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Abstract This paper is concerned with tackling the L1

performance analysis problem of continuous and piece-

wise continuous nonlinear systems with non-unique so-

lutions by using the involved arguments of set-invariance

principles. More precisely, this paper derives a sufficient

condition for the L1 performance of continuous non-

linear systems in terms of the invariant set. However,

because this sufficient condition intrinsically involves

analytical representations of solutions of the differen-

tial equations corresponding to the nonlinear systems,

this paper also establishes another sufficient condition

for the L1 performance by introducing the so-called ex-

tended invariance domain, in which it is not required

to directly solving the nonlinear differential equations.

These arguments associated with the L1 performance

analysis is further extended to the case of piecewise
continuous nonlinear systems, and we obtain parallel re-

sults based on the set-invariance principles used for the

continuous nonlinear systems. Finally, numerical exam-

ples are provided to demonstrate the effectiveness as

well as the applicability of the overall results derived in

this paper.
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1 Introduction

Based on the fact that the L∞-induced norm of lin-

ear time-invariant (LTI) systems for the single-input/

single-output (SISO) case coincides with the L1 norm

of the impulse response of the systems, the problem

of dealing with this induced norm has been called the

L1 problem [1–3]. Here, it is quite difficult to compute

the L∞-induced norm explicitly even for LTI systems,

and thus several approximation methods have been de-

veloped in [4, 5] and [6, 7] for LTI continuous-time and

sampled-data systems, respectively. To put it another

way, an upper bound and a lower bound on the L∞-

induced norms can be obtained in those studies within

any degree of accuracy.

On the other hand, the L1 analysis problem might

be extended for the case of nonlinear systems, but it

cannot be formulated in an essentially equivalent fash-

ion to LTI systems. This is because it is intrinsically im-

possible to define an analytic representation of the L∞-

induced norm for general nonlinear systems. In connec-

tion with this, the L1 performance of nonlinear systems

is introduced in [8] as an alternative for the L∞-induced

norm. More precisely, a nonlinear system is regarded as

satisfying the L1 performance if the L∞ norm of the

output is not larger than 1 for all input bounded by

1 with respect to the L∞ norm. In connection with

this, the idea of set invariance principles used in [9]

for discrete-time systems is applied to the L1 analysis

problem of continuous-time nonlinear systems [8].

Roughly speaking, the set invariance principles (or

equivalently, forward invariance) [10] of dynamical sys-
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tems imply the property that makes any state variable

(or solution) x(t) (t ≥ 0) with x(0) ∈ K always remain

in K for all t ≥ 0. If this property holds for at least

one solution x(t) (t ≥ 0) with an arbitrary x(0) ∈ K,

then we call it a weak invariance or a viability prop-

erty [11, 12]. Furthermore, it is shown in [12] that the

weak invariance of a closed set K is equivalent to the

subtangential condition on K [10], by which we mean

that all the vector fields on K are contained in the tan-

gent cone of K. In contrast, the strong invariance is

defined as the property that every solution x(t) (t ≥ 0)

with an arbitrary x(0) ∈ K always stays in K, and this

property is shown in [10] to be naturally established by

assuming solution uniqueness together with the subtan-

gential condition. Motivated by this idea to derive the

strong invariance, a necessary and sufficient condition

for the L1 performance of nonlinear systems has been

derived in the aforementioned study [8].

However, if we are in a position to employ the strong

invariance in the L1 analysis problem of general nonlin-

ear systems in a similar sense with the previous study

[8], the following problems can be occurred. First, the

method in [8] cannot be applied to discontinuous dy-

namical systems [13–15] and differential inclusion sys-

tems [16,17], which could intrinsically have non-unique

solutions. Furthermore, this method makes it difficult

to widely apply the controller synthesis procedure in [8]

for nonlinear systems. To put it another way, the closed-

loop system consisting of a nominal plant and a con-

troller obtained through the synthesis procedure in [8]

is shown to satisfy the L1 performance if it has unique

solutions, but the controllers introduced in that study

do not guarantee the solution uniqueness with respect
to the closed-loop systems.

To resolve these issues, this paper aims at estab-

lishing sophisticated arguments on the L1 performance

analysis problem of nonlinear systems, regardless of the

solution uniqueness of the systems. More precisely, we

tackle the L1 performance analysis problem for contin-

uous nonlinear systems by considering the concept of

invariant set [8, 18]. This allows us to arrive at a suf-

ficient condition for the L1 performance of continuous

nonlinear systems. We next introduce the involved no-

tion so-called external contingent cone [19] (which could

be regarded as an extended version of the conventional

contingent cone [11,12]) for adequately defining an ex-

tended version of invariance domain [8,10], and we call

it the extended invariance domain. Another sufficient

condition for the L1 performance of continuous non-

linear systems is then established by applying the in-

variance theorem (i.e., Theorem 5.3.1 in [19]) to the

extended invariance domain.

Regarding a wider class of the L1 performance anal-

ysis problem, on the other hand, this paper is also

concerned with piecewise continuous nonlinear systems

[13]. In contrast to the previously mentioned contin-

uous nonlinear systems, the solutions of the systems

should be intrinsically described by Filippov’s differen-

tial equation [20]. This allows us to consider the solu-

tions for those systems, without the solution uniqueness

in general. In other words, this paper proposes sufficient

conditions for the L1 performance of piecewise contin-

uous nonlinear systems in terms of invariant set and

extended invariance domain, which are parallel to the

results for continuous nonlinear systems.

