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ALEXANDER INVARIANTS AND COHOMOLOGY JUMP LOCI IN

GROUP EXTENSIONS

ALEXANDER I. SUCIU1 ID

Abstract. We study the integral, rational, and modular Alexander invariants, as well as

the cohomology jump loci of groups arising as extensions with trivial algebraic mon-

odromy. Our focus is on extensions of the form 1 Ñ K Ñ G Ñ Q Ñ 1, where Q is

an abelian group acting trivially on H1pK;Zq, with suitable modifications in the rational

and mod-p settings. We find a tight relationship between the Alexander invariants, the

characteristic varieties, and the resonance varieties of the groups K and G. This leads to

an inequality between the respective Chen ranks, which becomes an equality in degrees

greater than 1 for split extensions.

1. Introduction

1.1. Overview. The Alexander invariants and the characteristic varieties of spaces and

groups have their origin in the study of the Alexander polynomials of knots and links.

The basic topological idea in defining these invariants is to take the homology of the

maximal abelian cover of a CW-complex X and view it as a module over the group ring

of H1pX;Zq. One then studies the support loci of these modules, or, alternatively, the

characteristic varieties, which are the jump loci for homology with coefficients in rank

1 local systems on X. From a group-theoretical point of view, one looks at the derived

series of the fundamental group, G “ π1pXq, and views the quotient BpGq “ G1{G2

as a module over ZrGabs, filtered by the powers of the augmentation ideal. As noted by

Massey in [41], when Gab is finitely generated, the ranks of the associated graded module

of BpGq determine the ranks of the associated graded Lie algebra of G{G2, also known

as the Chen ranks of G.

The cohomological version of this theory starts from the low-degrees cup-product

map, YG : H1pGq ^ H1pGq Ñ H2pGq, and builds from it the infinitesimal Alexander

invariant BpGq and the resonance varieties of G. As shown in [25], under a formality
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2 ALEXANDER I. SUCIU

assumption, there is a strong relationship between the modules BpGq and BpGq on the

one hand, and the characteristic and resonance varieties, on the other hand.

We revisit here these classical topics from three main directions. First, we broaden the

study of the Alexander invariants to include their rational and modular versions, based

on the maximal torsion-free abelian cover and the mod-p congruence covers of a space,

or, alternatively, on the rational and mod-p variants of the derived series. Second, we

analyze the behavior of the Alexander-type invariants in short exact sequences of the

form 1 Ñ K Ñ G Ñ Q Ñ 1, where the quotient group Q is abelian and the sequence

stays exact upon abelianization, with suitable modifications in the rational and modular

settings. Thirdly, we establish a tight relationship between the cohomology jump loci

and the Chen ranks of the groups G and K in such sequences. We proceed now to give a

more detailed account of the main results of this paper.

1.2. Lower central series and derived series. Among all the descending series of

subgroups associated to a group G, the most prominent are the lower central series,

tγnpGquně1, and the derived series, tGprqurě0. Following [59, 60, 4, 32, 12, 13, 14, 15],

we also consider the rational and mod-p (where p is a prime) versions of these series.

All these series start at G, and obey the following recursion formulas:

γn`1pGq “ rG, γnpGqs Gprq “ rGpr´1q,Gpr´1qs ,(1)

γQ
n`1

pGq “
b

rG, γQnpGqs G
prq
Q “

b“
G

pr´1q
Q ,G

pr´1q
Q

‰
,(2)

γ
p

n`1
pGq “ pγp

npGqqp
“
G, γp

npGq
‰

G
prq
p “ pGpr´1q

p qp
“
G

pr´1q
p ,G

pr´1q
p

‰
.(3)

Here, for a subset S Ď G, we let
?

S denote the set of elements g P G such that

gm P S for some m ą 0, and we let S p denote the subgroup generated by the set tgp |
g P S u, while in (3) the notation HK is shorthand for the subgroup of G generated by

H and K. The successive quotients of these series are abelian groups, which are torsion-

free in case (2) and elementary p-groups in case (3). In particular, G{G1 “ Gab is the

abelianization of G, while G{G1
Q

“ Gabf is its maximal torsion-free abelian quotient and

G{G1
p “ H1pG;Zpq is the maximal elementary p-abelian quotient of G.

The direct sum of the lower central series quotients, grpGq “
À

ně1 γnpGq{γn`1pGq,

acquires the structure of a graded Lie algebra, with addition induced from the group mul-

tiplication and Lie bracket induced from the group commutator. The associated graded

Lie algebra grpGq is generated by its degree 1 piece, gr1pGq “ Gab. Thus, if the first

Betti number b1pGq “ dim H1pG,Qq is finite, the LCS ranks φnpGq “ dimQ grnpGq b Q
are also finite. The graded Lie algebras grQpGq and grppGq and their graded ranks

are defined in like manner. Moreover, if b1pGq ă 8, then φQnpGq “ φnpGq, and if

b
p

1
pGq “ dim H1pG,Zpq is finite, then so are the mod-p LCS ranks, φ

p
npGq.

Replacing in this construction the group G by its maximal metabelian quotient, G{G2,

leads to the Chen Lie algebra, grpG{G2q, studied in [9, 41, 40, 45, 70]. We also consider
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the Lie algebras grQpG{G2
Q
q and grppG{G2

pq. The graded ranks of all these Lie algebras,

θnpGq “ θQnpGq and θ
p
npGq, are bounded above by the corresponding LCS ranks.

1.3. Alexander invariants. In what follows, we are primarily interested in the Alexan-

der-type invariants associated with the three kinds of derived series mentioned above.

The classical Alexander invariant of G is the abelian group BpGq “ G1{G2, viewed as a

module over the group-ring ZrGabs. We introduce and study here two variations thereof:

the rational Alexander invariant is the quotient BQpGq “ G1
Q
{G2

Q
, viewed as a module

over ZrGabfs, while the mod-p Alexander invariant is the quotient BppGq “ G1
p{G2

p,

viewed as a module over ZprH1pG;Zpqs. In the process, we define analogues of the

Crowell exact sequence, relating the the Alexander invariant, the Alexander module,

and the augmentation ideal of the group ring. Important to our analysis are the natu-

rality properties of these constructions. For instance, every homomorphism α : G Ñ H

gives rise to a morphism of modules, Bpαq : BpGq Ñ BpHq, which covers the ring map

α̃ab : ZrGabs Ñ ZrHabs. In turn, Bpαq factors through a ZrGabs-linear map from BpGq to

the module BpHqα obtained from BpHq by restriction of scalars along α̃ab.

In [41], Massey uncovered a fruitful connection between the Alexander invariant of a

group and the lower central series of its maximal metabelian quotient. In §6 we provide a

complete account of this result (part (1) of the theorem below), and establish rational and

modular analogues of Massey’s correspondence. We summarize our results, as follows.

Theorem 1.1. For a group G, the following hold, for all n ě 0.

(1) InBpGq “ γn`2pG{G2q, where I is the augmentation ideal of ZrGabs.
(2) In¨pBQpGqbQq “ γ

Q

n`2
pG{G2

Q
qbQ, where I is the augmentation ideal of QrGabfs.

(3) InBppGq “ γn`2pG{G2
pq, where I is the augmentation ideal of ZprH1pG;Zpqs.

When G is finitely generated, this theorem allows us to express the generating series

for the three flavors of Chen ranks in terms of the Hilbert series for the corresponding

Alexander invariants. We also relate the integral and rational versions of the Alexander

invariant. In Proposition 3.5 we show that the inclusion G1
ãÑ G1

Q
induces a functorial

morphism, κ : BpGq Ñ BQpGq. When TorspGabq is finite, the map κ b Q : BpGq b Q Ñ
BQpGqbQ is surjective, but in general it is not an isomorphism. Nevertheless, if b1pGq ă
8, we prove in Theorem 6.9, that κbQ induces isomorphisms on I-adic completions and

associated graded modules. This theorem partly overlaps with a result from [20], where

the group G1
Q

is called the Johnson kernel of G, due to the role it plays in D. Johnson’s

study of the Torelli group of a surface and of the Johnson homomorphism.

1.4. Group extensions. Our main focus in this paper is on how the algebraic and geo-

metric invariants of groups mentioned above behave under group extensions. Given a

short exact sequence of groups,

(4) 1 K G Q 1,
ι π



4 ALEXANDER I. SUCIU

we relate—under suitable assumptions—the Alexander invariants, the characteristic va-

rieties, the associated graded Lie algebras, and the Chen Lie algebras of the group G to

those of its subgroup K. The assumptions we make are tailored to the three versions

(integral, rational, and modular) under consideration, and are basically of two types.

One type of constraint is on the group Q: we require it to be abelian, specializing

to torsion-free in the Q-version and elementary p-abelian in the mod-p version. The

other type of constraint in on the exactness of the sequence obtained from the given one

by applying the functors sending G to Gab, Gabf , and Gab b Zp, respectively; when that

happens, we say (4) is an ab-exact, abf-exact, or p-exact sequence, respectively. When

the given sequence splits, these conditions amount to the triviality of the action of Q on

Kab, Kabf (or Kab bQ if Kabf is finitely generated), and Kab bZp, respectively. In the split

case, our study relies in good measure on work of [29, 54, 5, 30] and our recent results

from [66] regarding the several types of lower central series and associated graded Lie

algebras of split extensions.

1.5. Alexander invariants in group extensions. We are now in a position to summarize

our main results connecting the aforementioned algebraic invariants of a group G and a

normal subgroup K Ÿ G. The first result deals with the integral case, and is proved in

Theorem 8.7 and Corollary 8.8, where more detailed statements can be found.

Theorem 1.2. Suppose 1 Ñ K
ιÝÑ G Ñ Q Ñ 1 is an ab-exact sequence of groups, and

Q is abelian. Then,

(1) The induced map on Alexander invariants, Bpιq : BpKq Ñ BpGq, factors through

a ZrKabs-linear isomorphism, BpKq Ñ BpGqι.
(2) If Gab is finitely generated, then θnpKq ď θnpGq for all n ě 1.

(3) If the sequence is split exact, then ι induces isomorphisms of graded Lie alge-

bras, grě2pKq »ÝÑ grě2pGq and grě2pK{K2q »ÝÑ grě2pG{G2q. Consequently, if

b1pGq ă 8, then φnpKq “ φnpGq and θnpKq “ θnpGq for all n ě 2.

When G “ GΓ is the right-angled Artin group associated to a finite simple graph Γ

and K “ NΓ is the corresponding Bestvina–Brady group from [7], the above theorem

recovers in a slightly stronger form several results from [47]. The next result deals with

the rational case, and is proved in Theorem 9.8 and Corollary 9.9.

Theorem 1.3. Suppose (4) is an abf-exact sequence and Q is torsion-free abelian. Then,

(1) The map ι induces a ZrKabfs-linear isomorphism, BQpKq Ñ BQpGqι.
(2) If Gabf is finitely generated, then θnpKq ď θnpGq for all n ě 1.

(3) If the sequence is split exact, then ι induces isomorphisms of graded Lie alge-

bras, grQě2
pKq »ÝÑ grQě2

pGq and grQě2
pK{K2q »ÝÑ grQě2

pG{G2q. Consequently, if

b1pGq ă 8, then φnpKq “ φnpGq and θnpKq “ θnpGq for all n ě 2.
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One instance where this theorem applies is the case when K is the fundamental group

of a connected CW-complex X with b1pXq ă 8 and G is the fundamental group of the

mapping torus of a map f : X Ñ X inducing the identity on H1pX;Qq.

The last result of this type deals with the modular case, and is proved in Theorem 10.4

and Corollary 10.5.

Theorem 1.4. Suppose (4) is a p-exact sequence and Q is an elementary abelian p-

group. Then

(1) The map ι induces a ZprKab b Zps-linear isomorphism, BppKq Ñ BppGq.

(2) If b
p

1
pGq ă 8, then θ

p
npKq ď θ

p
npGq for all n ě 1.

(3) If the sequence is split exact, then ι induces isomorphisms of graded Lie algebras,

gr
p

ě2
pKq »ÝÑ gr

p

ě2
pGq and gr

p

ě2
pK{K2q »ÝÑ gr

p

ě2
pG{G2q. Moreover, if b

p

1
pGq ă 8,

then φ
p
npKq “ φ

p
npGq and θ

p
n pKq “ θ

p
n pGq for all n ě 2.

1.6. Characteristic varieties. For a finitely generated group G, the set of complex-

valued characters, TG “ HompG,C˚q, is an abelian complex algebraic group, with co-

ordinate ring CrGabs. The group TG is isomorphic to pC˚qr ˆ TorspGabq, where r “
rankpGabq. This group may be thought of as the moduli space of rank 1 local systems on

a connected CW-complex X with fundamental group G. Taking homology with coeffi-

cients in such local systems carves out subvarieties VkpGq Ă TG where the homology in

degree 1 has rank at least k.

The geometry of these varieties is intimately related to the homological and finiteness

properties of normal subgroups K Ÿ G with abelian quotient Q “ G{K and of regular,

abelian covers of spaces X with π1pXq “ G. For instance, the stratification of the char-

acter group by the varieties VkpGq determines the first Betti number of any finite abelian

cover Y as above, see e.g. [38, 44]. The characteristic varieties also carry precise infor-

mation regarding the homological and geometric finiteness properties of infinite abelian

covers, see e.g. [26, 24, 50, 62], and provide powerful obstructions to formality and

quasi-projectivity of spaces and groups, see e.g. [24, 25, 49].

The characteristic varieties of a group are controlled by its Alexander invariant in a

manner that is crucial to our analysis. More precisely, VkpGq coincides (at least away

from the identity character 1), with the support of the CrGabs-module
Źk

BpGq b C.

Furthermore, letting WkpGq be the intersection of VkpGq with the identity component of

the character group, we have that WkpGq “ supp
`Źk

BQpGq b C
˘
, at least away from 1.

Although results along these lines have been known for a long time (see e.g. [38, 34, 44,

24]), there does not appear to be a complete proof in the literature, at least not in the

generality posited here; therefore, we supply full details in Theorems 12.6 and 12.9.

1.7. Characteristic varieties in group extensions. We are now in a position to summa-

rize our main results connecting the characteristic varieties of groups G and K as above.

Theorem 1.5. Let 1 K G Q 1
ι

be an exact sequence of finitely gener-

ated groups.
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(1) If the sequence is ab-exact and Q is abelian, then the map ι˚ : TG Ñ TK restricts

to maps ι˚ : VkpGq Ñ VkpKq for all k ě 1; furthermore, ι˚ : V1pGq Ñ V1pKq is a

surjection.

(2) If the sequence is abf-exact and Q is torsion-free abelian, then the map ι˚ : T0
G
։

T0
K

restricts to maps ι˚ : WkpGq Ñ WkpKq for all k ě 1; furthermore, ι˚ : W1pGq Ñ
W1pKq is a surjection.

This result is proved in Theorem 13.3. As a corollary, we show the following: If V1pGq
is finite (in the first case), or W1pGq is finite (in the second case), then the Chen ranks

θnpKq vanish for all sufficiently large n.

In upcoming work [67] we will apply Theorem 1.5 in the case when G is the fun-

damental group of the complement in Cℓ of an arrangement of linear hyperplanes, K is

the group of its Milnor fiber, and the monodromy of the Milnor fibration acts trivially

on H1pK;Zq or H1pK;Qq, respectively. Examples from [64, 67] show that the maps

ι˚ : VkpGq Ñ VkpKq and ι˚ : WkpGq Ñ WkpKq may fail to be surjective for k ą 1, even

in this very special context. This phenomenon leads to subtle invariants that can distin-

guish the homotopy types of Milnor fibers of certain arrangements whose complements

are homotopy equivalent.

1.8. Holonomy, formality, and resonance. There are two other important Lie algebras

associated to a finitely generated group G. The first one is the holonomy Lie algebra,

hpGq, which was defined by Chen [10] as the quotient of the free Lie algebra on Gabf by

the Lie ideal generated by the image of the dual of the cup-product map YG. This is a

quadratic Lie algebra which maps surjectively to grpGq. The graded ranks of its second

derived quotient, θ̄npGq—known as the holonomy Chen ranks—are bounded below by

the usual Chen ranks. Following [45], we use the holonomy Lie algebra to construct an

infinitesimal version of the Alexander invariant,BpGq “ hpGq1{hpGq2, which is a graded

module over the symmetric algebra SympGabfq whose graded ranks coincide with the

holonomy Chen ranks, after a shift of 2.

From a rational homotopy point of view, most important is the Malcev Lie algebra,

mpGq, defined by Quillen in [57] as the (complete, filtered) Lie algebra of primitive

elements in the I-adic completion of QrGs. The associated graded Lie algebra with

respect to this filtration, grpmpGqq, is isomorphic to grpGq bQ. The group G is said to be

graded formal if the canonical surjection hpGq bQ։ grpGq bQ is an isomorphism; it is

1-formal if, in addition, mpGq is isomorphic, as a filtered Lie algebra, to the completion

of grpGq b Q with respect to the bracket-length filtration.

The resonance varieties of G are infinitesimal analogues of the characteristic varieties,

defined purely in terms of cohomological data. More precisely, let H
. “ H

.pG;Cq be

the cohomology algebra of G. For each k ě 1, the depth k resonance variety RkpGq
consists of all elements a P H1 for which there exist u1, . . . , uk P H1 such that aui “ 0

in H2 and ta, u1, . . . , uku are linearly independent. These sets are homogeneous alge-

braic subvarieties of the affine space H1 “ Cr which are controlled by the infinitesimal
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Alexander invariant; more exactly, RkpGq “ supp
`Źk
BpGq b C

˘
, at least away from 0.

This was proved in [23, 22] in the case when G is finitely generated; we give in Theo-

rem 16.2 a different proof—valid for all groups with b1pGq ă 8—based on the BGG

correspondence and an infinitesimal version of the Crowell exact sequence.

The resonance varieties capture deep information about qualitative properties and nu-

merical invariants of a finitely generated group G. When compared to the characteristic

varieties via the Tangent Cone theorem of [25], they obstruct G from being 1-formal, or

being realizable as the fundamental group of a quasi-projective or Kähler manifold. In

favorable situations, they do allow for the computation of the Chen ranks θnpGq in terms

of the dimensions of the irreducible components of R1pGq; see [61, 16, 1, 3]. Finally,

they have applications to the study of homological finiteness properties in the Johnson fil-

tration of mapping class groups and automorphism groups of free groups, and to Green’s

conjecture on free resolutions of canonical curves; see [51, 22, 20, 53, 2].

1.9. Resonance varieties in extensions. Our final result relates the resonance varieties

of a group G to those of a normal subgroup K Ÿ G, under suitable assumptions on the

quotient Q “ G{K and its action on the first homology of K, as well as on the formality

properties of G and K. In Theorems 17.2 and 17.6, we establish the following result.

Theorem 1.6. Let 1 K G Q 1
ι

be an exact sequence of finitely gener-

ated groups. Suppose that either one of the following set of conditions is satisfied.

(1) The sequence is split exact, G is graded formal, Q is abelian, and Q acts trivially

on H1pK;Qq.

(2) The sequence if ab-exact, G and K are 1-formal, and Q is abelian.

(3) The sequence if abf-exact, G and K are 1-formal, and Q is torsion-free abelian.

Then the homomorphism ι˚ : H1pG,Cq ։ H1pK,Cq restricts to maps ι˚ : RkpGq ։
RkpKq for all k ě 1; furthermore, the map ι˚ : R1pGq։ R1pKq is a surjection.

In particular, if any one of the above conditions is satisfied and R1pGq Ď 0, then

R1pKq Ď 0, and thus the Q-vector space BpKq b Q is finite-dimensional. Under the

1-formality assumptions from either (2) or (3), we conclude that θnpGq and θnpKq vanish

for sufficiently large n.

When G “ GΓ and N “ NΓ are the right-angled Artin group and the Bestvina–Brady

group associated to a graph Γ, the theorem recovers a result from [47] and extends it

further. In [67] we will apply Theorem 1.6 in the case when G is an arrangement group,

K is the group of its Milnor fiber, and the monodromy of the Milnor fibration acts trivially

on H1pK;Qq.

1.10. Organization. The paper is organized in four parts of roughly equal length.

Part I deals with the Alexander invariants, the derived series, and the lower central

series of a group. We concentrate in §2 on the classical derived series and the associated

Alexander invariant. In §3 we turn to the rational version of these objects, while in §4 we
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study the mod-p version. We conclude in §5 with a quick review of the corresponding

lower central series, associated graded Lie algebras, and Chen Lie algebras.

Part II explores group extensions of the form 1 Ñ K Ñ G Ñ Q Ñ 1, focussing

on the relationship between the Alexander invariants and the lower central series of

those groups. We start in §6 with Massey’s correspondence between the filtration of the

Alexander invariant of K by powers of the augmentation ideal of Q and the lower central

series of the maximal metabelian quotient of G. We continue in §7 with an overview of

the lower central series and associated graded algebras of split extensions of groups. In

§8 we explore ab-exact sequences, and establish our results on the way the Alexander

invariants and the Chen ranks behave under such extensions. We prove analogous results

for abf-exact sequences in §9 and for p-exact sequences in §10.

Parts III and IV contain a detailed study of the cohomology jump loci of a finitely

generated group, and the way these loci behave under the aforementioned kinds of group

extensions. We start in §11 with the characteristic varieties, and continue in §12 with the

Alexander varieties, focussing on the relationship between the two. In §13 we establish

our structural results relating the characteristic varieties of a group G to those of a normal

subgroup K under appropriate assumptions. After discussing in §14 the Malcev and

holonomy Lie algebras of a group and the resulting notion of 1-formality, we provide

in §15 and §16 detailed information on the infinitesimal Alexander invariant and the

resonance varieties. Finally, we establish in §17 our results on the way resonance behaves

in ab- and abf-exact group extensions, under suitable formality hypothesis.

Part I. Alexander invariants

2. Derived series and the Alexander invariant

We start with a review of the derived series and the Alexander invariant of a group,

and discuss some of their basic properties.

2.1. Abelianization and derived series. Let G be a group. If H and K are subgroups

of G, then rH,Ks denotes the subgroup of G generated by all elements of the form

ra, bs “ aba´1b´1 with a P H and b P K. If both H and K are normal subgroups,

then their commutator rH,Ks is again a normal subgroup. Moreover, if α : G Ñ H is a

homomorphism, then

(5) αprH,Ksq Ď rαpHq, αpKqs .
Taking H “ K “ G in this construction we obtain the commutator (or, derived)

subgroup, G1 “ rG,Gs. The quotient group, Gab :“ G{G1 is called the abelianization

of G, and is characterized by the fact that it is the maximal abelian quotient of G. We

denote by ab: G ։ Gab the abelianization homomorphism, whose kernel is G1. The

torsion elements of Gab form a subgroup; the quotient group, Gabf ≔ Gab{ TorspGabq is

called the torsion-free abelianization of G, and is characterized by the fact that it is the

maximal torsion-free abelian quotient of G.
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The derived series of G, denoted tGprqurě0, is defined inductively by setting Gp0q “ G

and Gprq “ rGpr´1q,Gpr´1qs; in particular, Gp1q “ G1 and Gp2q “ G2. Using (5) and

induction on r, it is readily seen that the terms of the derived series are fully invariant

subgroups; that is, if α : G Ñ H is a group homomorphism, then αpGprqq Ď Hprq, for all

r. Consequently, the derived series is a normal series, i.e., Gprq Ÿ G, for all r. Moreover,

since Gpr´1q{Gprq “
`
Gpr´1q

˘
ab

, all the successive quotients of the series are abelian

groups.

A group G is said to be solvable if its derived series of G terminates in finitely many

steps; that is, Gpℓq “ t1u for some integer ℓ ě 0. The smallest such integer, ℓpGq, is

then called the derived length of G. Clearly, ℓpGq ď 1 if and only if G is abelian, while

ℓpGq ď 2 if and only if G is metabelian. The maximal solvable quotient of G of length r

is G{Gprq; in particular, the maximal metabelian quotient is G{G2.

2.2. Alexander invariant and Alexander module. Among the successive quotients of

the derives series of a group G, the second one plays a special role. The Alexander

invariant of G is the abelian group

(6) BpGq ≔ G1{G2 ,

viewed as a module over the group-ring ZrGabs; alternatively, BpGq “ G1
ab

“ H1pG1
ab

;Zq.

Addition in BpGq is induced from multiplication in G, to wit, pxG2q ` pyG2q “ xyG2

for all x, y P G1, while scalar multiplication is induced from conjugation in the maximal

metabelian quotient, G{G2, via the exact sequence

(7) 1 G1{G2 G{G2 G{G1 1 .

That is, gG1 ¨ xG2 “ gxg´1G2 for all g P G and x P G1, with the action of G{G1 “ Gab

extended Z-linearly to the whole of ZrGabs.
The augmentation map, ε : ZrGs Ñ Z, is the linear extension to group rings of the

trivial homomorphism, G Ñ t1u; let IpGq “ kerpεq be the augmentation ideal. Closely

related to the Alexander invariant is the Alexander module of G,

(8) ApGq “ ZrGabs bZrGs IpGq ,
with ZrGabs-module structure coming from multiplication on the left factor.

In order to better understand the ZrGabs-modules ApGq and BpGq, we will look at them

next from a topological point of view, following the approach of Massey from [41].

2.3. Topological interpretation. Let X be a connected CW-complex with π1pX, x0q “
G. (We may assume X has a single 0-cell, which we then take as the basepoint x0.)

Lifting the cell structure of X to the maximal abelian cover, q : Xab Ñ X, we obtain an

augmented chain complex of free ZrGabs-modules,

(9) ¨ ¨ ¨ C2pXab;Zq C1pXab;Zq C0pXab;Zq Z 0,
Bab

2
Bab

1 ε
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where C0pXab;Zq “ ZrGabs and ε is the augmentation map. Since π1pXabq “ G1, the

Alexander invariant BpGq “ pG1qab is isomorphic to H1pXab;Zq, the first homology group

of the chain complex (9), with module structure induced by the action of Gab by deck

transformations. In other words, BpGq “ H1pX;ZrGabsq.

Example 2.1. Let X “ Žn
S 1 be a wedge of n circles. Identify π1pXq with the free

group Fn “ xx1, . . . , xny and pFnqab with Zn. The chain complex pCippT nqab;Zq, Bab
i

q
of the universal (abelian) cover of the n-torus T n “ KpZn, 1q may be viewed as the

Koszul complex on elements t1 ´ 1, . . . , tn ´ 1 over the ring ZrZns “ Zrt˘1
1
, . . . , t˘1

n s.
The Alexander invariant BpFnq, then, equals the ZrZns-module cokerpBab

3
q; in particular,

BpF2q “ ZrZ2s, while BpF3q “ coker
``

1 ´ t3 t2 ´ 1 1 ´ t1

˘
: ZrZ3s Ñ ZrZ3s3

˘
.

Consider now the fiber F “ q´1px0q, and fix a basepoint x̃0 P F. The homology long

exact sequence for the pair pXab, Fq yields an exact sequence of ZrGabs-modules,

(10) 0 H1pXab;Zq H1pXab, F;Zq H0pF;Zq H0pXab;Zq 0 .

As noted previously, the first term is the Alexander invariant BpGq. The second term is

the Alexander module ApGq; indeed, sending an element g ´ 1 P IpGq to the path in

Xab from x̃0 to gx̃0 obtained by lifting the loop g at x̃0 induces an isomorphism ApGq »ÝÑ
H1pXab, F;Zq. Finally, the homomorphism H0pF;Zq Ñ H0pXab;Zq may be identified

with the augmentation map, ε : ZrGabs Ñ Z. Therefore,

(11) ApGq “ cokerpBab
2 q ,

and the sequence (10) yields an exact sequence of ZrGabs-modules,

(12) 0 BpGq ApGq IpGabq 0 ,

known as the Crowell exact sequence of the group, cf. [18, 41]. When Gab is finitely gen-

erated, the ring ZrGabs is Noetherian. In this case, the Alexander module ApGq is finitely

generated, and hence the presentation (11) may be reduced to a finite presentation. Thus,

by (12), the Alexander invariant BpGq may also be finitely presented.

If G admits a finite presentation, say, G “ xx1, . . . , xm | r1, . . . , rℓy, the ZrGabs-linear

map Bab
2

: ZrGabsℓ Ñ ZrGabsm from (9) may be identified with the classical Alexander

matrix, whose entries are the abelianized Fox derivatives of the relators, abpBri{Bx jq;

hence, the module ApGq is presented by the Alexander matrix. When Gab is torsion-free,

a method for finding a presentation for BpGq is outlined in [41]; an explicit presentation

is not known even in the case when G is a link group, but there is an algorithm for

producing such a presentation in the case when G is an arrangement group, see [17].

2.4. Functoriality properties. The assignments G { Gab and G { BpGq are functo-

rial and compatible with one another, in a sense that we now make precise. For more

background information on some of this material, we refer to [8, Ch. III].
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First consider a ring map, ϕ : R Ñ S . We say that a map ψ : M Ñ N from an R-module

M to an S -module N covers ϕ (or, for short, that ψ is a ϕ-morphism) if ψprmq “ ϕprqψpmq
for all r P R and m P M. Such a map ψ can be viewed as the composite

(13) M Nϕ N ,

where Nϕ is the R-module obtained from N by restriction of scalars via ϕ, the first arrow

is the set map ψ viewed as an R-linear map, and the second arrow is the identity map of

N, thought of as covering the ring map ϕ.

Now let α : G Ñ H be a group homomorphism. Then α extends linearly to a ring map,

α̃ : ZrGs Ñ ZrHs. The assignment G { ZrGs, α{ α̃ is functorial, and takes injections

to injections and surjections to surjections.

The map α also restricts to homomorphisms G1 Ñ H1 and G2 Ñ H2, and thus in-

duces homomorphisms G{G1 Ñ H{H1 and G1{G2 Ñ H1{H2, which we will denote by

αab : Gab Ñ Hab and Bpαq : BpGq Ñ BpHq, respectively. If β : H Ñ K is another homo-

morphism, then clearly βab ˝αab “ pβ˝αqab and Bpβq˝ Bpαq “ Bpβ˝αq. If α is surjective,

then Bpαq is also surjective, but if α is injective, Bpαq need not be injective.

Example 2.2. Let G “ xx1, x2 | x1x2x1 “ x2x1x2y, so that Gab “ Z. We then have

G1 “ F2 and BpG1q “ ZrZ2s, whereas BpGq “ Zrt˘1s{pt2 ´ t ` 1q. Thus, if α : G1
ãÑ G

is the inclusion, the map Bpαq is not injective.

Given a homomorphism α : G Ñ H, let α̃ab : ZrGabs Ñ ZrHabs be the linear extension

of αab to group rings. The map Bpαq : BpGq Ñ BpHq can then be interpreted as a map

of modules covering α̃ab. Alternatively, let BpHqα be the ZrGabs-module obtained from

BpHq by restriction of scalars via α̃ab. The map Bpαq can then be viewed as the composite

BpGq Ñ BpHqα Ñ BpHq, where the first arrow is a ZrGabs-linear map and the second

arrow is the identity map of BpHq, viewed as covering the ring map α̃ab.

Here is a topological interpretation. Let f : X Ñ Y be a continuous maps between con-

nected CW-complexes; without loss of essential generality, we may assume f is cellular

and basepoint-preserving. Let f7 : π1pX, x0q Ñ π1pY, y0q be the induced homomorphism

on fundamental groups, and let f ab : Xab Ñ Yab be the lift to universal abelian covers.

It is readily seen that the morphism Bp f7q : Bpπ1pXqq Ñ Bpπ1pYqq coincides with the

induced homomorphism in first homology, f˚ : H1pXab;Zq Ñ H1pYab;Zq.

Likewise, there is an induced morphism on Alexander modules, Apαq : ApGq Ñ ApHq,

which covers α̃ab and admits a similar topological interpretation. The restriction of Apαq
to BpGq coincides with Bpαq, and induces the map α̃ab on augmentation ideals, thereby

showing that the Crowell exact sequence (12) is natural with respect to group homomor-

phisms.

3. The rational derived series and the rational Alexander invariant

In this section we discuss the rational versions of the derived series and of the Alexan-

der invariant.
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3.1. The rational derived series. For a subset S of a group G, we let
?

S “ tg P G |
gm P S for some m P Nu be its isolator. Clearly, S Ď

?
S and

a?
S “

?
S ; moreover,

if α : G Ñ H is a homomorphism, then

(14) αp
?

S q Ď
b
αpS q .

The following notion was introduced by Harvey in [32], and further studied by Cochran

and Harvey in [12, 13]. The rational derived series of a group G, denoted tG
prq
Q urě0, is

defined inductively by setting G
p0q
Q “ G and

(15) G
prq
Q “

b“
G

pr´1q
Q ,G

pr´1q
Q

‰
.

Using (5) , (14), and induction on r, it is readily seen that the terms of this series are fully

invariant subgroups. In particular, the rational derived series is a normal series, a property

also noted in [32, Lemma 3.2]. Furthermore, the successive quotients, G
prq
Q {G

pr`1q
Q , are

torsion-free abelian groups; in fact, as shown in [32, Lemma 3.5],

(16) G
prq
Q {G

pr`1q
Q –

`
G

prq
Q

˘
abf
.

In particular, G{G1
Q

is equal to Gabf “ Gab{ TorspGabq, the maximal torsion-free abelian

quotient of G, showing that G1
Q

is the kernel of the projection map abf : G ։ Gabf . Since

G1 “ kerpab: G ։ Gabq, we obtain a short exact sequence,

(17) 1 G1 G1
Q

TorspGabq 1.

In particular, if Gab is torsion-free, then G1 “ G1
Q
.

Remark 3.1. In [22, 20], the group G1
Q

“ kerpabf : G ։ Gabfq is called the Johnson

kernel of G, and is denoted by KG. The motivation for this terminology is that, in the case

when G “ Tg is the Torelli group of a surface of genus g ě 3, the subgroup KGŸTg is the

subgroup generated by Dehn twists along separating simple closed curves—a subgroup

introduced and studied by D. Johnson in the 1980s; see [11] for more on this.

It is also known that the quotient groups G{G
pr`1q
Q are poly-torsion-free-abelian (PTFA)

groups, see [32, Corollary 3.6]. Cleary, Gprq Ď G
prq
Q for all r, but the inclusions are strict

in general. Nevertheless, if all the quotients Gprq{Gpr`1q are torsion-free—which is the

case when G is a finitely generated free group, or a knot group—then Gprq “ G
prq
Q

for all

r, cf. [32, Corollary 3.7].

3.2. The rational Alexander invariant. By analogy with the classical definition, we

define the rational Alexander invariant of a group G to be the quotient

(18) BQpGq ≔ G1
Q
{G2

Q
,
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viewed as a module over ZrGabfs, where recall G1
Q

“
?

G1 and G2
Q

“
b“?

G1,
?

G1
‰

ŸG1
Q
.

The module structure on BQpGq is induced by conjugation in the maximal torsion-free

metabelian quotient, G{G2
Q
, via the exact sequence

(19) 0 G1
Q
{G2

Q
G{G2

Q
G{G1

Q
0 .

That is, gG1
Q

¨ xG2
Q

“ gxg´1G2
Q

for all g P G and x P G1
Q
, with the action of G{G1

Q
“ Gabf

extended Z-linearly to the whole of ZrGabfs.
Given a group homomorphism α : G Ñ H, the maps α1 : G1

Q
Ñ H1

Q
and α2 : G2

Q
Ñ

H2
Q

induce a morphism BQpαq : BQpGq Ñ BQpHq between rational Alexander invariants.

It is readily seen that the assignments G { Gabf and G { BQpGq are functorial and

compatible with one another, in a sense similar to the one described in §2.2.

Pursuing our analogy with the classical situation, we also define the rational Alexander

module of G to be the ZrGabfs-module AQpGq ≔ ZrGabfs bZrGs IpGq.

3.3. Topological interpretation. Let X be a connected CW-complex with π1pXq “ G,

and let q0 : Xabf Ñ X be the maximal torsion-free abelian cover of X. We then have a

commuting diagram of regular covers,

(20)

Xab

Xabf

X

s

q

q0

where s : Xab Ñ Xabf is an abelian cover with deck group TorspGabq. Clearly, if Gab is

finitely generated, then s is a finite cover. Note that H.pXabf ;Zq is a module over ZrGabfs,
with module structure induced by the action of Gabf on Xabf by deck transformations.

Lemma 3.2. With notation as above,

(1) BQpGq – H1pXabf ;Zq{Z-Tors, as ZrGabfs-modules.

(2) BQpGq b Q – H1pXabf ;Qq, as QrGabfs-modules.

(3) If Gab is torsion-free, then BQpGq – BpGq{Z-Tors, as ZrGabs-modules.

Proof. From definition (18) and formula (16), we have that BQpGq “
`
G1
Q

˘
abf

. Since

G1
Q

“ π1pXabfq, the first claim follows. Tensoring both sides with Q yields the second

claim. The third claim follows at once from the first one. �

Remark 3.3. In view of Lemma 3.2, part (1) and the discussion from Remark 3.1, the

rational Alexander invariant BQpGq may be viewed as the torsion-free abelianization of

the Johnson kernel KG. In a related vein, we considered in [53] the QrGabfs-module

B̃pGq ≔ H1pGQ;Qq, which was called there the reduced Alexander invariant of G. In

view of Lemma 3.2, part (2), this module is isomorphic to BQpGq b Q.
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Let pC.pXab;Zq, Babq be the ZrGabs-equivariant chain complex of Xab from (9). We

denote by ν : Gab ։ Gabf the projection map, and we let ν̃ : ZrGabs ։ ZrGabfs be its

linear extension to group rings. The ZrGabfs-equivariant chain complex of Xabf , denoted

pC.pXabf ;Zq, Babfq, may be obtained from (9) by extension of scalars, via the ring map ν̃;

in particular, Babf “ Bab bZrGabs ZrGabfs.
Let also F0 “ q´1

0
px0q be the fiber of the cover q0 : Xabf Ñ X over a basepoint x0 P X,

and let I0pGq be the kernel of the augmentation map ε : ZrGabfs Ñ Z. Proceeding as in

§2.3, we obtain the following lemma, which summarizes the properties of the rational

Alexander module, and its relationship to the rational Alexander invariant.

Lemma 3.4. With notation as above,

(1) AQpGq b Q “ H1pXabf , F0;Qq.

(2) AQpGq b Q is the cokernel of the map Babf
2

b Q : C2pXabf ;Qq Ñ C1pXabf ;Qq.

(3) The homology exact sequence of the pair pXabf , F0q yields a short exact sequence

of QrGabfs-modules,

(21) 0 BQpGq b Q AQpGq b Q I0pGq b Q 0 .

Sequence (21) may be viewed as the rational analogue of Crowell’s exact sequence

(12), and enjoys a similar naturality property with respect to group homomorphisms.

3.4. Relating the Alexander invariants. We conclude this section with a comparison

between the two kinds of Alexander invariants defined so far: BpGq, viewed as a ZrGabs-
module, and BQpGq, viewed as a ZrGabfs-module. The comparison is done via the natural

projection ν : Gab ։ Gabf and its extension to a ring map, ν̃ : ZrGabs։ ZrGabfs.
Proposition 3.5. For a group G, the following hold.

(1) The inclusion G1
ãÑ G1

Q
induces a functorial ν̃-morphism, κ : BpGq Ñ BQpGq.

(2) Suppose TorspGabq is finite. Then the map κ b Q : BpGq b Q Ñ BQpGq b Q is

surjective.

(3) Suppose Gab is torsion-free. Then the map κbQ : BpGq bQÑ BQpGq bQ is an

isomorphism.

Proof. (1) The inclusion G1
ãÑ G1

Q
restricts to a map G2

ãÑ G2
Q
, and thus induces a

group homomorphism, G1{G2 Ñ G1
Q
{G2

Q
, gG2 ÞÑ gG2

Q
, which is functorial in G. This

homomorphism can be viewed as a map κ ≔ κG : BpGq Ñ BQpGq which covers the ring

map ν̃ and satisfies κH ˝ Bpαq “ BQpαq ˝ κG, for all homomorphisms α : G Ñ H. We

may also view κ as the composite BpGq Ñ BQpGqν̃ Ñ BQpGq, where the first arrow is a

ZrGabs-linear map and the second arrow is the identity map of BQpGq, viewed as covering

the map ν̃.

Alternatively, recall from (20) that the cover q : Xab Ñ X factors through a cover

s : Xab Ñ Xabf , so that q0 ˝ s “ q. The composite

(22) H1pXab;Zq H1pXabf ;Zq H1pXabf ;Zq{Z-Tors
s˚
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then coincides with the morphism κ defined above.

(2) From the last description, it follows that the homomorphism s˚ bQ : H1pXab;Qq Ñ
H1pXabf ;Qq coincides with κ b Q. Now, if TorspGabq is finite, then s : Xab Ñ Xabf is a

finite cover, and so the transfer map, τ : H1pXabf ;Qq Ñ H1pXab;Qq, provides a splitting

for s˚. Therefore, κ b Q is surjective.

(3) If Gab is torsion-free, then ker s˚ “ 0, and so κbQ “ s˚bQ is an isomorphism. �

If G is a finitely generated free group, or a knot group, then, by the discussion in §3.1,

the map κ : BpGq Ñ BQpGq is a ν̃-isomorphism. On the other hand, as Example 3.6 below

shows, the condition that Gab be torsion-free is necessary for part (3) of Proposition 3.5

to hold. Moreover, as Example 3.7 shows, the map κ : BpGq Ñ BQpGq itself need not be

an isomorphism, even when Gab is torsion-free.

Example 3.6. Let G “ Z2 ˚ Z2 “ xx1, x2 | x2
1
, x2

2
y. Then G1 “ Z “ xrx1, x2sy and

G2 “ t1u, whence BpGq “ Z, whereas G1
Q

“ G2
Q

“ G, whence BQpGq “ 0.

Example 3.7. Let G “ xx1, x2 | rx1, x2sny. Then BpGq “ Zrx˘1
1
, x˘1

2
s{pnq – Znrx˘1

1
, x˘1

2
s

is non-zero if n ě 2, whereas BQpGq “ 0.

4. The derived p-series and the mod-p Alexander invariant

We now review the mod-p version of the derived series and introduce the correspond-

ing mod-p Alexander invariant.

4.1. The derived p-series. Fix a prime p. For a subset S of a group G, we let its p-th

power be the set S p
≔ tg P G | g “ xp for some x P S u. Clearly, if ϕ : G Ñ H is a

homomorphism, then

(23) ϕpS pq Ď pϕpS qqp .

Following Stallings [60], Cochran and Harvey [14, 15], and Lackenby [36], we define

the derived p-series of G, denoted
 

G
prq
p

(
rě0

, by

(24) G
p0q
p “ G, G

prq
p “

A`
G

pr´1q
p

˘p
,
“
G

pr´1q
p ,G

pr´1q
p

‰E
.

Using formulas (5) and (23) and induction on r, it is readily seen that the terms of this

series are fully invariant subgroups. Moreover, each subgroup G
prq
p is a normal subgroup

of G of index a power of p, see [60], and G
pr´1q
p {G

prq
p – H1pGpr´1q

p ;Zpq, see [36]. In

particular, G{G1
p “ H1pG;Zpq is the maximal elementary p-abelian quotient of G.

Example 4.1. Suppose G is abelian, Then clearly G
prq
p “ Gpr

. In particular, if G is

elementary p-abelian, then G
prq
p “ t1u for all r ě 1.

The derived p-series can be characterized as the fastest descending normal (and even

subnormal) series for which the successive quotients are Zp-vector spaces, cf. [60]. The

next result captures some of the salient features of this series.



16 ALEXANDER I. SUCIU

Lemma 4.2 ([14]). For a group G, a prime p, and an integer r ě 1, the following hold.

(1) G
prq
p “ ker

`
G

pr´1q
p ։

`
G

pr´1q
p

˘
ab

b Zp

˘
.

(2) G
pr´1q
p {G

prq
p – H1

`
G;ZprG{G

pr´1q
p s

˘
, as right ZprG{G

pr´1q
p s-modules.

(3) If G is finitely generated, then G{G
prq
p is a finite p-group, with all elements having

order dividing pr.

4.2. The mod-p Alexander invariant. The first two p-derived subgroups of G are given

by G1
p “ xGp,G1y and G2

p “ xGp2

, pG1qp, rGp,Gps, rGp,G1s,G2y; moreover, G2
p Ÿ G1

p. We

define the mod-p Alexander invariant of G to be the quotient of these two subgroups,

(25) BppGq ≔ G1
p{G2

p ,

and view it as a module over the group-ring Λp ≔ ZprH1pG;Zpqs. The module structure

is induced by conjugation in the maximal metabelian p-quotient, G{G2
p, via the exact

sequence

(26) 0 G1
p{G2

p G{G2
p G{G1

p 0 .

That is, gG1
p ¨ xG2

p “ gxg´1G2
p for all g P G and x P G1

p, with the action of G{G1
p “

H1pG;Zpq on the Zp-vector space G1
p{G2

p extended Zp-linearly to the whole of Λp. By

Lemma 4.2, parts (1) and (2), we have that

(27) BppGq “ pG1
pqab b Zp “ H1pG1

p;Zpq – H1pG;Λpq

as a Λp-module. Let b
p

i
pGq ≔ dimZp

HipG;Zpq be the i-th mod-p Betti numbers of G.

If G is finitely generated, then the Zp-vector space BppGq is finite-dimensional, and we

have dimZp
BppGq “ b

p

1
pG1

pq.

We also define the mod-p Alexander module of G as AppGq “ Λp bZrGs IpGq, with

Λp-module structure given by multiplication on the left factor. Given a group homomor-

phism α : G Ñ H, we let Bppαq : BppGq Ñ BppHq be the morphism between mod-p

Alexander invariants induced by the restriction α1 : G1
p Ñ H1

p. It is readily seen that the

assignments G { H1pG;Zpq and G { BppGq are functorial and compatible with one

another, in a manner similar to the one described in §2.2.

4.3. Topological interpretation. The mod-p Alexander invariant admits the following

interpretation in terms of covering spaces. Let X be a connected CW-complex with

π1pXq “ G, and let qp : Xppq Ñ X be the p-congruence cover of X; that is, the regular

H1pX;Zpq-cover classified by the composite

(28) π1pXq H1pX;Zq H1pX;Zpq,ab νp
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where νp is the coefficient homomorphism induced by the projection Z ։ Zp. We then

have a commuting diagram of regular covers,

(29)

Xab

Xppq

X .

sp

q

qp

By construction, π1pXppqq “ G1
p; therefore, BppGq – H1pXppq;Zpq, with Λp-module

structure induced by the action of H1pX;Zpq by deck transformations. Proceeding as

in §2.3, we may identify the mod-p Alexander invariant of G with the cokernel of the

boundary map Bp

2
: C2pXppq;Zpq Ñ C1pXppq;Zpq. Moreover, AppGq “ H1pXppq, Fp;Zpq,

where Fp “ q´1
p px0q. The Zp-homology exact sequence of the pair pXppq, Fpq now yields

a natural short exact sequence of Λp-modules,

(30) 0 BppGq AppGq IppGq 0 ,

where IppGq “ kerpε : Λp Ñ Zpq is the augmentation ideal. Sequence (30) is natural,

and may be viewed as the mod-p analogue of Crowell’s exact sequence (12).

4.4. A comparison map. The next lemma provides a functorial comparison map be-

tween the reduction mod-p of the usual Alexander invariant and its mod-p version. Let

ν̃p : ZprH1pG;Zqs ։ ZprH1pG;Zpqs be the linear extension of the coefficient homomor-

phism νp : H1pG;Zq։ H1pG;Zpq to group rings.

Lemma 4.3. The inclusion G1
ãÑ G1

p induces a functorial ν̃p-morphism, κp : BpGq b
Zp Ñ BppGq.

Proof. The inclusion G1
ãÑ G1

p restricts to a map G2
ãÑ G2

p, and thus induces a group

homomorphism, G1{G2 Ñ G1
p{G2

p. This map factors through a homomorphism, G1{G2 b
Zp Ñ G1

p{G2
p, which can can be viewed as a ν̃p-morphism, κp ≔ κG

p : BpGq b Zp Ñ
BppGq. Clearly, κH

p ˝ Bpαq “ Bppαq ˝ κG
p , for all homomorphisms α : G Ñ H. �

We may interpret the map κp as the homomorphism pspq˚ : H1pXab;Zpq Ñ H1pXppq;Zpq
induced in first homology by the cover sp from diagram (29). As illustrated in the exam-

ples below, the map κp is neither injective nor surjective, in general.

Example 4.4. Let X “ Žn
S 1 be a wedge of n ě 2 circles. Then Xppq » Žm

S 1, where

m “ pnpn ´ 1q ` 1. Identifying Fn “ π1pXq, we find that BppFnq “ H1pXppq,Zpq “ Zm
p .

On the other hand, we infer from Example 4.5 that BpF2q bZp “ ZprZ2s; hence, the map

κp : BpF2q b Zp Ñ BppF2q is not injective.

Example 4.5. Suppose G is abelian. Then BpGq “ BQpGq “ 0, yet BppGq “ Gp{Gp2

,

which is non-trivial in general; for instance, BppZnq “ Zn
p. In fact, the mod-p Alexander
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invariant may be able to distinguish groups for which the other two kinds of Alexander

invariants coincide; for example, BppZp ‘ Zpq “ 0, yet BppZp2q “ Zp.

5. Associated graded Lie algebras

In this section we consider three types of graded Lie algebras associated a group G—

the usual one, its rational version, and its mod-p version—and review some of their

salient features.

5.1. Lower central series and associated graded Lie algebra. The lower central se-

ries (LCS) of a group G, denoted tγnpGquně1, is defined inductively by

(31) γ1pGq “ G and γn`1pGq “ rG, γnpGqs.
This an N-series, in the sense of Lazard [37]; that is to say, rγmpGq, γnpGqs Ď γm`npGq,

for all m, n ě 1, see for instance [39, 55]. In particular, the LCS is a central series, i.e.,

rG, γnpGqs Ď γn`1pGq for all n; in fact, it is the fastest descending central series of G.

Moreover, its terms are fully invariant subgroups of G. By definition, the LCS terminates

in finitely many steps if the group is nilpotent, and the intersection of the terms of the

series is trivial if G is residually nilpotent.

Note that Gpn´1q Ď γnpGq, with equality for n “ 1 and 2. Consequently, every nilpo-

tent group is solvable. As another consequence of this observation, the Alexander invari-

ant BpGq “ G1{G2 surjects onto the quotient γ2pGq{γ3pGq.

The successive quotients of the lower central series, grnpGq ≔ γnpGq{γn`1pGq, are

abelian groups. Their direct sum,

(32) grpGq “
à

ně1
γnpGq{γn`1pGq,

is the associated graded Lie algebra of G. The addition in grpGq is induced from the

group multiplication, while the Lie bracket is induced from the group commutator; fur-

thermore, this bracket is compatible with the grading. By construction, the Lie algebra

grpGq is generated by its degree 1 piece, gr1pGq “ Gab; thus, if Gab is finitely generated,

then so are the LCS quotients of G. Likewise, the Q-Lie algebra grpGq b Q is generated

in degree 1 by the Q-vector space Gab b Q “ H1pG;Qq. Assume now that the first Betti

number, b1pGq “ dimQ H1pG;Qq, is finite; we may then define the LCS ranks of G as

(33) φnpGq ≔ dimQ grnpGq b Q .
If α : G Ñ H is a group homomorphism, then αpγnpGqq Ď γnpHq, and thus α induces

a map grpαq : grpGq Ñ grpHq. It is readily seen that this map preserves Lie brackets

and that the assignment α { grpαq is functorial. For each n ě 1, the quotient group,

Γn ≔ G{γnpGq, is a nilpotent group, to wit, the maximal pn ´ 1q-step nilpotent quotient

of G. Since this group is nilpotent, its torsion elements, TorspΓnq, form a (characteristic)

subgroup; the quotient group, Γn{ TorspΓnq, is the maximal pn ´ 1q-step, torsion-free

nilpotent quotient of G.
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The associated graded Lie algebra of a group G may be approximated by the associated

graded Lie algebras of its solvable quotients, grpG{Gprqq. For each r ě 2, the quotient

map, G ։ G{Gprq, induces a surjective morphism, grnpGq ։ grnpG{Gprqq, which is an

isomorphism for n ď 2r ´1, see [69]. In the case when r “ 2, originally studied by K.-T.

Chen in [9], the corresponding Lie algebra, grpG{G2q, is called the Chen Lie algebra of

G. Assuming b1pGq ă 8, we may define the Chen ranks of G as

(34) θnpGq ≔ φnpG{G2q “ dimQ grnpG{G2q b Q .
In view of the above discussion, we have that θnpGq ď φnpGq, with equality for n ď 3.

We refer to [45, 69, 70] for detailed treatments of this subject.

5.2. The rational lower central series. The rational version of the lower central series

of a group G, denoted γQpGq “
 
γQnpGq

(
ně1

, was introduced by Stallings in [59], and

further studied in [4, 13, 42, 55, 66]. The series in defined inductively by

(35) γQ
1
pGq “ G and γQ

n`1
pGq “

b
rG, γQnpGqs .

The terms of this series are fully invariant subgroups of G. Moreover, as shown in [66],

we have that γQnpGq “
a
γnpGq, for all n ě 1. This implies that γQpGq is an N-series (see

[42, 55]), and thus, a central series. In fact, the rational LCS is the most rapidly descend-

ing central series whose successive quotients are torsion-free abelian groups. This series

terminates in finitely many steps if the group is a torsion-free nilpotent. Moreover, the

intersection of the terms of the rational LCS is trivial if and only G is residually torsion-

free nilpotent (see [4]). Also note that we have inclusions G
pn´1q
Q Ď γQnpGq, with equality

for n “ 1 and 2. Consequently, the rational Alexander invariant, BQpGq “ G1
Q
{G2

Q
, maps

surjectively onto the group γQ
2
pGq{γQ

3
pGq.

The direct sum of the successive quotients of γQpGq,

(36) grQpGq “
à

ně1
γQnpGq{γQ

n`1
pGq,

with Lie bracket induced from the group commutator, constitutes the rational associated

graded Lie algebra of G. If α : G Ñ H is a group homomorphism, then α induces a

functorial morphism of graded Lie algebras, grQpαq : grQpGq Ñ grQpHq.

Clearly γnpGq ď γQnpGq for all n. We thus we have an induced map between associated

graded Lie algebras, Φ “ ΦG : grpGq Ñ grQpGq, which is functorial with respect to

group homomorphisms. In degree 1, this map is simply the projection Gab ։ Gabf , with

kernel TorspGabq. In [4, Proposition 7.2], Bass and Lubotzky prove the following result.

Proposition 5.1 ([4]). For a group G, the following hold.

(1) The map Φ : grpGq Ñ grQpGq has torsion kernel and cokernel in each degree.

(2) The map Φ b Q : grpGq b Q Ñ grQpGq b Q is an isomorphism of graded Lie

algebras.
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Recall from §5.1 that the Lie algebra grpGq is generated by its degree 1 piece, gr1pGq “
Gab. It follows from Proposition 5.1, part (2) that the Q-Lie algebra grQpGq b Q is also

generated in degree 1, this time by the Q-vector space Gab b Q “ H1pG;Qq.

Assume now that b1pGq ă 8. In this case, we may define the rational LCS ranks by

φQnpGq ≔ dimQ grQnpGq bQ and the rational Chen ranks by θ Qn pGq ≔ φQnpG{G2
Q
q. With this

setup, Proposition 5.1, part (2) has the following immediate corollary.

Corollary 5.2. Suppose b1pGq ă 8. Then φQnpGq “ φnpGq and θ Qn pGq “ θnpGq for all

n ě 1.

5.3. The mod p lower central series. Now fix a prime p. The mod-p lower central

series, denoted tγp
npGquně1, was introduced by Stallings in [59], and further studied in

many works, including [5, 13, 36, 54, 66]. The series is defined inductively, as follows:

(37) γ
p

1
pGq “ G and γ

p

n`1
pGq “ xpγp

npGqqp, rG, γp
npGqsy .

This is a p-torsion series, meaning that pγp
npGqqp Ď γ

p

n`1
pGq for all n ě 1; it is also

an N-series, cf. [54]. Therefore, the successive quotients, gr
p
npGq ≔ γ

p
npGq{γp

n`1
pGq,

are p-torsion abelian groups, and thus can be viewed as Zp-vector spaces; in particular,

G{γp

2
pGq “ H1pG;Zpq. The mod-p LCS is the fastest-descending central series whose

successive quotients are Zp-vector spaces. Clearly, the terms of the series are fully in-

variant subgroups.

As noted in [36], each term G
prq
p of the derived p-series contains γ

p
npGq as a normal

subgroup, for all n sufficiently large. The reason for this is that the p-lower central series

of any finite p-group (in particular, the quotient G{G
prq
p ), terminates at 1. Moreover,

G1
p “ γ

p

2
pGq and G2

p Ď γ
p

3
pGq. Consequently, we have a surjective homomorphism from

the mod-p Alexander invariant, BppGq “ G1
p{G2

p, to gr
p

2
pGq “ γ

p

2
pGq{γp

3
pGq.

Example 5.3. If G is abelian, then γ
p
npGq “ G

pn´1q
p “ Gpn´1

. For instance, if G “ Z “
xay, then γ

p
npGq “ xapn´1y – Z for all n ě 1. On the other hand, if G “ Zs

p is an

elementary p-abelian group, then γ
p
n pGq “ t1u for all n ě 2.

The associated graded Lie algebra, grppGq ≔ À
ně1 gr

p
npGq, with addition and Lie

bracket defined as before, can be viewed as a Lie algebra over the field Zp. The assign-

ment G { grppGq is functorial. The Lie algebra grppGq supports additional operations,

gr
p
npGq Ñ gr

p

n`1
pGq, which are induced by the p-th power map, g ÞÑ gp. As observed in

[4, §12], this Lie algebra is generated through Lie brackets and power operations by its

degree 1 piece, gr
p

1
pGq “ H1pG;Zpq.

Assume now that b
p

1
pGq “ dimZp

H1pG;Zpq is finite. By the observation we just made,

all homogeneous pieces of grppGq are also finite-dimensional. Hence, we may define the

mod-p LCS ranks of G by setting φ
p
npGq ≔ dimZp

gr
p
npGq and the mod-p Chen ranks as

θ
p
npGq ≔ dimZp

gr
p
npG{G2

pq. Clearly, φ
p
npGq ě θ

p
npGq for all n ě 1.

Finally, suppose G is finitely generated; a previous remark then gives dimZp
BppGq ě

φ
p

2
pGq. If b

p

2
pGq is also finite, work of Shalen and Wagreich [58] (see also Lackenby



ALEXANDER INVARIANTS AND JUMP LOCI IN GROUP EXTENSIONS 21

[35]) shows that φ
p

2
pGq ě

`
b

p

1
pGq

2

˘
` b

p

1
pGq ´ b

p

2
pGq. Putting these inequalities together

yields a lower bound on the dimension of the Zp-vector space BppGq, solely in terms of

the first two mod-p Betti numbers of G.

Example 5.4. If G is the fundamental group of a closed 3-manifold (assumed to be

orientable if p is odd), then Poincaré duality gives dimZp
BppGq ě

`
b

p

1
pGq

2

˘
. For G “

Z3 this is an equality, but in general the inequality is strict. For instance, if G is the

Heisenberg nilmanifold group of 3 ˆ 3 upper diagonal integral matrices with 1’s down

the diagonal, then b
p

1
pGq “ 2, yet BppGq “ Zp ‘ Zp.

Part II. Group extensions

6. Massey’s correspondence

We now switch our focus to group extensions. After a brief discussion of the mon-

odromy action of an extension 1 Ñ K Ñ G Ñ Q Ñ 1, we present a detailed overview of

Massey’s correspondence between the filtration of the Alexander invariant of K by pow-

ers of the augmentation ideal of Q and the lower central series of the maximal metabelian

quotient of G. Finally, we extend this correspondence to the rational and mod-p settings.

6.1. Monodromy action. We start with a quick review of group extensions; for more

on this topic, we refer to [8, Ch. IV] and [33, Ch. VI]. Consider a short exact sequence

of groups,

(38) 1 K G Q 1.
ι π

Let AutpKq be the group of right automorphisms of K, with group operation α ¨β “ β˝α.

Choosing a set-theoretic section of the projection map π, i.e., a function σ : Q Ñ G such

that π ˝ σ “ idQ, defines a function ϕ : Q Ñ AutpKq by setting ϕpxqpaq “ σpxqaσpxq´1

for x P Q and a P K.

In general, this function (which does depend on the choice of section) is not a homo-

morphism. Nevertheless, if we post-compose it with the projection from AutpKq to the

group OutpKq ≔ AutpKq{ InnpKq, the resulting map, ϕ̃ : Q Ñ OutpKq, is a group homo-

morphism, which does not depend on the choice of section used to define it. The map

sending and automorphism of K to the induced automorphism of Kab factors through a

homomorphism, υ : OutpKq Ñ AutpKabq. We call the composite υ ˝ ϕ̃ : Q Ñ AutpKabq
the monodromy representation of the extension (38).

Assume now that the extension (38) is split exact, i.e., there is a homomorphism

σ : Q Ñ G such that π ˝ σ “ idQ. In this case, the corresponding function, ϕ : Q Ñ
AutpKq, is a well-defined homomorphism. This approach realizes the group G as a split

extension, G “ K ¸ϕ Q. That is, G equals K ˆ Q as a set, and its group operation

can be expressed as px1, y1q ¨ px2, y2q “ px1ϕpy1qpx2q, y1y2q. In what follows, we will

identify the group Q with its image under the splitting, σpQq ď G, and thus view Q as

a subgroup of G; likewise, we will identify K with ιpKq, and thus view it as a normal
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subgroup of G. With these identifications, the action of Q on K is simply the restriction

of the conjugation action in G; that is, ϕpyqpxq “ yxy´1.

6.2. Massey’s correspondence. Suppose now that the normal subgroup KŸG from (38)

is abelian. In that case, Massey established in [41] a simple, yet very fruitful connection

between BpKq, the Alexander invariant of K and the lower central series of G{G2, the

maximal metabelian quotient of G. Since the original reference contains only sketches of

proofs, we provide complete details, which will also serve as a blueprint for the rational

and modular extensions of this correspondence that we will give below.

Since the group K is assumed to be abelian, the monodromy of the extension, ϕ “
υ ˝ ϕ̃ : Q Ñ AutpKq, is a well-defined homomorphism, which puts the structure of a

ZrQs-module on K. For a group G and a coefficient ring k, we denote by IkpGq the

augmentation ideal of krGs, that is, the kernel of the ring map ε : krGs Ñ k defined by

ε
`ř

ngg
˘

“
ř

ng.

Lemma 6.1 ([41]). Let 1 Ñ K Ñ G Ñ Q Ñ 1 be an extension of groups, and assume

K is abelian. Define a filtration tKnuně0 on K inductively, by setting K0 “ K and Kn`1 “
rG,Kns, and let I “ IZpQq. Then Kn “ In ¨ K for all n ě 0.

Proof. We write the group operation in K multiplicatively when viewing it as a subgroup

of G, and additively when viewing it as a ZrQs-module. Fix a set-section σ : Q Ñ G of

the projection π : G Ñ Q, and let ϕ : Q Ñ AutpKq be the corresponding monodromy.

An element h P Q then acts on K by sending an element k P K to h ¨ k “ ϕphqpkq “
gkg´1 P K, where g “ σphq P G.

The claim is now proved by induction on n, with the base case n “ 0 being obvious. So

assume Kn “ InK. Consider a commutator gkg´1k´1 P Kn`1 “ rG,Kns with g P G and

k P Kn. In view of the above observations, such a commutator corresponds in one-to-one

fashion to the element ph ´ 1q ¨ k P IKn, where h “ πpgq. By the induction hypothesis,

IKn “ In`1K; thus, Kn`1 “ In`1K, and we are done. �

Theorem 6.2 ([41]). Let G be a group, and let I “ IZpGabq. Then InBpGq “ γn`2pG{G2q,

for all n ě 0.

Proof. Consider the extension 1 Ñ G1{G2 Ñ G{G2 Ñ G{G1 Ñ 1 from (7), and recall

that the Alexander invariant BpGq is the (abelian) group G1{G2, viewed as a module over

ZrGabs. Let tpG1{G2qnuně0 be the filtration of the subgroup K “ G1{G2 defined in Lemma

6.1; the lemma then gives pG1{G2qn “ InBpGq for all n ě 0.

It remains to show that pG1{G2qn “ γn`2pG{G2q for all n ě 0. (Note that γn`2pG{G2q
is a subgroup of γ2pG{G2q “ G1{G2, and thus is an abelian group.) We prove this claim

by induction, with the base case n “ 0 clearly holding. For the induction step, we have

that pG1{G2qn`1 “ rG, pG1{G2qns “ rG, γn`2pG{G2qs “ γn`3pG{G2q, and the proof is

complete. �
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6.3. Completion and associated graded of BpGq. Recall that the ring R “ ZrGabs ad-

mits a filtration by powers of the augmentation ideal I “ IZpGabq. Let pR “ limÐÝ R{In be

the completion of R with respect to this filtration, and let grpRq “ grppRq “ À
ně0 In{In`1

be the associated graded object. Both pR and grpRq acquire in a natural way a ring struc-

ture, which is compatible with the filtration, respectively, the grading.

Let pB “ limÐÝ B{InB be the I-adic completion of the Alexander invariant B “ BpGq,

viewed as a module over pR, and let grppBq “ grpBq be the associated graded object, viewed

as a (graded) module over grpRq. As such, grpBq is generated by its degree 0 piece,

B{IB. It follows from Theorem 6.2 that the grpRq-generators of grpBq correspond to a

generating set for gr2pGq; moreover, the theorem has the following immediate corollary.

Corollary 6.3 ([41]). grnpBpGqq – grn`2pG{G2q, for all n ě 0.

Now suppose that b1pGq ă 8. Then grpBpGq b Qq is a finitely generated graded

module over the graded ring grpQrGabsq. Let θnpGq “ dimQ grpG{G2q b Q be the Chen

ranks of G, starting with θ1pGq “ b1pGq. As a consequence of Corollary 6.3, the Hilbert

series of the rationalization of grpBpGqq determines the Chen ranks of G, as follows,

(39) HilbpgrpBpGq b Qq, tq “
ÿ

ně0

θn`2pGqtn.

Let α : G Ñ H be a group homomorphism. Recall from §2.4 that α induces a map

of modules, Bpαq : BpGq Ñ BpHq, which covers the ring map α̃ab : R Ñ S , where

S “ ZrHabs. Clearly, the map Bpαq preserves I-adic filtrations, and thus induces a

morphism zBpαq : zBpGq Ñ zBpHq which covers the ring map ˆ̃αab : pR Ñ pS . Passing to

associated graded objects, we obtain the morphism grpBpαqq : grpBpGqq Ñ grpBpHqq,

which covers the ring map grpα̃abq : grpRq Ñ grpS q. For future reference, we record a

fact regarding this last map.

Lemma 6.4. Suppose Hab is finitely generated and the map αab : Gab Ñ Hab is injective.

Then the map grpα̃abq : grpRq Ñ grpS q is also injective.

Proof. Our assumptions imply that Gab is also finitely generated. Letting r and s denote

the minimum number of generators of Gab and Hab, respectively, the map αab lifts to an

injective Z-linear map, Zr Ñ Zs, given by multiplication with a matrix M.

The ring grpRq can be described as the quotient of the polynomial ring Zrx1, . . . , xrs
by a monomial ideal determined by TorspGabq, and likewise for grpS q. The ring map

grpα̃abq : grpRq Ñ grpS q lifts to a map between polynomial rings, µ : Zrx1, . . . , xrs Ñ
Zry1, . . . , yss, which may be identified with the linear change of variables defined by M.

Clearly, the map µ is injective, and thus the map grpα̃abq is also injective. �

6.4. A rational Massey correspondence. The next two results are rational analogues of

Massey’s correspondence. Both the statements and the proofs are similar to the integral

case, though they do require some modifications, which we record below.
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Lemma 6.5. Let 1 Ñ K Ñ G Ñ Q Ñ 1 be an extension of groups, and assume

K is abelian. Define a filtration tKQ

n uně0 on K inductively, by setting KQ

0
“ K and

KQ

n`1
“
a

rG,KQ

n s, and let I “ IQpQq. Then KQ

n b Q “ In ¨pK b Qq for all n ě 0.

Proof. Recall that the action of h P Q on k P K is given by h ¨ k “ gkg´1, where

g “ σphq P G. By definition, an element x P K belongs to
a

rG,Ks if there is an

integer m ą 0 such that xm can be written as a product of commutators of the form

gkg´1k´1 P rG,Ks. Viewing now the Q-vector space
a

rG,Ks b Q as a module over

QrQs, the element x corresponds to a sum of elements of the form 1
m

ph´1q¨k P I ¨pKbQq.

This shows that
a

rG,Ks b Q “ I ¨ pK b Qq, proving the claim for n “ 1. The general

case follows by induction on n, as in the proof of Lemma 6.1. �

Theorem 6.6. Let G be a group and let I “ IQpGabfq. Then InpBQpGqbQq “ γQ
n`2

pG{G2
Q
qb

Q, for all n ě 0.

Proof. Consider the extension 1 Ñ G1
Q
{G2

Q
Ñ G{G2

Q
Ñ G{G1

Q
Ñ 1 from (19), and recall

that the rational Alexander invariant BQpGq is equal to G1
Q
{G2

Q
, viewed as a module over

ZrGabfs. Let tpG1
Q
{G2

Q
qQnuně0 be the filtration on G1

Q
{G2

Q
defined in Lemma 6.5; the lemma

then gives pG1
Q
{G2

Q
qQn b Q “ In ¨pBQpGq b Qq for all n ě 0.

To complete the proof, we show by induction that pG1
Q
{G2

Q
qQn “ γ

Q

n`2
pG{G2

Q
q for all

n ě 0. (Note that γQ
n`2

pG{G2
Q
q is a subgroup of γQ

2
pG{G2

Q
q “ G1

Q
{G2

Q
, and thus is a

torsion-free abelian group.) The base case n “ 0 is immediate. For the induction step,

we have that

pG1
Q
{G2

Q
qQ

n`1
“
b“

G, pG1
Q{G2

QqQn
‰

“
b“

G, γQ
n`2

pG{G2
Qq
‰

“ γQ
n`3

pG{G2
Q
q ,

and we are done. �

Corollary 6.7. grnpBQpGq b Qq – grn`2pG{G2
Q
q b Q, for all n ě 0.

Proof. Follows from Theorem 6.6 by taking associated graded groups with respect to the

I-adic filtration on BQpGq b Q and the γQpG{G2
Q
q filtration on G{G2

Q
, respectively. �

Corollary 6.8. If b1pGq ă 8, then, for all n ě 2,

θnpGq “ θQnpGq “ dimQ grn´2pBpGq b Qq “ dimQ grn´2pBQpGq b Qq.
Proof. The first equality follows from Corollary 5.2. By formula (39) we have θnpGq “
dimQ grn´2pBpGq bQq, while by Corollary 6.7 we have θQnpGq “ dimQ grn´2pBQpGq bQq
for all n ě 2. �

6.5. An isomorphism between completions. Set R0 “ ZrGabfs and I0 “ IZpGabfq. Let
pR0 be the completion of R0 with respect to the I0-adic filtration, and let xBQ be the I0-adic

completion of the rational Alexander invariant BQ “ BQpGq, viewed as a module over pR0.

The projection map ν : Gab ։ Gabf induces a surjective ring map, ν̃ : R ։ R0. By

Proposition 3.5, the inclusion G1
ãÑ G1

Q
induces a ν̃-morphism, κ : B Ñ BQ, which be-

comes a surjection upon tensoring with Q, but not necessarily an isomorphism. The next
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proposition shows that, upon completion, the map κ b Q does become an isomorphism.

This result overlaps with [20, Proposition 2.4], which is both slightly more general (in

that it replaces G1
Q

with an arbitrary subgroup H ď G containing G1 as a finite-index

normal subgroup), and less general (in that it assumes G to be finitely generated, which

we don’t). Our proof, though, is very much different.

Theorem 6.9. Let G be a group with b1pGq ă 8. Then the map κ : BpGq Ñ BQpGq
yields

(1) An isomorphism κ̂ b Q : {BpGq b Q »ÝÑ {BQpGq b Q of filtered modules covering

the filtered ring map p̃ν b Q : pR b Q։ pR0 b Q.

(2) An isomorphism grpκq bQ : grpBpGq bQq »ÝÑ grpBQpGq bQq covering the map

of graded rings grpν̃q : grpRq b Q։ grpR0q b Q.

Proof. The ring epimorphism ν̃ : R ։ R0 preserves augmentation ideals; therefore, it

induces a filtration-preserving ring map, p̃ν : pR ։ pR0. Likewise, the map κ : B Ñ BQ is

compatible with the I-adic and I0-adic filtrations in source and target, and thus induces a

filtration-preserving p̃ν-morphism on completions, κ̂ : pB Ñ xBQ.
This morphism induces a morphism between the corresponding associated graded

modules, grpκq : grpBq Ñ grpBQq, covering the ring map grpν̃q : grpRq Ñ grpR0q. On the

other hand, we have by Proposition 5.1 a morphism of graded Lie algebras, Φ : grpGq Ñ
grQpGq, which induces an isomorphism Φb Q : grpGq b QÑ grQpGq b Q.

For each n ě 0 we have a commuting diagram,

(40)

grnpBpGq b Qq grnpBQpGq b Qq

grn`2pGq b Q grQ
n`2

pGq b Q ,

grnpκqbQ

– –

Φn`2bQ

–

where the vertical arrows are the isomorphisms provided by Corollaries 6.3 and 6.7. It

follows that the top arrow is an isomorphism, for each n ě 0, Hence, the map grpκq b
Q : grpB b Qq Ñ grpBQ b Qq is an isomorphism. A standard argument (see e.g. [72,

Lemma 2.4]) now implies that the map κ̂ b Q : {B b Q Ñ {BQ b Q is an isomorphism,

too. �

Remark 6.10. Setting r “ b1pGq and picking a generating set t1, . . . , tr for Gabf allows us

to identify the ring ZrGabfs with the ring of Laurent polynomials Zrt˘1
1
, . . . , t˘1

r s and the

ring grpZrGabfsq with the polynomial ring Zrx1, . . . , xrs, where xi corresponds to ti ´ 1.

This permits direct computation of the Hilbert series of grpBpGq bQq – grpBQpGq bQq,

and thus of the Chen ranks θnpGq “ θQnpGq, too, via standard methods of commutative

algebra, based on the use of Gröbner bases. We refer to [17, 61, 16, 71] for detailed

explanations and examples on how this algorithm works in various settings.
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6.6. A modular Massey correspondence. For the rest of this section, we fix a prime p.

The next two results are mod-p analogues of Massey’s correspondence.

Lemma 6.11. Let 1 Ñ K Ñ G Ñ Q Ñ 1 be an extension of groups, and assume K is

an elementary abelian p-group. Define a filtration tKnuně0 on K inductively, by setting

K0 “ K and Kn`1 “ rG,Kns, and let I “ IZp
pH1pQ;Zpqq. Then Kn “ In ¨K for all n ě 0.

Proof. By assumption, K is the underlying additive group of a Zp-vector space. Thus,

the monodromy action of the extension defines the structure of a ZprH1pQ;Zpqs-module

on K. The proof now proceeds as in the proof for Lemma 6.1. �

Theorem 6.12. Let G be a group, and let I “ IZp
pH1pG;Zpqq. Then InBppGq “ γ

p

n`2
pG{G2

pq,

for all n ě 0.

Proof. Consider the extension 1 Ñ G1
p{G2

p Ñ G{G2
p Ñ G{G1

p Ñ 1 from (26), and recall

that the mod-p Alexander invariant BppGq is equal to G1
p{G2

p, an elementary abelian

p-group. Using now Lemma 6.11, the conclusion follows as in the proof of Theorem

6.2. �

Finally, assume that dimZp
H1pG;Zpq is finite, and let θ

p
n pGq “ dimZp

gr
p
npG{G2

pq be

the mod-p Chen ranks of G. Also let S “ grpZprH1pG;Zpqsq be the associated graded

ring with respect to the I-adic filtration on ZprH1pG;Zpqs, and let grpBppGqq be the asso-

ciated graded S -module with respect to the I-adic filtration on BppGq. As a corollary to

Theorem 6.12, we obtain the following formula relating the Hilbert series of this graded

module to the generating series for the mod-p Chen ranks of G:

(41) HilbpgrpBppGqq, tq “
ÿ

ně0

θ
p

n`2
pGqtn .

7. Split extensions and lower central series

In this section we restrict our attention to split extensions, G “ K ¸ϕ Q, and discuss

the relationship between the lower central series and the associated graded Lie algebras

of the factors and those of the extension.

7.1. A generalized Falk–Randell theorem. We start with a recent result of Guaschi

and Pereira [30], which expresses the lower central series of a split extension in terms of

the lower central series of the factors, as well as the extension data.

Theorem 7.1 ([30]). Let G “ K¸ϕQ be a split extension of groups. For each n ě 1 there

is a split extension, γnpGq “ Ln ¸ϕ γnpQq, where L1 “ K and Ln ď K is the subgroup

generated by rK, Ln´1s, rK, γn´1pQqs, and rLn´1,Qs.
In [66] we give a more streamlined proof of this theorem, which exploits the fact

(proved there) that the series L “ tLnuně1 is an N-series for the group K.

Following Falk and Randell [29], we say that a split extension G “ K ¸ϕ Q is an

almost direct product if Q acts trivially on Kab “ H1pK;Zq. This condition is equivalent
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to ϕpxqpaq ¨ a´1 P K1, for all x P Q and a P K. Viewing K and Q as subgroups of G

as explained in §6.1, the condition can be written as rK,Qs Ď γ2pKq. As shown in [6,

Proposition 6.3], the property of being an almost direct product does not depend on the

choice of a splitting for the extension.

When Q acts trivially on Kab, we prove in [66] that Ln “ γnpKq. In view of Theorem

7.1, this recovers the following well-known result of Falk and Randell [29].

Theorem 7.2 ([29]). Suppose G “ K ¸ϕ Q is an almost direct product of groups. Then,

(1) γnpGq “ γnpKq ¸ϕ γnpQq, for all n ě 1.

(2) grpGq “ grpKq ¸ϕ̄ grpQq.

Under additional assumptions, we have the following corollary, which will be needed

in the proof of Theorem 8.7.

Corollary 7.3. Let G “ K ¸ϕ Q be an almost direct product, and assume Q is abelian.

Then,

(1) γnpKq “ γnpGq for all n ě 2 and grě2pKq “ grě2pGq.

(2) If, moreover, b1pGq ă 8, then φnpKq “ φnpGq for all n ě 2.

Proof. Since Q is abelian, we have that γnpKq “ t1u for all n ě 2. Thus, gr1pQq “ Q

and grě2pQq “ 0. The first claim now follows from Theorem 7.2.

By part (1), we have that grnpKq b Q – grnpGq b Q for n ě 2. Since b1pGq ă 8,

the discussion from §5.1 shows that all these vector spaces are finite-dimensional. The

second claim now follows from the definition (33) of the LCS ranks. �

7.2. A rational Falk–Randell theorem. Returning to the general case of a split ex-

tension, G “ K ¸ϕ Q, we exploit in [66] the fact that the sequence of subgroups

L “ tLnuně1 defined above is an N-series for K in order to show (using [42]) that the

series
?

L “ t
?

Lnuně1 is also an N-series for K. Building on this observation, and adapt-

ing the method of proof of Theorems 7.1 and 7.2 to this situation, we establish in [66]

rational versions of the aforementioned results, as follows.

Theorem 7.4 ([66]). Let G “ K ¸ϕ Q be a split extension of groups. For each n ě 1,

there is then a split extension, γQnpGq “
?

Ln ¸ϕ γ
Q

npQq.

Theorem 7.5 ([66]). Let G “ K ¸ϕ Q be a split extension, and assume Q acts trivially

on Kabf . Then
?

L “ γQpKq, and

(1) γQnpGq “ γQnpKq ¸ϕ γ
Q

npQq, for all n ě 1.

(2) grQpGq “ grQpKq ¸ϕ̄ grQpQq.

Under additional assumptions, we have the following corollary, which will be needed

in the proof of Theorem 9.8.

Corollary 7.6. Let G “ K ¸ϕ Q be a split extension. Assume Q is torsion-free abelian

and acts trivially on Kabf . Then,
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(1) γQnpKq “ γQnpGq for all n ě 2 and grQě2
pKq “ grQě2

pGq.

(2) If, moreover, b1pGq ă 8, then φnpKq “ φnpGq for all n ě 2.

Proof. Since Q is torsion-free abelian, γQ
2
pQq “ t1u, and so γQnpQq “ t1u for all n ě 2.

The first claim now follows from Theorem 7.5.

Next, assume that b1pGq ă 8. Then, by the discussion in §5.2, all the graded pieces

of grQpGq b Q are finite-dimensional. Moreover, by Corollary 5.2, φnpGq “ φQnpGq “
dimQ grQnpGq b Q, and the second claim now follows from the first one. �

7.3. A mod-p Falk–Randell theorem. Finally, we also prove in [66] mod-p versions

of the above theorems, recovering in the process a result of Bellingeri and Gervais from

[5]. Given a split extension of groups, G “ K ¸ϕ Q, and a prime p, we define a sequence

of subgroups of K, denoted
 

L
p
n

(
ně1

, by setting L
p

1
“ K and letting

(42) L
p

n`1
“
@`

Lpn
˘p
,
“
K, Lpn

‰
,
“
K, γpnpQq

‰
,
“
Lpn,Q

‰D
.

Clearly, the series Lp “
 

L
p
n

(
ně1

is a p-torsion series, in the sense that
`
L
p
n

˘p Ď L
p

n`1
for

all n ě 1. Moreover, we show in [66] that this is an N-series for K.

Theorem 7.7 ([66]). Let G “ K ¸ϕ Q be a split extension of groups and let p be a prime.

For each n ě 1, there is then a split extension, γ
p
npGq “ L

p
n ¸ϕ γ

p
npQq.

When Q acts trivially on H1pK;Zpq, we show in [66] that Lp “ γppKq. The next result

(originally proved in [5]) then follows from Theorem 7.7.

Theorem 7.8 ([5]). Let G “ K ¸ϕ Q be a split extension, and assume Q acts trivially on

H1pK;Zpq. Then,

(1) γ
p
npGq “ γ

p
n pKq ¸ϕ γ

p
npQq, for all n ě 1.

(2) grppGq “ grppKq ¸ϕ̄ grppQq.

Under additional assumptions, we have the following corollary, which will be needed

in the proof of Theorem 10.4.

Corollary 7.9. Let G “ K¸ϕQ be a split extension of groups. Assume Q is an elementary

abelian p-group which acts trivially on H1pK;Zpq. Then,

(1) γ
p
npKq “ γ

p
npGq for all n ě 2 and gr

p

ě2
pKq “ gr

p

ě2
pGq.

(2) If, moreover, b
p

1
pGq ă 8, then φ

p
npKq “ φ

p
npGq for all n ě 2.

Proof. Since Q is an elementary abelian p-group, Example 5.3 shows that γ
p
npQq “ t1u

for all n ě 2. The first claim now follows from Theorem 7.8.

Next, assume that b
p

1
pGq ă 8. Then, by the discussion from §5.3, all the graded pieces

of grppGq are finite-dimensional Zp-vector spaces. Recalling that φ
p
npGq “ dimZp

gr
p
npGq,

the second claim now follows from claim (1). �
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8. Ab-exact sequences

We now return to the general setting of not necessarily split extensions, and extend the

notion of almost direct product to this broader context. For the resulting extensions, we

prove one of our main results, which relates the Alexander invariant of a normal subgroup

K Ÿ G to that of G, under suitable assumptions on the quotient group, Q “ G{K.

8.1. Ab-exact sequences. A useful tool in the homological study of group extensions is

the 5-term exact sequence of Stallings [59] (see also [33, Ch. VI]). Given an extension

such as (38), there is an associated exact sequence,

(43) H2pG;Zq H2pQ;Zq H1pK;ZqQ H1pG;Zq H1pQ;Zq 0 ,
π˚ δ ι˚ π˚

where H1pK;ZqQ “ K{rG,Ks denotes the coinvariants under the action of Q on Kab

described in §6.1. When this action is trivial, the group in the middle coincides with

H1pK;Zq.

Lemma 8.1. For a group extension, 1 K G Q 1,
ι π

the following two

conditions are equivalent.

(1) The group Q acts trivially on Kab and the map δ : H2pQ;Zq Ñ H1pK;Zq is zero.

(2) The sequence 0 Kab Gab Qab 0
ιab πab

is exact.

Proof. The implication (1) ñ (2) follows at once from Stallings’ exact sequence (43).

For the reverse implication, recall that the monodromy of the extension, ϕ : Q Ñ
AutpKabq, is given by ϕpxqpaq “ σpxqaσpxq´1, for some choice of set-theoretic section

σ : Q Ñ G. Conjugation by any element of G acts trivially on Gab. On the other hand,

our assumption guarantees that Kab injects into Gab. Hence, conjugation by an element

of G also acts trivially on Kab. The vanishing of the connecting homomorphism δ now

follows from the injectivity of ιab “ ι˚. �

Following [19], we say that a sequence 1 Ñ K Ñ G Ñ Q Ñ 1 is ab-exact if any one

of the two equivalent conditions of Lemma 8.1 is satisfied.

Remark 8.2. Suppose the extension is central, i.e, K lies in the center of G. Then

Q acts trivially on K “ Kab, and the connecting homomorphism δ : H2pQ;Zq Ñ K

corresponds via the universal coefficients theorem to the cohomology class δ̄ P H2pQ; Kq
that classifies the central extension. Consequently, if a central extension is non-trivial,

then the map δ is not zero, and so the extension is not ab-exact. For instance, if G is the

Heisenberg group from Example 5.4, then G “ F2{γ3F2, and so G is a central extension

of Gab – Z2 by G1 – Z, with extension class δ̄ a generator of H2pZ2;Zq “ Z.

Next, we give an example of a non-central, non-split, ab-exact extension. We thank

Thomas Koberda for help with finding this example.
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Example 8.3. Consider the 2-step nilpotent group G “ xa, b, x, y, z | rx, ys “ ra, bs “
z, rx, as “ rx, bs “ ry, as “ ry, bs “ rx, zs “ ry, zs “ ra, zs “ rb, zs “ 1y. We then

have a short exact sequence, 1 Ñ K Ñ G Ñ Z2 Ñ 1, where K “ xx, y, z | rx, ys “
z, rx, zs “ ry, zs “ 1y is the Heisenberg group. It is readily seen that this is a central, non-

split extension. Moreover, H2pZ2q “
Ź2
Z2 “ Z, generated by a ^ b, and H1pKq “ Z2,

generated by x, y; thus, the map δ is equal to zero.

For split exact sequences, we have the following criterion for determining ab-exactness.

Proposition 8.4. A split exact sequence 1 Ñ K Ñ G Ñ Q Ñ 1 is ab-exact if and only

if Q acts trivially on Kab; that is, G “ K ¸ Q is an almost direct product.

Proof. The forward implication follows at once from Lemma 8.1, part (1). For the back-

wards implication, Theorem 7.2, part (2) yields a (split) exact sequence of abelian groups,

0 Ñ gr1pKq Ñ gr1pGq Ñ gr1pQq Ñ 0, and this sequence clearly coincides with the one

from Lemma 8.1, part (2). �

It is easy to build split extensions which are not ab-exact; the fundamental group of

the Klein bottle, G “ xt, a | tat´1 “ a´1y, is of this sort. Here is a construction that

produces a large class of extensions which are both split exact and ab-exact.

Example 8.5. Let GΓ “ xv P V | rv,ws “ 1 if tv,wu P Ey be the right-angled Artin

group associated to a finite (simple) graph Γ on vertex set V and edge set E. To avoid

trivialities, we will always assume that |V| ą 1. Consider the homomorphism π : GΓ ։ Z

that sends each generator v P V to 1 P Z, and let NΓ “ kerpπq be the corresponding

Bestvina–Brady group. We then have a split exact sequence,

(44) 1 NΓ GΓ Z 1.
ι π

As shown in [7], the group NΓ is finitely generated if and only if Γ is connected; likewise,

NΓ is finitely presented if and only if the flag complex ∆Γ is simply connected. Further-

more, as shown in [47, Proposition 5.3], if Γ is connected, then the group Z acts trivially

on H1pNΓ;Zq, and so this sequence is ab-exact.

8.2. Ab-exact sequences and Alexander invariants. We now relate the Alexander in-

variant and the derived subalgebra of the associated graded Lie algebra of a group G with

those of a normal subgroup K ŸG, provided the quotient group Q “ G{K is abelian, and

the resulting extension is ab-exact. We start with a lemma.

Lemma 8.6. If 1 K G Q 1
ι π

is an ab-exact sequence, then its restric-

tion to derived subgroups, 1 K1 G1 Q1 1
ι1 π1

, is an exact sequence.

Proof. Follows from the exactness of the sequence 0 Kab Gab Qab 0
ιab πab

and the Nine Lemma in the category of groups. �
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For a homomorphism ψ : G Ñ H, we let ψ̄ : G{G2 Ñ H{H2 be the induced homo-

morphism on maximal metabelian quotients.

Theorem 8.7. Let 1 K G Q 1
ι π

be an ab-exact sequence. Assuming

Q is abelian, the following hold.

(1) The inclusion ι : K ãÑ G restricts to an equality, K1 “ G1.

(2) The induced map on Alexander invariants, Bpιq : BpKq Ñ BpGq, gives rise to a

ZrKabs-linear isomorphism, BpKq Ñ BpGqι.
(3) The sequence 1 K{K2 G{G2 Q 1

ῑ π̄
is also ab-exact.

(4) If, moreover, Gab is finitely generated, then θnpKq ď θnpGq for all n ě 1.

Proof. (1) By Lemma 8.6, we have an exact sequence, 1 K1 G1 Q1 1
ι1 π1

.

But Q1 “ t1u by assumption, and so K1 “ G1.

(2) Since K1 “ G1, we must also have pK1q1 “ pG1q1. Hence, K1{K2 “ G1{G2, showing

that the map BpKq Ñ BpGqι is indeed a ZrKabs-linear isomorphism.

(3) As we just saw, K2 “ G2; hence, the map ῑ is injective, and so the sequence

in question is exact. Under the identifications pK{K2qab “ Kab, pG{G2qab “ Gab, and

Qab “ Q, the maps ῑab and π̄ab coincide with ιab and πab, respectively, and the claim

follows.

(4) By our ab-exactness assumption, the homomorphism ιab : Kab Ñ Gab is injective;

therefore, θ1pKq ď θ1pGq and ι̃ab is also injective. It follows from part (2) that the map

Bpιq : BpKq Ñ BpGq factors as an isomorphism of ZrKabs-modules, BpKq »ÝÑ BpGqι,
followed by the identity map of BpGq, viewed as covering the ring map ι̃ab.

Passing now to associated graded modules, the morphism grpBpιqq : grpBpKqq Ñ
grpBpGqq factors as an isomorphism of grpZrKabsq-modules, followed by the identity

map of grpBpGqq, viewed as covering the ring map grpι̃abq. By Lemma 6.4, grpι̃abq is in-

jective; therefore, grpBpιqq is also injective, and so the rank of grnpBpKqq is less or equal

to the rank of grnpBpGqq for n ě 0. It now follows from formula (39) that θnpKq ď θnpGq
for n ě 2, and we are done. �

When the above ab-exact sequence is also split exact, more can be said.

Corollary 8.8. Let 1 K G Q 1
ι π

be a split exact and ab-exact se-

quence, and assume Q is abelian. Then

(1) The map ι induces isomorphisms of graded Lie algebras, grě2pKq »ÝÑ grě2pGq
and grě2pK{K2q »ÝÑ grě2pG{G2q.

(2) If, moreover, b1pGq ă 8, then φnpKq “ φnpGq and θnpKq “ θnpGq for all n ě 2.

Proof. Let σ : Q Ñ G be a splitting of π. By Theorem 8.7, part (3), the extension 1 Ñ
K{K2 Ñ G{G2 Ñ Q Ñ 1 is ab-exact; it is also split exact, with splitting obtained by

composing the projection G Ñ G{G2 with σ. Thus, by Proposition 8.4, both extensions
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are almost direct products. Since Q is assumed to be abelian, both claims now follow

from Corollary 7.3. �

Remark 8.9. For extensions of the form 1 Ñ NΓ Ñ GΓ Ñ Z Ñ 1, with GΓ the right-

angled Artin group and NΓ the Bestvina–Brady group associated to a finite connected

graph Γ as in Example 8.5, Theorem 8.7, parts (1)–(3) and Corollary 8.8 recover Propo-

sitions 4.2 and 5.4 and Theorem 5.6 from [47].

9. Abf-exact sequences

In this section we give analogues of the above results for the rational lower central

series, the rational derived series, and the rational Alexander invariant.

9.1. Abf-exact sequences. We start with a lemma/definition, the proof of which is ex-

actly similar to that of Lemma 8.1.

Lemma 9.1. For an exact sequence 1 K G Q 1,
ι π

the following two

conditions are equivalent.

(1) The group Q acts trivially on Kabf and the composite δ0 : H2pQ;Zq δÝÑ H1pK;Zq։
H1pK;Zq{ Tors is zero.

(2) The sequence 0 Kabf Gabf Qabf 0
ιabf πabf

is exact.

We say that the above sequence is abf-exact if any one of those two conditions is

satisfied. Evidently, ab-exactness implies abf-exactness, though the converse is not true,

as illustrated by the infinite dihedral group, D8 “ Z2 ¸ Z.

Let δQ : H2pQ;Qq Ñ H1pK;Qq be the connecting homomorphism in the 5-term exact

sequence (43) with Q-coefficients. In the case when Kab has finite rank, we have the

following, more convenient criterion for abf-exactness.

Lemma 9.2. Let 1 Ñ K Ñ G Ñ Q Ñ 1 be a group extension, and suppose Kabf

is finitely generated. Then the extension is abf-exact if and only if Q acts trivially on

H1pK;Qq and the map δQ : H2pQ;Qq Ñ H1pK;Qq is zero.

Proof. First note that H1pK;Qq “ Kabf b Q and the action of Q on H1pK;Qq is obtained

by extension of scalars from the action of Q on Kabf . Likewise, the map δQ is obtained

by extension of scalars from δ0. The forward implication follows at once (for any K).

For the reverse implication, note that our assumption on Kabf implies that this group is

a (maximal rank) lattice in the finite-dimensional Q-vector space H1pK;Qq “ Kabf b Q.

Thus, if Q acts trivially on H1pK;Qq, it must also act trivially on Kabf , and likewise, if

δQ “ 0, then δ0 “ 0. �

Without the finite generation assumption on Kabf , the triviality of the action of Q on

H1pK;Qq does not insure triviality of the action on Kabf . We illustrate this phenomenon

with an example.
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Example 9.3. For each n ě 2, let G “ BSp1, nq be the metabelian Baumslag–Solitar

group with presentation G “ xt, a | tat´1 “ any. In the extension 1 Ñ G1 Ñ G Ñ Gab Ñ
1, the abelianization is isomorphic to Z, generated by the image of t, while the derived

subgroup is isomorphic to Zr1{ns, normally generated by a. Thus, the extension is split

exact, with monodromy given by a ÞÑ an. Clearly, Z acts trivially on Zr1{ns b Q “ Q,

though it acts non-trivially on the torsion-free, yet non-finitely generated abelian group

pG1qabf “ Zr1{ns.

Nevertheless, we have the following criteria that insure abf-exactness of a split exact

sequence.

Proposition 9.4. Let 1 Ñ K Ñ G Ñ Q Ñ 1 be a split exact sequence.

(1) The sequence is abf-exact if and only if Q acts trivially on Kabf .

(2) If Kabf is finitely generated, then the sequence is abf-exact if and only if Q acts

trivially on H1pK;Qq.

Proof. The proof of the first claim is similar to the one of Proposition 8.4, using Theorem

7.5, part (2), instead. The second claim now follows from Lemma 9.2. �

We call semidirect products G “ K¸ϕQ that satisfy condition (1) from above, rational

almost-direct products. Clearly, any split extension G “ K ¸ Q with K finite is of this

type. Using Proposition 5.1 and Theorem 7.5, we obtain the following corollary.

Corollary 9.5. Let G “ K ¸ϕ Q be a split extension such that Kabf is finitely generated

and Q acts trivially on H1pK;Qq. Then grpGq b Q “ grpKq b Q¸ϕ̄ grpQq b Q.

Example 9.6. Let Γ be a connected, finite simple graph, and let χ : GΓ ։ Z be an arbi-

trary epimorphism. The subgroup Nχ ≔ kerpχq is called an Artin kernel; it generalizes

the Bestvina–Brady construction, and fits into a split exact sequence,

(45) 1 Nχ GΓ Z 1.
ι χ

Suppose Z acts trivially on H1pNχ;Qq. Then, as shown in [48, Lemma 9.1(1)], the group

Nχ is finitely generated; thus, by Proposition 9.4, part (2), the above sequence is abf-

exact. As shown in [48, Lemma 9.1(3)], the group Z also acts trivially on H1pNχ;Zq, and

so the sequence (45) is actually ab-exact. Applying Corollary 8.8 in this setting recovers

Proposition 9.2 from [48].

As we just saw, for extensions of type (45), there is no difference between ab-exactness

and abf-exactness. In general, though the two concepts are different, even when the group

K is torsion-free. An example is provided by G “ K ¸ Z with K “ xt, a | tat´1 “ a´1y
and Z “ xuy acting by utu´1 “ ta and uau´1 “ a, which is a rational almost direct

product, but not an almost direct product.
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9.2. Abf-exact sequences and Alexander invariants. We now relate the rational Alexan-

der invariant and the derived rational associated graded Lie algebra of a group G to those

of a normal subgroup K Ÿ G, provided the quotient group Q “ G{K is torsion-free

abelian and the resulting extension is abf-exact. We start with a lemma, whose proof is

similar to that of Lemma 8.6.

Lemma 9.7. If 1 K G Q 1
ι π

is an abf-exact sequence, then its restric-

tion to Q-derived subgroups, 1 K1
Q

G1
Q

Q1
Q

1
ι1 π1

, is an exact sequence.

Theorem 9.8. Let 1 K G Q 1
ι π

be an abf-exact sequence, and as-

sume Q is a torsion-free abelian group. Then,

(1) The inclusion ι : K ãÑ G restricts to an equality K1
Q

“ G1
Q
.

(2) The induced map on rational Alexander invariants, BQpιq : BQpKq Ñ BQpGq,

gives rise to a ZrKabfs-linear isomorphism, BQpKq Ñ BQpGqι.
(3) The sequence 1 K{K2

Q
G{G2

Q
Q 0

ῑ π̄
is also abf-exact.

(4) If, moreover, Gabf is finitely generated, then θnpKq ď θnpGq for all n ě 1.

Proof. (1) By Lemma 9.7, we have an exact sequence, 1 K1
Q

G1
Q

Q1
Q

1.
ι1 π1

But Q1
Q

“ t1u by assumption, and so K1
Q

“ G1
Q
.

(2) It follows that K2
Q

“ G2
Q
, too, and so K1

Q
{K2

Q
“ G1

Q
{G2

Q
, whence the claim.

(3) As we just saw, K2
Q

“ G2
Q
; hence, the map ῑ is injective, and so the sequence in

question is exact. Under the identifications pK{K2
Q
qabf “ Kabf and pG{G2

Q
qabf “ Gabf , the

map ῑabf coincides with ιabf , and the claim follows.

(4) By assumption, the map ιabf : Kabf Ñ Gabf is injective; therefore, its extension to

group rings, ι̃abf : ZrKabfs Ñ ZrGabfs, is also injective, and θ1pKq ď θ1pGq. It follows

from part (2) that the map BQpιq : BQpKq Ñ BQpGq factors as an isomorphism of ZrKabfs-
modules, BQpKq »ÝÑ BQpGqι, followed by the identity map of BQpGq, viewed as covering

the ring map ι̃abf . Hence, the morphism grpBQpιqq : grpBQpKqq Ñ grpBQpGqq factors

as an isomorphism of grpZrKabfsq-modules, followed by the identity map of grpBQpGqq,

viewed as covering the ring map grpι̃abfq. The proof of Lemma 6.4 shows that grpι̃abfq
is injective; therefore, grpBQpιqq is also injective. It now follows from Corollary 6.8 that

θnpKq ď θnpGq for n ě 2, and we are done. �

When the above abf-exact sequence is also split exact, more can be said.

Corollary 9.9. Let 1 K G Q 1
ι π

be a split exact and abf-exact se-

quence, and assume Q is torsion-free abelian. Then

(1) The map ι induces isomorphisms of graded Lie algebras, grQě2
pKq »ÝÑ grQě2

pGq
and grQě2

pK{K2q »ÝÑ grQě2
pG{G2q.

(2) If b1pGq ă 8, then φnpKq “ φnpGq and θnpKq “ θnpGq for all n ě 2.
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Proof. By assumption, the extension 1 Ñ K Ñ G Ñ Q Ñ 1 is abf-exact and admits

a splitting, say, σ : Q Ñ G. By Theorem 9.8, part (3), the extension 1 Ñ K{K2
Q

Ñ
G{G2

Q
Ñ Q Ñ 1 is abf-exact; it is also split exact, with splitting obtained by composing

the projection G Ñ G{G2
Q

with σ. Thus, by Proposition 9.4, both extensions are Q-

almost direct products. Since the group Q is assumed to be torsion-free abelian, both

claims now follow from Corollary 7.6. �

The above corollary has the following topological consequence.

Corollary 9.10. Let X be a connected CW-complex such that b1pXq ă 8, let f : X Ñ X

be a map inducing the identity on H1pX;Qq, and let T f be the mapping torus of f . Then

φnpπ1pXqq “ φnpπ1pT f qq and θnpπ1pXqq “ θnpπ1pT f qq for all n ě 2.

10. p-Exact sequences

In this section we give analogues of the results from the previous two sections for

the mod-p lower central series, the derived p-series, and the mod-p Alexander invariant.

We start with a lemma/definition. Let δp : H2pQ;Zpq Ñ H1pK;Zpq be the connecting

homomorphism in the 5-term Stallings exact sequence (43) with Zp-coefficients.

Lemma 10.1. For an exact sequence 1 K G Q 1
ι π

and a prime p, the

following two conditions are equivalent.

(1) The group Q acts trivially on H1pK;Zpq and the homomorphism δp : H2pQ;Zpq Ñ
H1pK;Zpq is zero.

(2) The sequence 0 H1pK;Zpq H1pG;Zpq H1pQ;Zpq 0
ι˚ π˚

is exact.

We say that the sequence 1 Ñ K Ñ G Ñ Q Ñ 1 is p-exact if any one of the above

two conditions is satisfied. A non-example is given by the central, non-split extension

0 Ñ Zp Ñ Zp2 Ñ Zp Ñ 0; the split exact sequence 1 Ñ Z3 Ñ S 3 Ñ Z2 Ñ 1 is 2-exact

but not 3-exact.

Lemma 10.2. If 1 Ñ K Ñ G Ñ Q Ñ 1 is a p-exact sequence, then its restriction to

p-derived subgroups, 1 Ñ K1
p Ñ G1

p Ñ Q1
p Ñ 1, is an exact sequence.

Proof. The proof is entirely similar to that of Lemma 8.6. �

Proposition 10.3. A split exact sequence 1 Ñ K Ñ G Ñ Q Ñ 1 is p-exact if and only

if Q acts trivially on Kab b Zp “ H1pK;Zpq.

Proof. The proof is similar to the proof of Proposition 8.4, using now Theorem 7.8, part

(2), instead. �

We call semidirect products G “ K ¸ Q such as these mod-p almost-direct products.

Clearly, every almost direct product is a mod-p almost-direct product (for any prime

p). But the converse is not true. For instance, take again the Klein bottle group, G “
xt, a | tat´1 “ a´1y; then Z “ xty acts non-trivially on Z “ xay, but acts trivially on

Zb Z2 “ Z2.
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Theorem 10.4. Let 1 Ñ K Ñ G Ñ Q Ñ 1 be a p-exact sequence. Assume Q is an

elementary abelian p-group. Then,

(1) The inclusion ι : K ãÑ G restricts to an equality K1
p “ G1

p.

(2) The induced map on p-Alexander invariants, BppKq Ñ BppGq, gives rise to a

ZprH1pK;Zpqs-linear isomorphism, BppKq Ñ BppGqι.
(3) The sequence 1 K{K2

p G{G2
p Q 0

ῑ π̄
is also p-exact.

(4) If, moreover, b
p

1
pGq ă 8, then θ

p
npKq ď θ

p
npGq for all n ě 1.

Proof. By Lemma 10.2, the given sequence induces an exact sequence at the level of

p-derived subgroups, 1 Ñ K1
p Ñ G1

p Ñ Q1
p Ñ 1. Since Q1

p “ xQp,Q1y, our assumption

on Q implies that Q1
p “ t1u, and the claim is proved.

(2) It follows from that K2
p “ G2

p, too, and so K1
p{K2

p “ G1
p{G2

p.

(3) As we just saw, K2
p “ G2

p; hence, the map ῑ is injective, and so the sequence in ques-

tion is exact. Under the identifications H1pK{K2;Zpq “ H1pK;Zpq, H1pG{G2;Zpq “
H1pG,Zpq, and H1pQ;Zpq “ Q, the maps ῑ and π̄ coincide with ι˚ and π˚, respectively,

and the claim follows.

(4) By assumption, the map ι˚ : H1pK;Zpq Ñ H1pG;Zpq is injective; therefore, the

map ι̃˚ : ZrH1pK;Zpqs Ñ ZrH1pG;Zpqs is also injective and θ
p

1
pKq ď θ

p

1
pGq. It fol-

lows from part (2) that the map Bppιq : BppKq Ñ BppGq factors as an isomorphism

of ZrH1pK;Zpqs-modules, BppKq »ÝÑ BppGqι, followed by the identity map of BppGq,

viewed as covering the ring map ι̃˚. Proceeding as in the proof of Theorem 8.7, part (4),

we infer from formula (41) that θ
p
n pKq ď θ

p
n pGq for n ě 2, and we are done. �

Corollary 10.5. Let 1 Ñ K Ñ G Ñ Q Ñ 1 be a split exact and p-exact sequence.

Assume Q is an elementary abelian p-group. Then,

(1) The inclusion ι : K ãÑ G induces isomorphisms of graded Zp-Lie algebras,

gr
p

ě2
pKq »ÝÑ gr

p

ě2
pGq and gr

p

ě2
pK{K2q »ÝÑ gr

p

ě2
pG{G2q.

(2) If b
p

1
pGq ă 8, then φ

p
npKq “ φ

p
npGq and θ

p
npKq “ θ

p
npGq for all n ě 2.

Proof. By Theorem 10.4, part (3), the extension 1 Ñ K{K2
p Ñ G{G2

p Ñ Q Ñ 1

is p-exact; it is also split exact, with splitting obtained by composing the projection

G ։ G{G2
p with a splitting Q Ñ G of the extension 1 Ñ K Ñ G Ñ Q Ñ 1. Thus, by

Proposition 10.3, both extensions are p-almost direct products. Since Q is an elementary

abelian p-group and acts trivially on H1pK;Zpq, both claims now follow from Corollary

7.9. �
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Part III. Characteristic varieties

11. Jump loci for rank 1 local systems

We now switch our attention to the cohomology jump loci associated to a finitely

generated group. We start with a quick review of some of the basic theory of the charac-

teristic varieties.

11.1. A stratification of the character group. Throughout this section, G will be a

finitely generated group. The character group, TG “ HompG,C˚q, is an abelian, com-

plex algebraic group, with identity 1 the trivial representation. The coordinate ring of

TG is the group algebra CrGabs; thus, we may identify TG with SpecmpCrGabsq, the max-

imal spectrum of this C-algebra. Since each character ρ : G Ñ C˚ factors through the

abelianization Gab, the map ab: G ։ Gab induces an isomorphism, ab˚ : TGab

»ÝÑ TG.

Let X be a connected CW-complex with finite 1-skeleton and with π1pXq “ G. Upon

identifying a point ρ P TG with a rank one local system Cρ on X, we define for each

k ě 1 the depth k characteristic variety of G as

(46) VkpGq ≔ tρ P TG | dimC H1pX,Cρq ě ku.
Clearly, 1 P VkpGq if and only if b1pGq ě k. Furthermore, we have a descending filtration

of the character group,

(47) TG Ě V1pGq Ě V2pGq Ě ¨ ¨ ¨ Ě VkpGq Ě ¨ ¨ ¨ .
Since a classifying space KpG, 1q may be constructed by attaching to X cells of di-

mension 3 and higher, it is straightforward to verify that the sets VkpGq do not depend on

the choice of space X as above. Furthermore, since H1pX,Cρq – H1pX,Cρ´1q, we may

replace in (46) homology with cohomology and obtain the same sets.

Denoting by T0
G

the identity component of TG, we have an isomorphism abf˚ : TGabf

»ÝÑ
T0

G
. It is readily seen that T0

G
is a complex affine torus of dimension r “ rank Gab, and that

TG is a disjoint union of such tori, indexed by the finite group TorspGabq. We define the

restricted characteristic varieties to be the traces of the depth-k characteristic varieties

on this complex torus,

(48) WkpGq ≔ VkpGq X T0
G .

By construction, we have an inclusion WkpGq Ď VkpGq, which becomes an equality if

Gab is torsion-free. The inclusion may be strict, in general.

Example 11.1. Suppose b1pGq “ 0; then TG is a finite set, in bijection with Gab, while

T0
G

“ t1u. Although in this case 1 R V1pGq, and so W1pGq “ H, the set V1pGq may be

non-empty. For instance, if G “ Z2˚Z2, then TG “ tp˘1,˘1qu and V1pGq “ tp´1,´1qu.

11.2. Alexander matrices and Fitting ideals. In Lemma 2.2.3 and Corollary 2.4.3

from [34], E. Hironaka showed that the characteristic varieties of a finitely presented

group G are Zariski closed subsets of the character group TG. For completeness, we give
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a quick proof of this result, in the more general context that we have adopted here (see

also [24, Proposition 2.4] for a related argument).

Given a finitely generated module M over a commutative ring R, we let FittkpMq de-

note the Fitting ideal of codimension k ´ 1 minors in a presentation matrix for M. In

the next lemma, M will be the Alexander module ApGq “ ZrGabs bZrGs IpGq from (8),

viewed as a module over the ring R “ ZrGabs.
Lemma 11.2 ([34]). Let G be a finitely generated group. Then, for all k ě 1,

VkpGq “ VpFittk`1pApGq b Cqq ,
at least away from 1 P TG, with equality at 1 for k ă b1pGq.

Proof. Pick a presentation for G with generators x1, . . . , xm; let X be the corresponding

presentation 2-complex, and let pC.pXab;Zq, Babq be the ZrGabs-equivariant chain com-

plex of the maximal abelian cover Xab, as displayed in (9). By definition, a character

ρ : Gab Ñ C˚ belongs to VkpGq precisely when rank Bab
2

pρq ` rank Bab
1

pρq ď m ´ k,

where the evaluation of Bab
i

at ρ is obtained by applying the ring morphism ZrGabs Ñ C,

g ÞÑ ρpgq to each entry. Hence, VkpXq is the zero-set of the ideal of minors of size

m ´ k ` 1 of the block-matrix Bab
2

‘ Bab
1

.

Now, Bab
1

pρq “ 0 if and only if ρ “ 1. Therefore, if ρ is a non-trivial character, then

ρ P VkpGq if and only if rank Bab
2

pρq ď m ´ k ´ 1, or, equivalently, all codimension

k minors of Bab
2

vanish when evaluated at ρ. But we know from (11) that ApGq is the

cokernel of Bab
2

, and so the claim is proved for ρ ‰ 1. Finally, the evaluation of the chain

complex (9) at ρ “ 1 is simply C.pX;Zq, and the last claim follows. �

A similar result holds for the restricted characteristic varieties, with the Alexander

module replaced by its rational counterpart, AQpGq “ ZrGabfs bZrGs IpGq.

Lemma 11.3. Let G be a finitely generated group. Then, for all k ě 1,

WkpGq “ VpFittk`1pAQpGq b Cqq ,
at least away from 1 P T0

G
, with equality at 1 for k ă b1pGq.

Proof. Recall from §3.3 that Babf “ Bab bZrGabs ZrGabfs. Therefore, for a character

ρ : Gabf Ñ C˚, we have that Babfpρq “ Babpρq. Hence, ρ belongs to WkpGq precisely

when rank Babf
2

pρq ` rank Babf
1

pρq ď m ´ k.

On the other hand, we know from Lemma 3.4 that AQpGq b Q “ cokerpBabf
2

b Qq.

Proceeding as in the proof Lemma 11.2 yields the desired conclusions. �

12. Alexander varieties

We now relate the characteristic varieties of a finitely generated group G with the

support loci of the exterior powers of the Alexander invariant of G.
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12.1. Support loci of Alexander invariants. We start with some basic notions from

commutative algebra. Let R be a commutative ring, and let M be an R-module. The

support of M, denoted supppMq, consists of those maximal ideals m P SpecmpRq for

which the localization Mm is non-zero. Supports are additive, in the following sense: If

0 Ñ M Ñ N Ñ P Ñ 0 is an exact sequence of R-modules, then supppNq “ supppMq Y
supppPq. We denote by annRpMq the annihilator ideal of M. The following lemma is

well-known; see e.g. [27].

Lemma 12.1. Suppose M is a finitely generated R-module. Then

(1) supppMq “ VpannRpMqq.

(2) V
`
annR

`Źk
M
˘˘

“ VpFittkpMqq.

In order to analyze in more depth the characteristic varieties VkpGq, it is useful to

consider the complexified Alexander invariant BpGq b C, viewed as a module over the

ring CrGabs, and its exterior powers,
Źk

BpGq b C. The support loci of these modules,

(49) YkpGq “ supp
`Źk

BpGq b C
˘
,

are called the Alexander varieties of G. By construction, these sets form a descending

filtration by Zariski closed subsets of the character group, TG “ SpecmpCrGabsq.

Likewise, the study of the restricted characteristic varieties WkpGq is related to the

CrGabfs-module BQpGq b C and its exterior powers. The support loci of these modules,

(50) ZkpGq “ supp
`Źk

BQpGq b C
˘
,

are subvarieties of the character torus, T0
G

“ SpecmpCrGabfsq. The next lemma will be

useful in analyzing these support loci.

Lemma 12.2. Let M and N be modules over commutative rings R and S , respectively,

and let ψ : M ։ N be a surjective morphism covering a surjective ring map, ϕ : R։ S .

Then the induced morphism on maximal spectra, ϕ˚ : SpecmpS q ãÑ SpecmpRq, restricts

to embeddings supppŹk
Nq ãÑ supppŹk

Mq for all k ě 1.

Proof. By (13), the map ψ factors as a composite, M Ñ Nϕ Ñ N. Taking exterior

powers of the first map, we obtain epimorphisms
Źk

R M ։
Źk

R Nϕ. Since the ring map

ϕ : R ։ S is surjective, the module
Źk

R Nϕ is obtained from
Źk

S N by restriction of

scalars. Therefore, the map ϕ restricts to a surjection, annR

`Źk

R M
˘
։ annS

`Źk

S N
˘
,

and the claim follows. �

By Proposition 3.5, we have an epimorphism κ b C : BpGq b C ։ BQpGq b C which

covers the ring map ν̃ : CrGabs ։ CrGabfs. Applying the previous lemma, we obtain the

following corollary.

Corollary 12.3. For a finitely generated group G, the inclusion T0
G

ãÑ T
G

restricts to

inclusions ZkpGq ãÑ YkpGq, for all k ě 1.
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If Gab is torsion-free, the map κ b C is an isomorphism, and so ZkpGq “ YkpGq. As

illustrated by the next example, this equality may not hold when TorspGabq ‰ 0.

Example 12.4. Consider again the group G “ Z2 ˚ Z2, with character group TG “
tp˘1,˘1qu. Then BpGq “ Zrx˘1

1
, x˘1

2
s{p1 ` x1, 1 ` x2q, and so Y1pGq “ tp´1,´1qu,

whereas BQpGq “ 0, and so Z1pGq “ H.

12.2. Exterior powers in exact sequences. The next lemma is the key algebraic ingre-

dient in our analysis of the higher-depth Alexander varieties. The lemma is well-known

in the case when R “ k is a field and the modules are finite-dimensional k-vector spaces.

Nevertheless, we could not find a reference in the generality that we need here; thus, we

provide a detailed proof.

Lemma 12.5. Let 0 Ñ M
αÝÑ N

βÝÑ P Ñ 0 be an exact sequence of modules over

a commutative ring R. For each k ě 1, the exterior power
Źk

N admits a decreasing

filtration by R-submodules,

(51)
Źk

N “ Fk
0 Ě Fk

1 Ě ¨ ¨ ¨ Ě Fk
k`1 “ 0 ,

such that

(52) Fk
i {Fk

i`1 –
Źi

M b
Źk´i

P

for 0 ď i ď k.

Proof. For k ě 1 and 0 ď i ď k, define an R-linear map αk
i
:
Źi

M b Źk´i
N Ñ Źk

N

by αk
i
pu b vq “ Źiαpuq ^ v, and set Fk

i
≔ impαk

i
q. Clearly, this defines a filtration on

the module
Źk

N such that (51) holds. To show that (52) does also hold, we use [27,

Proposition A.2.2(d)], from which we extract the following statement: for each j ě 1,

there is an exact sequence

(53) M b Ź j´1
N

Ź j
N

Ź j
P 0 .

α
j´1

1

Ź j
β

(For j “ 1, this is the original exact sequence.) Now fix i ě 0 and set j “ k´ i; tensoring

the sequence (53) with
Źi

M, we obtain the exact sequence at the top of the following
diagram.

(54)

Źi
M b M b

Źk´i´1
N

Źi
M b

Źk´i
N

Źi
M b

Źk´i
P 0

0 Fk
i`1

Fk
i

Źi
M b

Źk´i
P 0 .

α̃k
i`1

id bαk´i´1
1

αk
i

id b
Źk´i

β

ρk
i

In this diagram, the map id bŹk´iβ factors through the map ρk
i

which sends
Źiαpuq^v

to u bŹk´iβpvq, while α̃k
i`1

“ αk
i`1

˝πi, where πi :
Źi

M b M ։
Źi`1

M is the canonical

projection. It is readily seen that diagram (54) commutes, and therefore ρk
i

induces an

isomorphism Fk
i
{Fk

i`1
»ÝÑ Źi

M b Źk´i
P. This completes the proof. �
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12.3. Characteristic varieties and support loci. It has been known for a long time

that the characteristic varieties and the Alexander varieties of spaces and groups are

intimately related. For instance, it was shown in [50, 19] that V1pGq “ Y1pGq and

W1pGq “ Z1pGq, at least away from 1. Those proofs, based on a change-of-rings spec-

tral sequence argument, are very specific to depth k “ 1 and do not generalize to higher

depths. We give here a proof valid in all depths k ě 1. The proof is modeled on the

proof of [38, Proposition 0.2]; since the argument given there is not complete (a proof of

Lemma 12.5 is missing) and not quite in the generality we need (it assumes G is finitely

presented), we provide full details.

Theorem 12.6. Let G be a finitely generated group. Then, for all k ě 1,

(55) VkpGq “ supp
`Źk

BpGq b C
˘
,

at least away from the identity 1 P TG.

Proof. Let B “ BpGq and A “ ApGq, viewed as modules over R “ ZrGabs, and let

I “ IZpGabq be the augmentation ideal. By (12), we have an exact sequence of R-

modules, 0 Ñ B Ñ A Ñ I Ñ 0. Fix a maximal ideal m P SpecmpRq. Localization

is an exact functor; hence, localizing at m yields an exact sequence of Rm-modules,

(56) 0 Bm Am Im 0 .

By Lemma 12.5, there is a filtration by Rm-submodules,
Źk

Am “ Fk
0

Ě Fk
1

Ě ¨ ¨ ¨ , with

successive quotients Fk
i
{Fk

i`1
– Źi

Bm bRm

Źk´i
Im.

On the other hand, localizing at m the exact sequence 0 Ñ I Ñ R
εÝÑ Z Ñ 0, we get

the exact sequence 0 Ñ Im Ñ Rm Ñ Zm Ñ 0. Assuming m ‰ I, we have that Zm “ 0,

and so Im “ Rm. Hence,
Ź j

Im is isomorphic to Rm if j “ 0 or 1 and is equal to 0 if j ą 1.

Putting things together, we infer the following: for every k ě 1 and for every maximal

ideal m ‰ I, we have an exact sequence

(57) 0
Źk

Bm
Źk

Am
Źk´1

Bm 0 .

By additivity of supports, it follows that supp
`Źk

A b C
˘

“ supp
`Źk´1

B b C
˘
, at

least away from supppIq “ t1u. On the other hand, by Lemma 12.1, we have that

supp
`Źk

AbC
˘

“ VpFittkpAbCqq. Applying now Lemma 11.2 completes the proof. �

The next corollary sharpens a result that goes back to the work of Dwyer and Fried

[26], and was further developed in [50, 62, 73]. In all those results, only depth k “ 1 was

considered; the novelty here is that we work with arbitrary depth.

Corollary 12.7. Let G be a finitely generated group. For each k ě 1, the following

conditions are equivalent.

(1) The characteristic variety VkpGq is a finite subset of TG.

(2) The C-vector space
ŹkpBpGq b Cq is finite-dimensional.
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Proof. As is well-known (see e.g. [26, 52, 73]), a finitely generated module M over

an affine C-algebra R has finite support if and only if dimC M ă 8. Letting M “Źk
BpGq b C, viewed as a module over the C-algebra R “ CrGabs, the claim follows

from Theorem 12.6. �

Example 12.8. Let K be a tame knot in S 3, and let G be the fundamental group of the

knot complement. Since Gab “ Z, we may identify TG “ C˚. The variety V1pGq consists

of 1, together with the roots of the Alexander polynomial of the knot, ∆K P Zrt˘1s;
in particular, V1pGq is finite. By the above corollary, the C-vector space BpGq b C is

finite-dimensional; in fact, as is well-known, its dimension is equal to deg∆K .

12.4. Restricting to the character torus. We now restrict out attention to the identity

component of the character group, T0
G

, and prove analogous results for the restricted

characteristic varieties, WkpGq “ V kpGq X T0
G

, and the corresponding support loci,

ZkpGq “ supp
`Źk

BQpGq b C
˘
.

Theorem 12.9. Let G be a finitely generated group. Then, for all k ě 1.

(58) WkpGq “ supp
`Źk

BQpGq b C
˘
,

at least away from the identity 1 P T0
G

.

Proof. Let BQ “ BQpGq b C and AQ “ AQpGq b C, and let I0 be the augmentation ideal

of CrGabfs. By Lemma 3.4, part (3), we have an an exact sequence of CrGabfs-modules,

0 Ñ BQ Ñ AQ Ñ I0 Ñ 0. Continuing as in the proof of Theorem 12.6, we find that

supp
`Źk

AQ
˘

“ supp
`Źk´1

BQ
˘
, at least away from t1u. On the other hand, by Lemma

12.1, we have that supp
`Źk

AQ
˘

“ VpFittkpAQqq. Applying now Lemma 11.3 completes

the proof. �

It follows at once from Theorems 12.6 and 12.9 that ZkpGq “ YkpGq XT0
G

. Moreover,

we have the following corollary, which, in view of Lemma 3.2, part (2), sharpens results

from [26, 50, 62, 73].

Corollary 12.10. Let G be a finitely generated group. For each k ě 1, the following

conditions are equivalent.

(1) The characteristic variety WkpGq is a finite subset of T0
G

.

(2) The Q-vector space
Źk

BQpGq b Q is finite-dimensional.

Proof. Follows from Theorem 12.9 using the same argument as in the proof of Corollary

12.7, applied this time to the vector space M “ Źk
BQpGq b C, viewed as a module over

the C-algebra R “ CrGabfs. �

As an application, we obtain the following corollary.

Corollary 12.11. Let G be a finitely generated group, and suppose W1pGq is finite. Then

the Chen ranks θnpGq vanish for n " 0.
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Proof. By Corollary 6.8, we have that θnpGq “ dimQ grn´2pBQpGq b Qq for all n ě 2.

On the other hand, since W1pGq is finite, Corollary 12.10 implies that BQpGq b Q is

finite-dimensional. Hence, the associated graded vector space grpBQpGq b Qq is also

finite-dimensional; thus, its graded pieces must vanish in sufficiently high degrees. �

13. Characteristic varieties in group extensions

We exhibit in this section several relationships between the characteristic varieties of a

finitely generated group G, of a normal subgroup K, and of the quotient group Q “ G{K.

13.1. Homomorphisms and jump loci. Let α : G Ñ H be a homomorphism between

two finitely generated groups. Letting αab : Gab Ñ Hab be the induced map on abelianiza-

tions, its linear extension to group algebras, α̃ : CrGabs Ñ CrHabs, defines a morphism

between the corresponding maximal spectra. Under our previous identifications, this

morphism coincides with the induced map on character groups, α˚ : TH Ñ TG, given

by α˚pρqpgq “ αpρpgqq. In general, this morphism may not send VkpHq to VkpGq, even

when α is injective. Here is a simple example.

Example 13.1. Let Fn be the free group of rank n ě 2, and let Z ă Fn be a cyclic

subgroup. The inclusion ι : Z Ñ Fn induces a surjective morphism on character tori,

ι˚ : pC˚qn
։ C˚. This morphism sends V1pFnq “ ¨ ¨ ¨ “ Vn´1pFnq “ pC˚qn onto C˚ and

VnpFnq “ t1u to t1u; on the other hand, V1pZq “ t1u while VkpZq “ H for k ą 1, so the

map ι˚ does not preserve characteristic varieties, for any depth k ď n.

Under certain assumptions, though, the characteristic varieties are preserved. We

present now one such situation, and will return to this issue in Theorem 13.3, where

a completely different situation will be analyzed.

Suppose π : G Ñ Q is surjective; then clearly π˚ : TQ Ñ TG is injective. Moreover,

π˚ sends the characteristic varieties of Q to those of G. We proved this assertion in [62,

Lemma 2.13], starting from the jump loci definition (46) of the characteristic varieties,

and using a spectral sequence argument. We give here another, self-contained proof of

this result, based on the support loci interpretation from the previous section.

Proposition 13.2 ([62]). Let G be a finitely generated group, and let π : G ։ Q be

a surjective homomorphism. Then the induced morphism between character groups,

π˚ : TQ ãÑ TG, restricts to embeddings VkpQq ãÑ VkpGq for all k ě 1.

Proof. The homomorphism πab : Gab ։ Qab extends linearly to a ring map, π̃ab : R ։ S ,

between the (commutative) rings R “ ZrGabs and S “ ZrQabs. Moreover, the map

π : G ։ Q induces an epimorphism Bpπq : BpGq ։ BpQq which covers the map π̃. The

claim now follows from Lemma 12.2 and Theorem 12.6 upon complexifying all these

rings and modules and taking supports of exterior powers. �
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13.2. Jump loci in ab-exact and abf-exact sequences. Let KŸG be a normal subgroup,

and assume both G and K are finitely generated. The inclusion map ι : K ãÑ G induces

a surjective algebraic morphism between character groups, ι˚ : TG ։ TK , which restricts

to a surjective map between the identity components of those groups, ι˚ : T0
G
։ T0

K
. The

next theorem shows that, under appropriate triviality assumptions on the monodromy of

the resulting extension, these maps preserve the respective characteristic varieties.

Theorem 13.3. Let 1 K G Q 1
ι

be an exact sequence of finitely gener-

ated groups.

(1) If the sequence is ab-exact and Q is abelian, then the map ι˚ : TG Ñ TK restricts

to maps ι˚ : VkpGq Ñ VkpKq for all k ě 1; furthermore, the map ι˚ : V1pGq Ñ
V1pKq is a surjection.

(2) If the sequence is abf-exact and Q is torsion-free abelian, then the map ι˚ : T0
G
։

T0
K

restricts to maps ι˚ : WkpGq Ñ WkpKq for all k ě 1; furthermore, the map

ι˚ : W1pGq Ñ W1pKq is a surjection.

Proof. Let R “ ZrKabs and S “ ZrGabs. The induced map between Alexander invariants,

Bpιq : BpKq Ñ BpGq, covers the ring map ι̃ab : R Ñ S obtained from ιab : Kab Ñ Gab by

linear extension to group rings. Furthermore, Bpιq may be viewed as the composite

BpKq Ñ BpGqι Ñ BpGq, where the first arrow is a map of R-modules and the second

arrow is the identity map of BpGq, thought of as a map covering ι̃ab. Taking exterior

k-powers, we may realize the map
Źk

Bpιq as the composite

(59)
Źk

R BpKq Źk

R BpGqι
Źk

S BpGq.
To prove claim (1), first note that the map ιab is injective, since the given sequence

is ab-exact. Thus, the map ι̃ab is also injective, and the induced map between character

groups, ι˚ : TG Ñ TK , is surjective. Furthermore, since Q is abelian, Theorem 8.7, part

(2) shows that the map BpKq Ñ BpGqι is an R-isomorphism. Therefore, the map ι̃ab

restricts to a map annR

`Źk

R BpKq
˘

Ñ annS

`Źk

S BpGq
˘
. Applying Theorem 12.6, we

obtain a map VkpGq Ñ VkpKq after tensoring with C and taking zero-sets. By a previous

remark, this map coincides with the restriction of ι˚ to VkpGq.

When k “ 1, the map BpGqι Ñ BpGq is injective; the argument above then shows that

the map ι˚ : V1pGq Ñ V1pKq is surjective, and the proof of the first claim is complete.

To prove claim (2), first note that the map ιabf is injective, since by assumption our

sequence is abf-exact. Thus, the induced morphism, ι˚ : T0
G

Ñ T0
K

, is surjective. More-

over, Theorem 12.9 insures that WkpGq coincides, at least away from 1, with the support

of the CrGabfs-module
Źk

`
BQpGq b C

˘
. Since Q is torsion-free abelian, Theorem 9.8,

part (2) yields a ZrKabfs-isomorphism, BQpKq Ñ BQpGqι. The second claim now follows

as above. �

It is clear that, in the above theorem, we need to make some triviality assumptions

on the action of Q in first homology, for otherwise we may well have b1pKq ą b1pGq.
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When this happens, the map ι˚ : TG Ñ TK is not surjective, making it unlikely that it

would restrict to a surjection from V1pGq to V1pKq. We illustrate this point with a simple

example, and will expand on this issue in §13.4.

Example 13.4. Let G “ Fn be a free group of rank n ą 1; as observed previously,

V1pGq “ TG in this case. Now let π : Fn ։ Zm be an epimorphism pm ą 1q; then

K “ kerpπq is isomorphic to Fnm´m`1. Thus, the inclusion ι˚ : TG Ñ TK is not surjective,

and neither is its restriction to the characteristic varieties, ι˚ : V1pGq Ñ V1pKq.

Corollary 13.5. Let 1 Ñ K Ñ G Ñ Q Ñ 1 be an ab-exact sequence of finitely gener-

ated groups. Suppose Q is abelian and V1pGq is finite. Then dimQ BpKq b Q ă 8 and

θnpKq “ 0 for n " 0.

Proof. By Theorem 13.3, part (1), the inclusion ι : K Ñ G induces a surjective mor-

phism, ι˚ : V1pGq։ V1pKq. Since V1pGq is a finite set, the same must be true for V1pKq,

and the first claim follows from Corollary 12.7. Now note that W1pKq “ V1pKq X T0
K

is also finite, and so the second claim follows from Corollary 12.11; alternatively, the

second claim follows from the first one and Corollary 6.8. �

Corollary 13.6. Let 1 Ñ K Ñ G Ñ Q Ñ 1 be an abf-exact sequence of finitely gener-

ated groups. Suppose Q is torsion-free abelian and W1pGq is finite. Then dimQ BQpKq b
Q ă 8 and θnpKq “ 0 for n " 0.

Proof. This is proved in like fashion: the first claim follows from Theorem 13.3, part

(2) and Corollary 12.10, while the second claim follows again from Corollary 12.11 (or

from the first one and Corollary 6.8). �

13.3. Jump loci in split-exact sequences. For split extensions, Theorem 13.3 admits a

slightly more convenient formulation.

Corollary 13.7. Let 1 K G Q 1
ι

be a split exact sequence of finitely

generated groups.

(1) If Q is abelian and acts trivially on H1pK;Zq, then the map ι˚ : TG Ñ TK restricts

to maps ι˚ : VkpGq Ñ VkpKq for all k ě 1; furthermore, the map ι˚ : V1pGq Ñ
V1pKq is a surjection.

(2) If Q is torsion-free abelian and acts trivially on H1pK;Qq, then the map ι˚ : T0
G
։

T0
K

restricts to maps ι˚ : WkpGq Ñ WkpKq for all k ě 1; furthermore, the map

ι˚ : W1pGq։ W1pKq is a surjection.

Proof. Both claims follow from Theorem 13.3, together with Proposition 8.4 for the first

one, and Proposition 9.4, part (2) for the second one. �

Here is a large class of examples where Corollary 13.7 applies.

Example 13.8. