have the following proposition.

Proposition 3 Suppose that the interior equilibrium point E∗ exists and is
locally asymptotically stable for τ1 = 0 i.e. (17) is satisfied. Now, if either,
S3 < 0, then E∗ is asymptotically stable when τ < τ∗10 and unstable when
τ > τ∗10, where

τ∗10 =
1

w0
arccos

[ ā4w0
4 − (ā2ā4 − ā1ā3)w0

2 − ā3ā5

ā24w
2
0 + ā23

]

. (27)

Thus, when τ1 = τ∗10, Hopf bifurcation occurs, i.e. a family of periodic
solution bifurcates at E∗ as τ passes through the critical value τ∗10 provided the
transversality condition, 3ω4

0 + 2S1ω
2
0 + S2 6= 0 is satisfied.

Proof Clearly, for the proof of the theorem we have to verify only the transver-
sality condition.

Denoting ξ = ξ(τ1) and differentiating (20), we obtain

(dξ(τ1)

dτ1

)−1

= − 3ξ2 + 2ā1ξ + ā2

ξ(ξ3 + ā1ξ2 + ā2ξ + ā5)
+

ā4

ξ(ā4ξ + ā3)
− τ1

ξ
,

which leads to

sign
{

Re
( dξ

dτ1

)

τ1=τk

1

}

= sign
{

Re
( dξ

dτ1

)−1

τ1=τk

1

}

= sign
{

3ω4
0 + (2ā21 − 4ā2)ω

2
0 + ā22 − 2ā1ā5 − ā24

}

= sign
{

3ω4
0 + 2S1ω

2
0 + S2

}

.

(28)

Thus

Re

[

dξ

dτ1

]

τ1=τ∗

10

6= 0 ⇔ 3ω4
0 + 2S1ω

2
0 + S2 6= 0. (29)

Hence the transversality condition is verified, and consequently the occurrence
of Hopf bifurcation at τ1 = τ∗10 is established.

Remark 2 Stability of E3 for τ1 = 0, τ2 > 0 and for τ1 > 0, τ2 > 0 can be
studied using the analysis in the following sub-section.
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5.2 Stability of E∗ with delay

In this section we check the stability switches of endemic equilibrium for with
delay i.e. when τ1 > 0 and τ2 > 0. We will study three cases, namely (i)
τ1 > 0, τ2 = 0, (ii) τ1 = 0, τ2 > 0 and (iii) τ1 > 0, τ2 > 0.

(i) For τ1 > 0, τ2 = 0, the characteristic equation at the endemic equilib-
rium E∗ (derived from (12)) is

φ(ξ, τ1, 0) = ξ4 + C1ξ
3 + C2ξ

2 + C3ξ + C4 + (30)

e−ξτ1 [D1ξ
2 +D2ξ +D3] = 0,

where,

C1 = (a1 + l1), C2 = (a2 + l2), C3 = (a3 + l3),

C4 = (a4 + l4), D1 = b1, D2 = b2 + q1, D3 = b3 + q2.

The terms a1, a2, .., a4, b1, b2 etc. are given in Appendix-A.
For the stability changes to occur, we have to show that there exists a pair

of purely imaginary roots of the characteristic equation for a critical value of
τ1 > 0. Suppose that there exists a purely imaginary root say iθ of equation
(30).

We substitute ξ = iθ in (30) and then separating real and imaginary parts
we finally obtain

D1 sin θτ1 +D2 cos θτ1 = −θ4 + C2θ
2 − C4, (31)

D1 cos θτ1 −D2 sin θτ1 = C1θ
3 − C3θ. (32)

First we take the square and then add the above two equations to get,

l8 + ω1l
6 + ω2l

4 + ω3l
2 + ω4 = 0. (33)

Again we substitute θ2 = l in (33) and get the following equation

l4 + ω1l
3 + ω2l

2 + ω3l + ω4 = 0. (34)

The coefficients of (34) are

ω1 = C1
2 − 2C2, ω2 = C2

2 + 2C4 − 2C1C3,

ω3 = −2C2C4 + C2
3 −D2

1, ω4 = C2
4 − (D2

1 +D2
2).

Let us define H(l) by

H(l) = l4 + ω1l
3 + ω2l

2 + ω3l + ω4.

Given that H(0) = ω4 < 0 and also note that liml→∞H(l) = ∞. Hence, there
exists an l0 ∈ (0,∞) so that H(l0) = 0. Thus we have the following lemma.

Lemma 1 The equation (34) has at least one positive root when ω4 < 0.
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Without loss of generality, we assume that the equation (34) has four posi-
tive roots. We denote them as l∗r , r = 1, 2, 3, 4. Then (33) also has four positive
roots, θr =

√
z∗r , r = 1, 2, 3, 4. From equation (31), the values of τ1 is calculated

as

τ1
n
r =

1

θr
cos−1

[

θ20D2[C1θ
2
0 − C3] + (D1θ

2
0 −D3)[θ

4
0 − C2θ

2
0 + C4]

(D1θ
2
0 −D3)2 +D2

2θ
2
0

]

+
2πn

θr
,

r = 1, 2, 3, 4 and n = 0, 1, 2, 3, ... (35)

Thus, we establish that ±iθr is a pair of purely imaginary roots of (30). Let
us write the following

τ∗1 = τ1
n
r0

= min
n≥0, 1≤r≤4

{τ1nr }, θ0 = θr0 , l0 = l∗r0 . (36)

Then we can have the following results.

Theorem 5 Suppose that the E∗ is stable without delay. Then for ω4 <

0, the steady state E∗ is locally asymptotically stable for τ1 < τ∗1 , and it
is unstable when τ1 > τ∗1 . Furthermore, the occurrence of Hopf bifurcation
at E∗ is confirmed when τ1 = τ∗1 provided that the transversality condition
4θ60 +A1θ

4
0 +A2θ

2
0 +A3 6= 0 is satisfied.

Proof First part of the theorem is immediate from the above analysis. Thus,
we have to prove the last part of the theorem only.

We Differentiate (30) with respect to τ1 to obtain

dτ1

dξ
=

4ξ3 + 3(C1ξ
2 + 2C2ξ + C3)

D2ξ3 +D3ξ2 +D4ξ
eξτ1 +

2D2ξ +D3

D2ξ3 +D3ξ2 +D4ξ
− τ1

ξ
.

Considering equation (31), it is easy to show the following result,

Sgn

[

d(Re ξ)

dτ1

]

τ1=τ∗

1

= Sgn[Re(
dξ

dτ1
)−1]ξ=iξ0 ,

= Sgn

[

4ξ60 + ω1ξ
4
0 + ω2ξ

2
0 + ω3

D2
3ξ

2
0 + [−D2ξ

2
0 +D4]2

]

, (37)

Since D2
3ξ

2
0 + [−D2ξ

2
0 + D4]

2 is always positive. Also, from equation (36) we
see that H ′(l0) 6= 0 if 4ξ60 + ω1ξ

4
0 + ω2ξ

2
0 + ω3 6= 0. Thus it follows that

Sgn

[

d(Re ξ)

dτ1

]

τ1=τ∗

1

6= 0.

(ii) The analysis for τ2 > 0, τ1 = 0 is given in Appendix B. (iii) For τ1 >
0, τ2 > 0, we provide the result without proof in the following theorem.

Theorem 6 Suppose that the non-delayed system is asymptotically stable for
τ2 ∈ (0, τ∗2 ). Now, if ω4 < 0 holds then there exists τ∗ for which stability
switch occurs at E∗ when τ1 passes the critical value τ∗. Furthermore, E∗ will
undergo a Hopf bifurcation when τ1 = τ∗, provided that

[

d(Reξ)

dτ1

]

τ1=τ∗

> 0.
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Table 1 Values of parameters used in numerical calculation for system.

Parameter Short description Values
r growth rate of pest 0.1
K maximum density of pest 1
λ infection rate of susceptible pest 0 – 0.2
d natural mortality rate of pest 0.012
δ additional mortality of infected pest 0.02
α predator catching rate of susceptible pest 0.01
β predator catching rate of infected pest 0.09
n lysis of predator due to competition 5
m conversion factor for predator 0.6
µ decay rate of virus 0.1
a half-saturation constant 0.5

In this case the characteristic equation is

φ(ρ, τ1, τ2) = ρ4 + l1ρ
3 + l2ρ

2 + l3ρ+ l4 + e−ρτ1(b1ρ
2 + b2ρ+ b3)

+e−ρτ2(a1ρ
2 + a2ρ+ a3) + e−ρ(τ1+τ2)(q1ρ

2 + q2ρ+ q3) = 0,

(38)

Thus comparing the results in [32] (Theorem 5 and Theorem 6 of [32]), a formal
proof of the Theorem 6 can be analysed. A similar result can be provided for
τ1 when τ2 ∈ (0, τ∗2 ).

6 Numerical simulations

This section provides numerical examples to analyze the results and interpre-
tations we have made in the previous sections.

Numerical solution of the model system without delay is plotted in Figure 1.
From this figure it is confirmed that for λ = 0.012 the system is asymptotically
stable (confirmed by Theorem 4). All the system populations oscillate initially
but finally converges to the endemic equilibrium E∗(2.212, 0.8425, 22.67, 6.71).
For the higher value of the infection rate λ = 0.01388, stable periodic orbit
is observed. Hopf bifurcation diagram of coexisting equilibrium E∗ is plotted
in Figure 2. It indicates that system population bifurcates into the periodic
solution at E∗ when λ crosses its critical value λ∗ = 0.01388. It is also obvious
that for higher values of λ, E∗ is not stable, but E3 exists and is unstable.
Also, we have plotted the bifurcation of endemic equilibrium, taking β as the
main parameter (see Figure 3). In Figure 4, bifurcation diagram of the system
is plotted for the value of delay τ1. The system (1) has periodic orbits when
τ1 lies in the range τ1 ∈ (0, 50). That is endemic equilibrium E∗ is stable for
higher values of delay τ1. It is clear from Figure 4 that the stability switches of
the endemic equilibrium E∗ in terms of time delay τ1 at two points, nearly at
τ ≈ 3.86 days and τ ≈ 41.25 days from stable to unstable and from unstable
to stable, respectively. Bifurcation plot of Figure 5 shows that gestation delay
destabilises the system when its value is larger than τ∗2 = 4.78.



16 M. H. Noor, F. A. Basir

0 1000 2000 3000 4000

 Time (day)

0

0.2

0.4

0.6
S

u
s
c
e

p
ti
b

le
 p

e
s
t,

 S
(a)

0 1000 2000 3000 4000

 Time (day)

0

0.2

0.4

0.6

In
fe

c
te

d
 p

e
s
t,

 I

(b)

0 1000 2000 3000 4000

 Time (day)

0

0.1

0.2

0.3

P
re

d
a

to
r,

 P

(c)

0 1000 2000 3000 4000

 Time (day)

0

0.5

1

1.5

B
io

p
e

s
ti
c
id

e
, 

V

(d)

Fig. 1 Numerical solution of the system without delay is plotted using the values of the
parameters from Table 1 except λ = 0.01 (red line) and λ = 0.1363 (blue line).
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Fig. 2 Hopf bifurcation of non-delay model taking λ as bifurcation parameter.
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Fig. 3 Hopf bifurcation of non-delay model taking β as bifurcation parameter. Values of
the parameters same as Figure 1 except λ = 0.1363.
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Fig. 4 Hopf bifurcation of endemic equilibrium E∗ of the delay model taking τ1 as bifur-
cation parameter and τ2 = 0. Parameters values are same as Figure 2.
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Fig. 5 Hopf bifurcation of the delay model taking τ2 as bifurcation parameter and τ1 = 0.
Parameters values are same as Figure 4.

Fig. 6 (a) Region of stability of endemic equilibrium in β−λ region, (b) Region of stability
of endemic equilibrium E∗ in κ − τ2 parameter plane, (c) Region of stability of endemic
equilibrium E∗ in τ1 − τ2 parameter plane. Coexisting equilibrium E∗ is stable in green
region and unstable in yellow region. In white region E∗ is not feasible.

The region of stability of endemic equilibrium E∗ is presented in Figure 6.
In Figure 6(a), stability of E∗ is shown in β − λ parameter plane. We have
observed the stabilizing role of β. It can be recognised that for lower values
of both the parameters, E∗ is not feasible. For the higher value of λ E∗ is
unstable but if the value of β crosses a threshold value, E∗ becomes stable.
Thus the critical value β∗ is dependent on the value of λ and vice versa. Figure
6(b) shows that the effects of gestation delay τ2 is also dependent on other
model parameters, for example, virus replication rate κ. It can be observed
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that for a larger value of κ, endemic equilibrium does not exist. In Figure 6(c),
the region of stability in τ1−τ2 parameter plane is shown. This figure contains
the combined effect of the two delays as discussed in Figure 4 and Figure 5.

7 Discussion and Conclusion

In this paper, a mathematical model using delay differential equations has
been derived for the dynamics of integrated pest management (IPM) system
using biopesticide and predatory insects as managing agents. In this system
biopesticides (generally virus) attack the susceptible pest and make it infected
after a latent period. We consider this period as latent delay τ1. We have
also introduced predatory insects population in the model system. Infected
pest are less harmful and also predators can consume the infected easily than
susceptible pest.

We investigated the model system from the perspective of stability and
persistence. We have explained the nonnegativity and boundedness of solutions
of the proposed delayed model. We have obtained five equilibrium points. Using
Routh-Hurtwiz criteria, we have derived their stability conditions. Numerically
we have seen that the stability changes of endemic equilibrium point occurred
through Hopf bifurcation. Finally, we have assumed that the infection of pests
by biopesticide is a delayed process and modified the model accordingly. It is
seen that the dual role of latent delay. It sometimes stabilizes the, but harmful
for the system as the infected pest density decreases for increasing latent delay.
In that case, we have to increase the rate of biopesticides release. Sometimes it
is suggested to use chemical pesticides, i.e., pest culling [31,5]. Also, we have
seen the destabilizing role of gestation delay. Consequently incorporation of
additional food is recommended [26].

In conclusion, our work shows that spraying of pesticides along with the
predatory insect is successful if this integrated approach is used correctly, i.e.,
considering the resistance in terms of latency of pest and gestation period (or
maturation period of a predator). Hence time delay should be included in the
modelling of a pest management system.

The present work can be extended in many ways. It can also be interesting
how the enrichment of additional food for predator can effect the system. The
pest maturation delay effect can also be studied.
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A Appendix

The coefficients of (12) are given below:

l1 = −F11 − F22 − F33 − F44

l2 = F11F22 + F11F33 + F22F33 + F11F44 + F22F44 + F33F44

l3 = −F11F22F33 − F11F22F44 − F11F33F44 − F22F33F44

l4 = F11F22F33F44,

b1 = −F12G21 − F42G24

b2 = F12F33G21 − F14F42G21 + F12F44G21 + F11F42G24 + F33F42G24

b3 = F14F33F42G21 − F12F33F44G21 − F11F33F42G24,

a1 = −H33

a2 = −F13H31 − F23H32 + F11H33 + F22H33 + F44H33

a3 = F13F22H31 − F12F23H31 + F13F44H31 + F11F23H32 + F23F44H32

−F11F22H33 − F11F44H33 − F22F44H33

a4 = −F14F23F42H31 − F13F22F44H31 + F11F22F44H33 − F11F23F44H32

+F12F23F44H31 + F13F42G24H31,

q1 = −F13G21H32 + F12G21H33 + F42G24H33

q2 = F13F44G21H32 + F14F42G21H33 − F12F44G21H33 − F11F42G24H33

B Appendix

For τ2 > 0 and τ1 = 0, the characteristic equation becomes

ψ(ξ, τ) = ξ4 + a1ξ
3 + a2ξ

2 + a3ξ + a4 + e−ξτ [b1ξ
3 + b2ξ

2 + b3ξ + b4].

(39)

For τ > 0, then (39) will have infinitely many roots. To determine the nature of the
stability, the sign of the real parts of the roots of the characteristic equation (39) is required.
A necessary condition for a stability changes of E∗ is that the characteristic equation (39)

https://doi.org/10.1007/s12591-017-0383-5
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should have purely imaginary solutions. Let iζ be a root of equation (39) and from which
we get,

ζ4 − a2ζ
2 + a4 = [ζ2b2 − b4] cos ζτ − [ζb3] sin ζτ ,

a1ζ
3 − a3ζ = [ζ2b2 − b4] sin ζτ + [ζb3] cos ζτ . (40)

Squaring and adding above two equations,

ζ8 + α1ζ
6 + α2ζ

4 + α3ζ
2 + α4 = 0.

(41)

Simplifying and substituting ζ2 = l in equation (41) we get the following equation

l4 + α1l
3 + α2l

2 + α3l + α4 = 0. (42)

The roots of equation (42) have negative real parts if and only if its coefficients satisfy
the Routh-Hurwitz criterion. In such case (39) does not have purely imaginary roots. Thus,
we summarize the results in the following proposition.

Proposition 4 Suppose that the system without delay is stable. The endemic equilibrium

E∗ is LAS for all τ2 > 0 if the following conditions are satisfied:

ω1 > 0, ω4 > 0, ω1ω2 − ω3 > 0, (ω1ω2 − ω3)ω3 − ω2

1ω4 > 0.

If ω4 < 0 holds then equation (42) will admit at least one positive root. If θ2
0
is the

minimum positive root of (42), then θ will be a purely imaginary root, ±iθ0 corresponding
to the delay τ2, then the endemic equilibrium E∗ remains stable for τ2 < τ∗

2
.

We can evaluate the critical value of τ2 for which the endemic equilibrium E∗ remains
stable. From equation (40),

τ∗2 =
1

θ0
cos−1

[

b2(−θ40 + a2θ
2

0
− a4) + b1a1θ

3

0

b2
1
+ b2

2

]

+
2πn

θ0
, n = 0, 1, 2, 3, . . .

From the above analysis, the following theorem follows.

Theorem 7 If ω4 < 0 is satisfied then the steady state E∗ is LAS for τ2 < τ∗
2

and

becomes unstable for τ2 > τ∗
2
. Furthermore, the system will undergo a Hopf bifurcation at

E∗ at τ2 = τ∗
2

provided

4θ60 +A1θ
4

0 +A2θ
2

0 +A3 6= 0, (43)

where,

A1 = 3a1 − 6a2, A2 = 2a2 + 4a4 − 4a1a3, A3 = a23 − 2a2a4 − b21. (44)

Proof We need to prove the last conditions only. Now, differentiating (39) with respect to
τ2 we get:

dτ2

dξ
=

4ξ3 + 3a1ξ2 + 2a2ξ + a3

b1ξ2 + b2
eξτ2 +

b1

b1ξ2 + b2ξ
−
τ2

ξ
.

Now, using the relation (40) one can obtain:

sgn

[

d(Reξ)

dτ2

]

τ2=τ∗

2

= sgn

[

Re

(

dξ

dτ2

)

−1
]

ξ=iθ0

= sgn

[

4θ6
0
+A1θ

4

0
+A2θ

2

0
+A3

b1θ
2

0
+ b2

2

]

(45)

and the latter is positive if 4θ6
0
+ A1θ

4

0
+ A2θ

2

0
+ A3 6= 0 i.e. the transversality condition

holds and the system undergoes Hopf bifurcation at τ2 = τ∗
2
.
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