The contributions of the results derived in this pa-

per beyond the existing studies associated with the set

invariance principles might be briefly summarized as

follows. Even though the classical invariance theorem

in [12] (i.e., Theorem 2 in pp. 202) enables us to ob-

tain the strong invariance by using only subtangential

conditions, it is confined itself to the nonlinear systems

such that the vector fields satisfy Lipschitz continuity

(see also [21] for details). In contrast to this method,

the arguments in this paper are not limited to Lips-

chitz continuous vector fields and can deal with piece-

wise continuous nonlinear differential dynamics. Fur-

thermore, the ideas of Lyapunov functions and barrier

certificates have been recently developed in [21–24] to

establish set invariance results in an equivalent fashion

to those in this paper, but they always require an in-

volved task to constructing adequate scalar candidates

for the Lyapunov functions and/or barrier certificates.

In a comparison with these ideas, this paper can be

interpreted as giving a more intuitive and systematic

method for solving the L1 analysis problem of nonlin-

ear systems since it is not required in this paper to

develop such scalar candidates.

The remaining of this paper is organized as follows.

The mathematical preliminaries used in this paper are

given in Section 2. The problem definition associated

with the L1 performance analysis for continuous non-

linear systems as well as the corresponding results are

given in Section 3. The parallel extension of the results

for continuous nonlinear systems to piecewise continu-

ous nonlinear systems is discussed in Section 4. Some

numerical examples are provided in Section 5 to verify

the effectiveness as well as the validity of the results

obtained in this paper.

2 Mathematical Preliminaries

This section provides the mathematical preliminaries

used in this paper.
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We use the notations Rν and N to denote the sets

of ν-dimensional real vectors and positive integers, re-

spectively, while the notations R+, R− and N0 are used

to imply the sets of non-negative real numbers, non-

positive real numbers and N ∪ {0}, respectively. The

∞-norm of a finite-dimensional vector is denoted by

| · |∞, i.e.,

|v|∞ := max
i
|vi|

Equipped with this notation, we use for r > 0 with

x ∈ Rn the notations Br(x) and Br(x) to denote the

open and closed balls defined respectively as

Br(x) = {v ∈ Rn | |v − x|∞ < r}
Br(x) = {v ∈ Rn | |v − x|∞ ≤ r}

For the notational simplicity, the notation BRn is

taken to mean the closed unit ball B1(0) with 0 ∈ Rn.

The space of ν-dimensional Lebesgue measurable func-

tions is denoted by Lν∞, such that the corresponding

L∞ norm is well-defined and bounded, i.e.,

‖f(·)‖∞ := ess sup
t≥0

|f(t)|∞ <∞

We also denote the space of functions f ∈ Lν∞ with

‖f‖∞ ≤ 1 by Wν , for the notational simplicity, i.e.,

Wν := {f ∈ Lν∞ | ‖f‖∞ ≤ 1}

For a nonempty subsetA of Rn, the notations Int(A),

A and ∂A denote the sets of interior points, closure

points and boundary points of A, respectively. Sub-

sequently, for two nonempty subsets A,B of Rn, the

Minkowski sum of A,B and scalar multiplication of A

are denoted respectively by A⊕B and cA, i.e.,

A⊕B := {a+ b ∈ Rn | ∀a ∈ A, ∀b ∈ B}

cA = {ca ∈ Rn | ∀a ∈ A}

If F : X  Y is a set-valued function with X = Rn
and Y = Rm, F is called upper-semicontinuous at x0 ∈
X [11, 12] if for any open set O in Y containing F (x0)

the following relation holds:

∃V ⊆ X such that x0 ∈ V with F (V ) ⊆ O

This set-valued function F is also called Lipschitz con-

tinuous at x0 ∈ X [11,12] if there exists a neighborhood

O of x0 and a constant λ > 0 such that

F (x1) ⊆ F (x2) + λ|x1 − x2|∞BRm, ∀x1, x2 ∈ O

This definition is applied to a single valued function in

an equivalent fashion.

Let K be a nonempty subset of the normed vector

space (Rn, | · |∞). Then, the contingent cone TK(x) of

K for some x ∈ K is defined as [11,19]

TK(x) := {v ∈ X | lim inf
h→0+

dK(x+ hv)

h
= 0}

with the distance function defined as dK(x) := inf
y∈K
|x−

y|∞. It should be remarked that TK(x) can be defined

only on x ∈ K. In contrast, the external contingent cone

T̃K(x) [19] is defined for any point of x ∈ Rn as

T̃K(x) := {v ∈ X | lim inf
h→0+

dK(x+ hv)− dK(x)

h
≤ 0}

To put it another way, T̃K(x) is obviously allows us

to take x even in the outside of K and is an extended

version of TK(x) in the sense that T̃K(x) = TK(x) for all

x ∈ K. Therefore, we take the notation TK(x) to denote

the external contingent cone when it is not required to

take x in the outside of K for the notational simplicity,

which will be clear from the context.

3 The L1 Performance Analysis for Continuous

Nonlinear Systems

Let us consider the following continuous nonlinear sys-

tem

Σc :

{
ẋ(t) = f(x(t)) + g(x(t))w(t)

z(t) = h(x(t)) + k(x(t))w(t)
(1)

where x(t) ∈ Rn is the state, w(t) ∈ Rp is the exogenous

input and z(t) ∈ Rm is the output. We further assume

that w ∈ Wp and the coefficient functions f(·), g(·),
h(·), k(·) are continuous on Rn.

For a given w ∈ Wp, a solution of the differential

equation ẋ(t) = f(x(t)) + g(x(t))w(t) in (1) can be de-

scribed by using Caratheodory’s arguments [25]. More

precisely, x is called a solution of the differential equa-

tion on [0, δ) with the initial condition x(0) = x0 when

x(t) is a absolutely continuous function in t such that

the equality

x(t) = x0 +

∫ t

0

f(x(τ)) + g(x(τ))w(τ) dτ (2)

holds for almost everywhere t ∈ [0, δ).

Furthermore, such a solution x(t) uniquely exists,

if both f(x) and g(x) are assumed to be (locally) Lip-

schitz continuous in x. Otherwise, x(t) might not be

uniquely determined. With this in mind, we can define

the following L1 performance of Σc as an extended no-

tion of that in [8].
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Definition 1 (L1 performance of Σc) If any solu-

tion x(t) of the differential equation in (1) with the

initial condition x(0) = 0 for an arbitrary w ∈ Wp

can be actually defined on the interval [0,∞) and every

corresponding output z(t) satisfies ‖z‖∞ ≤ 1, then the

continuous nonlinear system Σc is called to satisfy the

L1 performance.

Remark 1 It should be remarked that the L1 perfor-

mance is not essentially confined itself to the specific

case with respect to the unit magnitude of both w and

z (i.e., ‖w‖∞ ≤ 1 and ‖z‖∞ ≤ 1), but could be read-

ily extended to the general case such that ‖z‖∞ ≤ β

is considered for all ‖w‖∞ < α for some α, β > 0 by

replacing g(x), h(x) and k(x) with α ·g(x), h(x)/β and

(α/β) · k(x), respectively.

Remark 2 If we are interested in single-input/single-

output (SISO) linear time-invariant (LTI) systems as

a specific case of nonlinear systems (i.e., f(x) ≡ A,

g(x) ≡ B, h(x) ≡ C and k(x) ≡ D for some constant

matrices A, B, C and D), the L1 performance consid-

ered in Definition 1 is essentially the same as that the

L1 norm of the impulse response is less than or equal

to 1.

In a comparison with the previous study [8], the

L1 performance in this definition is described without

assuming solution uniqueness, and thus it could be in-

terpreted as an extended version of the L1 performance

in that study.

On the other hand, one might naturally regard that

direct applications of the L1 performance to general

nonlinear systems are readily possible, but it is often

quite difficult to solve the nonlinear differential equa-

tion in (1). In this sense, it could be also quite mean-

ingful to formulate the analysis problem with respect to

the L1 performance in Definition 1 independent of the

analytic solutions of the differential equations in (1),

and we consider the following problem statement.

Problem 1 (L1 performance analysis for Σc) Char-

acterize the L1 performance for Σc without directly

solving the differential equation in (1).

In connection with providing a solution procedure to

Problem 1 in terms of set invariance principles [11,19],

we first introduce the definition of invariant set, which

plays an important role in establishing a sufficient con-

dition for the L1 performance of Σc.

Definition 2 (Invariant set of Σc) Suppose that K

is a nonempty subset of Rn. Then, K is called an in-

variant set of Σc if every solution x(t) of the differen-

tial equation in (1) with an arbitrary initial condition

x(0) ∈ K for any w ∈ Wp satisfies x(t) ∈ K for all

t ∈ [0, δ) on which the solution can be defined.

With the employment of invariant set for tackling

Problem 1 in mind, we are led to the following lemma,

which is associated with the solution existence of the

differential equation in (1).

Lemma 1 (Existence of solutions for Σc) Let K

be a compact subset of Rn. Then, there exists a positive

constant c such that the differential equation in (1) has

a solution on the interval [0, c) with an arbitrary initial

condition x(0) ∈ K for any w ∈Wp.

Proof For an arbitrary a > 0, the compactness assump-

tion on K together with the continuity property of f

and g implies that there exist positive constants Mf

and Mg such that

Mf = sup
x∈K⊕aBRn

|f(x)|∞, Mg = sup
x∈K⊕aBRn

|g(x)|∞

(3)

Then, it immediately follows from (3) that

sup
x∈K⊕aBRn

|f(x) + g(x)w(t)|∞

≤ Mf +Mg · |w(t)|∞ =: ϕ(t) (4)

Because ϕ(t) is an integrable function on any finite in-

terval, there exists a positive constant c such that∫ c

0

ϕ(t)dt ≤ a (5)

and such a c can be chosen by

c =
a

Mf +Mg
(6)

Then, there exists a solution x(t) of the differential

equation in (1) on the interval [0, c) by the solution

existence theorem in [20]. This together with the fact

that c is independent of the choice of the initial condi-

tion x(0) ∈ K completes the proof.

It would be worthwhile to note that the constant c

in Lemma 1 is independent of the choice of the initial

time t0, and this fact allows us to arrive at the follow-

ing result, which is relevant to forward completeness of

solutions of the differential equation in (1).

Proposition 1 (Forward completeness of Σc) If

K is a compact invariant set of Σc, then every solution

x(t) of the differential equation in (1) with an arbitrary

initial condition x(0) ∈ K for any w ∈Wp can be actu-

ally defined on the interval [0,∞) and satisfies x(t) ∈ K
for all t ≥ 0.
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Proof From Lemma 1, there exists a constant c such

that solutions of the differential equation in (1) can

be defined on [0, c) with an arbitrary initial condition

x(0) ∈ K for any w ∈ Wp. Hence, it is obvious from

Definition 2 together with the compactness assumption

on K that there exists a solution x̃0(t) of the differential

equation such that x̃0(t) ∈ K, ∀t ∈ [0, c) and the limit

x̃0(c) := limt→c− x(t) is also contained in K.

By essentially the same arguments, there exist solu-

tions x̃1(t) of the differential equation such that x̃1(0) =

x̃0(c) and x̃1(t) ∈ K, ∀t ∈ [0, c) as well as x̃1(c) :=

limt→c− x̃1(t) ∈ K. Then, repeating this procedure al-

lows us to obtain the function sequences x̃i(t), (i ∈ N0)

such that x̃i(t) ∈ K, x̃i(c) = x̃i+1(0), ∀t ∈ [0, c), ∀i ∈
N0. With these functions, if we define x(ic + t) :=

x̃i(t), (i ∈ N0), then x(t) is obviously a solution of the

differential equation on [0,∞) and x(t) ∈ K, ∀t ≥ 0.

This completes the proof.

Remark 3 If the compactness property is not assumed

on K in Proposition 1, there could exist a case such

that the assertion in that lemma does not hold. For ex-

ample, the solution of the differential equation dx(t)
dt =

x2(t), x(0) > 0 tends to ∞ in a finite time.

Based on this proposition, we are led to the follow-

ing result.

Theorem 1 Let us define

Ω := {x ∈ Rn | |h(x) + k(x)w|∞ ≤ 1,∀w ∈ BRp} (7)

Then, Σc satisfies the L1 performance if there exists a

compact invariant set K such that

0 ∈ K ⊆ Ω (8)

Proof Since K(3 0) is a compact invariant set of Σc,

it immediately follows from Proposition 1 that any so-

lution x(t) of the differential equation in (1) with the

initial condition x(0) = 0 can be actually defined on

[0,∞) and remains in K for all t ∈ [0,∞). This to-

gether with (8) obviously implies that

|z(t)|∞ = |h(x(t)) + k(x(t))w(t)|∞ ≤ 1, ∀t ∈ [0,∞) (9)

This completes the proof.

Remark 4 One might argue that the assertions of The-

orem 1 are somewhat conservative in a comparison with

Proposition 2.6 in [8], in which a necessary and suffi-

cient condition for the L1 performance analysis of Σc

is derived while Theorem 1 only provides the sufficient

condition. However, it is intrinsically impossible to es-

tablish an exact necessity direction of Theorem 1; the

converse of Theorem 1 is not true in general due to the

absence of solution uniqueness.

Theorem 1 provides us the sufficient condition for

the L1 performance analysis of Σc, but it might be

usually difficult to employ this sufficient condition in

practical nonlinear systems because an analytical rep-

resentation of the solutions is required to deal with in-

variant sets. To resolve this difficulty, we also introduce

the following extended notion of invariance domain dis-

cussed in [8], by which the L1 performance analysis of

Σc is possible even for the case of the absence of solu-

tion uniqueness without directly solving the differential

equation.

Definition 3 (Extended invariance domain of Σc)

Let K be a closed subset of Rn. Then, the set K is called

an extended invariance domain of Σc if there exists an

open neighborhood O of K such that

f(x) + g(x)w ∈ T̃K(x), ∀w ∈ BRp, ∀x ∈ O (10)

Remark 5 It should be remarked that T̃K(x) used in

(10) is an external contingent cone introduced in Sec-

tion 2, and the employment of this notion allows us to

take the dynamic behavior of the differential equation

in (1) at the outside of K.

In connection with the relation between the invari-

ant set and the extended invariance domain, we next

introduce the following lemma by slightly modifying

Invariance Theorem in [19] (but without effecting the

essentials).

Lemma 2 Suppose that K is a nonempty subset of Rn
and α(t, x) is a function defined on R+×Rn. If α(t, x)

is continuous in x ∈ Rn and O is an open neighborhood

of K such that

α(t, x) ∈ T̃K(x), ∀t ≥ 0, ∀x ∈ O (11)

then any solution x(t) of ẋ(t) = α(t, x(t)) defined on

[0, δ) with an arbitrary initial condition x(0) ∈ K sat-

isfies x(t) ∈ K, ∀t ∈ [0, δ).

Based on Lemma 2, we can derive the following re-

sult.

Proposition 2 If K is an extended invariance domain

of Σc, then K is also an invariant set of Σc.

Proof For an arbitrary fixed w ∈Wp, define α(t, x) as

α(t, x) := f(x) + g(x)w(t) (12)

Then, it readily follows from (10) that the relation (11)

holds since w(t) in (12) can be in fact replaced by

w ∈ BRp for each fixed time t ∈ R+. By Lemma 2,

every solution x(t) of ẋ(t) = α(t, x(t)) with an arbi-

trary initial condition x(0) ∈ K stays in K for all t in

[0, δ) on which the solution can be defined. From this

together with Definition 2, K is obviously an invariant

set of Σc.
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Remark 6 It should be noted that the converse of Propo-

sition 2 does not hold in general. This is because we are

also concerned with the dynamic behavior of Σc at the

outside of O (i.e., points in O − K). In contrast, the

converse is shown in the existing study [8] to be correct

under the assumption of solution uniqueness. Thus, it

is essential to obtain only sufficient conditions rather

than necessary and sufficient conditions for the L1 per-

formance analysis of Σc in this paper for dealing with

non-unique solutions.

Finally, we can obtain from Theorem 1 and Propo-

sition 2 the following theorem, which is the main result

of this section.

Theorem 2 The continuous nonlinear system Σc sat-

isfies the L1 performance if there exists a compact ex-

tended invariance domain K such that 0 ∈ K ⊆ Ω,

where Ω is defined as (7).

This theorem clearly gives us a solution to Prob-

lem 1, i.e., a sufficient condition for the L1 performance

of Σc without directly solving the differential equation

in (1). Furthermore, Theorem 2 can be also interpreted

as an extended version of Theorem 2.12 in [8].

On the other hand, it would be worthwhile to re-

mark that Lemma 2 can be extensively used in accor-

dance with the treatment of differential inclusions [19].

With this observation in mind, let us discuss an exten-

sion of the results of the present section to piecewise

continuous nonlinear systems in the following section.

4 Extension to Piecewise Continuous Nonlinear

Systems

Let us consider the following piecewise continuous non-

linear system

Σpc :

{
ẋ(t) = fpc(x(t)) + gpc(x(t))w(t)

z(t) = hpc(x(t)) + kpc(x(t))w(t)
(13)

where x(t), w(t) and z(t) are the same variables as those

in (1) and the coefficient functions fpc(·), gpc(·), hpc(·)
and kpc(·) are piecewise continuous and locally bounded

functions. It is further assumed that there exist open

subsets D1, D2, . . . , DN of Rn such that

(a) ∪Ni=1Di = Rn.

(b) Di ∩Dj = ∅ for all i 6= j.

(c) M := Rn − ∪Ni=1Di has Lebesgue measure zero.

(d) Each Di becomes domain of continuity for all the

coefficient functions fpc(·), gpc(·), hpc(·) and kpc(·).

In contrast to the continuous nonlinear system Σc

discussed in the preceding section, the Caratheodory’s

arguments [25] could not establish the existence of so-

lutions for the differential equation ẋ(t) = fpc(x(t)) +

gpc(x(t))w(t) in (13) due to the discontinuity of the co-

efficient functions. To resolve this difficulty, we describe

the solutions of the differential equation based on Filip-

pov’s arguments [20]. More precisely, a function x(t) is

defined as a Filippov’s solution of the differential equa-

tion of Σpc on [0, δ) if x(t) is absolutely continuous in

t and satisfies the differential inclusion

ẋ(t) ∈ Fw(t, x(t)) (14)

for almost everywhere t ∈ [0, δ), with the set-valued

function Fw(t, x) given by

Fw(t, x)

=

{
{f(x) + g(x)w(t)}, if x ∈ C
co
{

lim
x∗→x

f(x∗) + g(x∗)w(t)
∣∣ x∗ ∈ C}, otherwise

(15)

where C and co(·) mean the set of all continuous points

of the functions f(·) and g(·) and the closed convex hull

of (·), respectively.

On the other hand, the vector field Fw(t, x) is upper-

semicontinuous with respect to x but not Lipschitz con-

tinuous in general. This fact together with the argu-

ments relevant to solution existence theorem in [20]

establishes the local existence of solutions of the dif-

ferential equation in (13), but the solution uniqueness

does not often hold. With this property on the Filip-

pov’s arguments-based solution existence in mind, we

can naturally extend the L1 performance as well as the

corresponding analysis problem defined for the contin-

uous nonlinear system Σc (i.e., Definition 1 and Prob-

lem 1) to the piecewise continuous nonlinear system

Σpc as follows.

Definition 4 (L1 performance of Σpc) If any Filip-

pov’s solution x(t) of the differential equation in (13)

with the initial condition x(0) = 0 for an arbitrary

w ∈ Wp can be actually defined on [0,∞) and every

corresponding output z(t) satisfies ‖z‖∞ ≤ 1, then the

piecewise continuous system Σpc is said to satisfy the

L1 performance.

Problem 2 (L1 performance analysis for Σpc) Char-

acterize the L1 performance without directly solving

the Filippov’s differential equation in (13).

It should be noted that taking Filippov’s solution

makes the above definition and problem statement in-

trinsically different to those for the continuous nonlin-

ear system Σc, in which the associated solutions are
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described in terms of Caratheodory’s arguments [25].

Thus, it is required to slightly modify the definition of

the aforementioned invariant set according to the treat-

ment of Filippov’s solution as follows.

Definition 5 (Invariant set for Σpc) Let K be a

nonempty subset of Rn. Then, K is said to be an in-

variant set of Σpc if every Filippov’s solution x(t) of

the differential equation in (13) with an arbitrary initial

condition x(0) ∈ K for any w ∈ Wp satisfies x(t) ∈ K
for all t ∈ [0, δ) on which the solution x(t) can be de-

fined.

Then, the arguments on existence of solutions and

forward completeness of the continuous nonlinear sys-

tem Σc (i.e., Lemma 1 and Proposition 1) can be natu-

rally established for the piecewise continuous nonlinear

system Σpc with the considerations of Filippov’s solu-

tions. To put it another way, we could arrive for the

piecewise continuous nonlinear system Σpc at the fol-

lowing results.

Lemma 3 (Existence of solutions for Σpc) Let K

be a compact subset of Rn. Then, there exists a positive

constant c such that the differential equation in (13)

has a Filippov’s solution on the interval [0, c) with an

arbitrary initial condition x(0) ∈ K for any w ∈Wp.

Proof For an arbitrary fixed a > 0 and w ∈ Wp, let us

take f(x) + g(x)w(t) as a (trivial) single-valued selec-

tion of Fw(t, x). Then, it immediately follows from the

locally boundedness of f(·) and g(·) together with the

compactness of K that this selection is bounded by a

function ϕ(t) defined as

ϕ(t) := Mf +Mgw(t) (16)

where

Mf = sup
x∈K⊕aBRn

|f(x)|∞, Mg = sup
x∈K⊕aBRn

|g(x)|∞

(17)

If we note the upper-semicontinuity of Fw(t, x), the re-

maining task is essentially the same as the proof of

Lemma 1.

Proposition 3 (Forward completeness of Σpc) If

K is a compact invariant set of Σpc, then every Filip-

pov’s solution x(t) of the differential equation in (13)

with an arbitrary initial condition x(0) ∈ K for any

w ∈ Wp can be actually defined on the interval [0,∞)

and satisfies x(t) ∈ K for all t ≥ 0.

Even though we provide the details for the proof

of Lemma 3 since taking a single-valued selection of

Fw(t, x) is intrinsically different to the case of contin-

uous nonlinear systems, we omit the proof of Propo-

sition 3 because it is essentially equivalent to that of

Proposition 1. From Proposition 3, we are led to the

following theorem, which is parallel to Theorem 1.

Theorem 3 The system Σpc satisfies the L1 perfor-

mance if there exists a compact invariant set K such

that 0 ∈ K ⊆ Ω, where Ω is defined as (7).

Equivalently to Theorem 1, the converse of Theo-

rem 3 cannot be established. Furthermore, the proof of

Theorem 3 is essentially the same as that of Theorem 1,

and thus we omit the proof.

With an indirect solution procedure to Problem 2 in

mind, we are next concerned with an extended invari-

ance domain of Σpc as a modification of Definition 3.

To this end, let us consider the time-independent vector

field defined as

Fw(x) = co{ lim
x∗→x

f(x∗) + g(x∗)w | x∗ ∈ C} (18)

for any fixed w ∈ BRp. Then, we can obtain the follow-

ing involved definition.

Definition 6 (Extended invariance domain of Σpc)

Let K be a closed subset of Rn. Then, the set K is de-

fined as an extended invariance domain of Σpc if there

exists a neighborhood O of K such that

Fw(x) ⊆ T̃K(x), ∀w ∈ BRp, ∀x ∈ O (19)

Note that the set-valued vector field Fw(x) is em-

ployed for describing the extended invariance domain

of the piecewise continuous nonlinear system Σpc, in

contrast to Definition 3. Regarding a relation between

invariant set and extended invariance domain with re-

spect to Σpc, we also provide the following lemma by

modifying Invariance Theorem for differential inclusions

[19] without affecting the essentials.

Lemma 4 Suppose that K is a nonempty subset of Rn
and F (·, ·) : R+ × Rn → Rn is a locally bounded set-

valued function with K ⊆ dom(F (t, ·)). If O is an open

(relative to dom(F (t, ·)) neighborhood of K such that

F (t, x) ⊆ T̃K(x), ∀t ≥ 0, ∀x ∈ O (20)

then any solution x(t) of ẋ(t) ∈ F (t, x(t)) defined on

[0, δ) with arbitrary initial condition x(0) ∈ K satisfies

x(t) ∈ K for all t ∈ [0, δ).

By Lemma 4, we can derive the following result.

Proposition 4 If K is an extended invariance domain

of Σpc, then the set K is an invariant set of Σpc.
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Proof For an arbitrary fixed w ∈Wp, we define the set-

valued function F (t, x) as (15). Then, it immediately

follows from Definition 6 and the essentially equivalent

procedure for obtaining Proposition 2 that K is an in-

variant set of Σpc.

Similar to the case of continuous nonlinear systems

as discussed in Remark 6, the converse of Proposition 4

does not hold in general due to the consideration of

dynamic behavior at outside points O−K. Finally, we

could obtain the following theorem from Theorem 3 and

Proposition 4.

Theorem 4 The piecewise continuous nonlinear sys-

tem Σpc satisfies the L1 performance if there exists a

compact extended invariance domain K such that 0 ∈
K ⊆ Ω, where Ω is defined as (7).

This theorem corresponds to a solution of Prob-

lem 2, i.e., a sufficient condition for the L1 performance

of Σpc without directly dealing with the differential in-

clusion relevant to (13). Theorem 4 could be also inter-

preted as providing an extension of Theorem 2.12 in [8]

to the piecewise continuous system Σpc.

5 Numerical Examples

This section aims at examining the effectiveness of The-

orems 2 and 4 through some numerical examples asso-

ciated with continuous nonlinear and piecewise contin-

uous nonlinear systems, respectively.

5.1 Case of Continuous Nonlinear Systems with

Non-unique Solutions

Let us consider the continuous nonlinear system

Σc :

{
ẋ(t) = f(x) + w(t)

z(t) = 3
√
x(t)

(21)

where the coefficient function f(x) is defined as

f(x) =


1 if x < −1

1 +
√
x+ 1 if − 1 ≤ x < 0

2− 3x2 if 0 ≤ x
(22)

We first obtain Ω (defined as (7)) by

Ω = {x ∈ R | z = | 3
√
x| ≤ 1} = [−1, 1] (23)

In connection with the application of Theorem 2 to this

system, it is required to establish that there exists an

corresponding extended invariance domain K such that

0 ∈ K ⊆ Ω. In this regard, the remaining part of this

subsection is devoted to showing that such a set K can

be taken by K = [−1, 1].

Let us first note that K is an extended invariance

domain, if there exists ε > 0 such that

f(x) + w ∈ T̃K(x), ∀w ∈ BR1 (24)

is satisfied for arbitrary x ∈ (−1−ε, 1+ε). Here, because

the external contingent cone T̃K(x) is given by

T̃K(x) =


R+ if − 1− ε ≤ x ≤ −1

R if − 1 < x < 1

R− if 1 ≤ x ≤ 1 + ε

(25)

it immediately follows from (22) together with (25) that

the inclusion of (24) is satisfied for all x ∈ (−1−ε, 1+ε).

Thus, it is obvious from Theorem 2 that the continuous

nonlinear system given by (21) and (22) satisfies the L1

performance.

On the other hand, it should be noted that this

continuous nonlinear system is one of the examples to

which the existing results of the L1 performance analy-

sis in [8] cannot be applied. This is because the differen-

tial equation of (21) could have non-unique solutions in

accordance with the choice of w(t). For example, if we

take w(t) ≡ −1, then the differential equation of (21)

has non-unique solutions described by

x(t; t0) =

{
−1 if 0 ≤ t ≤ t0
−1 + (t−t0)2

4 if t > t0
(26)

for arbitrary t0 > 0 with the initial condition x(0) =

−1. To put it another way, x(t; t0) given by (26) be-
comes solutions of (21) for any t0 > 0.

Such a non-uniqueness of solutions as in (26) could

be interpreted as arising from the fact that the vec-

tor field f(x) of (22) does not satisfy Lipschitz conti-

nuity at x = −1. This situation is quite crucial for a

controller synthesis because the closed-loop system ob-

tained through a feedback connection between a nom-

inal system and a controller cannot satisfy Lipschitz

property even if the vector field of the nominal system is

Lipschitz continuous as discussed in Theorem 3.9 in [8]

and Definition 2.3 in [10].

In connection with this, if the continuous nonlinear

system described by (21) is interpreted as obtained by

connecting the L1 controller u(x) (which can be com-

puted by using the arguments in [8] and is given by)

u(x) =


2 if x < −1

2 +
√
x+ 1 if − 1 ≤ x < 0

3− 3x2 if 0 ≤ x
(27)
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to the nominal plant with the following Lipschitz con-

tinuous vector field{
ẋ(t) = −1 + w(t) + u(t)

z(t) = 3
√
x(t)

(28)

then it is still unclear whether or not the closed-loop

system satisfies the L1 performance when we are con-

fined ourselves to the existing arguments in [8]. Hence,

this observation undoubtedly implies that the employ-

ment of extended invariance domain in this paper allows

us to significantly improve the existing results in [8] in

the sense that the acceptable class of the L1 admissible

controller would be widened.

5.2 Case of Piecewise Continuous Nonlinear Systems

Let us consider the helicopter system with a frictional

force as shown in Fig. 1. Assume that the dynamics of

this system is given by [26]

d2θ

dt2
=

1

Iyy

(
−mLxg cos(θ)−mLzg sin(θ)

− Fkmsgn(
dθ

dt
)− Fvm

dθ

dt
+ u(t)

)
+ w(t)

z =
1

4
max{|θ|, |dθ

dt
|} (29)

where, Iyy is the moment of the inertia, −mLxg cos(θ)

and −mLzg sin(θ) are the torques generated from the

gravitational force with respect to x-axis and z-axis, re-

spectively,−Fkmsgn(dθdt ) is the frictional force,−Fvm dθ
dt

is the damping force and sgn(·) denotes the signum

function defined as

sgn(x) :=


−1 x < 0

0 x = 0

1 x > 0

(30)

Furthermore, w ∈ W1 is the external disturbance and

u(t) is the control torque input.

In the following, we take Iyy = 1, Fkm = 1, Fvm = 5,

g = 10, m = 0.1 and Lx = Lz = 10 for the simplicity of

the arguments. If we consider the control torque input

u(t) given by

u(t) = 10 cos(θ) + 3sgn(
dθ

dt
) (31)

then the closed-loop system obtained by connecting (31)

with (29) can be described by

Σpc :


(
ẋ(t)

ẏ(t)

)
= f(x(t), y(t)) + g(x(t), y(t))w(t)

z(t) = 1
4 max{|x(t)|, |y(t)|}

Fig. 1: Helicopter system with a frictional force.

(32)

where

f(x, y) =

(
y

−10 sinx− 5y + 2sgn(y)

)
, g(x, y) =

(
0

1

)
(33)

For this piecewise continuous nonlinear system Σpc,

we first note that Ω (defined as (7)) is given by

Ω = [−4, 4]× [−4, 4] ⊆ R2 (34)

We next show that the set

K = {(x, y) ∈ R2 | x ∈ [−2,−1], y ∈ [−2x− 2, 2x+ 6]}
∪ {(x, y) ∈ R2 | x ∈ [−1, 1], y ∈ [−2x− 2,−2x+ 2]}
∪ {(x, y) ∈ R2 | x ∈ [1, 2], y ∈ [2x− 6,−2x+ 2]}

(35)

becomes an extended invariance domain of the piece-

wise continuous nonlinear system Σpc described by (32)

such that K ⊆ Ω.

Fig. 2: The extended invariance domain K for Σpc together
with the line segments Pi (i = 1, 2, 3, 4) of the boundary
∂K and the open subsets Qi (i = 1, 2, · · · , 8) of R2 − K
partitioned by the lines with slopes 1 and −1.
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To this end, it suffices from Definition 6 to show

that there exists a small positive number ε > 0 such

that the inclusion

Fw(x, y) ⊆ T̃K(x, y), ∀(x, y) ∈ Kε (36)

is satisfied, where Fw(x, y) is described by

Fw(x, y)

=



(
y

−10 sinx− 5y + 2sgn(y) + w

)
if y 6= 0{(

y

−10 sinx− 5y + α+ w

) ∣∣∣∣∣ |α| ≤ 2

}
if y = 0

(37)

and Kε is defined as Kε = K ⊕ εBR2. In other words,

for an arbitrary 0 < ε < 1/5, we divide the cases of

(x, y) ∈ Kε into (x, y) ∈ Int(K), (x, y) ∈ ∂K, (x, y) ∈
(R2 −K)∩Kε, and establish the relation (36) for each

case.

Here, we confine ourselves to the cases of (x, y) ∈
∂K and (x, y) ∈ (R2 −K) ∩Kε, since that of (x, y) ∈
Int(K) can be easily established. Let us divide ∂K and

R2 −K respectively into

∂K = ∪4i=1Pi, R2 −K = ∪8i=1Qi (38)

where each Pi(i = 1, . . . , 4) denotes each line segment of

the boundary ∂K and each Qi(i = 1 . . . , 8) means each

open subset of R2 − K partitioned by the lines with

slopes of 1 and −1, and they are depicted in Fig. 2.

Because both the vector field f(x, y) in (33) and the

extended invariance domain shown in Fig. 2 are sym-

metric around the origin in x− y plane, it is not re-

quired to take into account of every region of ∂K and
R2−K with respect to dealing with (36), but it suffices

to consider (x, y) ∈ Pi and (x, y) ∈ Qj ∩Kε for i = 1, 2

and j = 1, 2, 5, 8. For such reduced cases, we can com-

pute the external contingent cone T̃K(x, y) consisting

of 2-dimensional vector [u v]T ∈ R2 as follows.

T̃K(x, y)

=



{2u+ v ≤ 0, 2u− v ≤ 0} if (x, y) ∈ ∂P1 ∩ ∂P4

{2u+ v ≤ 0} if (x, y) ∈ P1 ∪Q1

{2u+ v ≤ 0,−2u+ v ≤ 0} if (x, y) ∈ ∂P1 ∩ ∂P2

{−2u+ v ≤ 0} if (x, y) ∈ P2 ∪Q2

{v ≤ 0} if (x, y) ∈ Q5

{u ≤ 0} if (x, y) ∈ Q8

{2u− v ≤ 0, u ≤ 0} if (x, y) ∈ ∂Q4 ∩ ∂Q8

{2u+ v ≤ 0, u ≤ 0} if (x, y) ∈ ∂Q1 ∩ ∂Q8

{2u+ v ≤ 0, v ≤ 0} if (x, y) ∈ ∂Q1 ∩ ∂Q5

{−2u+ v ≤ 0, v ≤ 0} if (x, y) ∈ ∂Q2 ∩ ∂Q5

(39)

Then, it readily follows from (37) and (39) that the

inclusion (36) holds and thus K defined as (35) is ob-

viously an extended invariance domain of Σpc given by

(32). Hence, by Theorem 4, this piecewise continuous

nonlinear system Σpc satisfies the L1 performance.

On the other hand, it would be also worthwhile to

note that piecewise continuous nonlinear systems often

have non-unique solutions, as mentioned in Sections 1

and 4. This is also true even for the piecewise continu-

ous nonlinear system Σpc dealt with in this paper. For

example, if we let (x, y) = (0, 0) be an initial condition

of the differential equation in (32) with w = 0, then

the solution (x(t), y(t)) cannot be uniquely determined

since

lim
y→0+

f(0, y) = 2, lim
y→0−

f(0, y) = −2 (40)

and this non-uniqueness could be regarded as occurred

from the discontinuity of f(x, y) along y = 0. Thus,

the effectiveness as well as applicability of Theorem 4

to piecewise continuous nonlinear systems with non-

unique solutions is verified again through this numerical

example.

6 Conclusion

Beyond the L1 performance analysis problem discussed

in [8], this paper tackled an advanced issue on the L1

performance analysis problem of continuous and piece-

wise continuous nonlinear systems without assuming

solution uniqueness. More precisely, we first provided a

sufficient condition for the L1 performance in terms of
the invariant set. To resolve the difficulty which arise

from the requirement of analytical representations of

solutions with respect to the corresponding differential

equations in the employment of the sufficient condi-

tion, we then introduced the notion of external con-

tingent cone to arrive at the wider class of the exist-

ing invariance domain, by which another sufficient con-

dition for the L1 performance analysis of continuous

nonlinear systems can be characterized by the so-called

extended invariance domain. Here, the extended invari-

ance domain allows us to tackle the L1 performance

analysis problem of continuous nonlinear systems with

non-unique solutions. Furthermore, we established par-

allel results with respect to the L1 performance analy-

sis problem of piecewise continuous nonlinear systems

by extending the set-invariance-based arguments used

for continuous nonlinear systems. Numerical examples

were provided to verify the effectiveness as well as the

applicability of the results derived in this paper, es-

pecially for the possibility of wider applications of the
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L1 admissible controller synthesis discussed in [8]. Fi-

nally, we believe that the results in this paper could

contribute to construct rigorous arguments on the L1

controller synthesis for wider class of nonlinear systems,

but this seems a non-trivial task and is left for an in-

teresting future work.
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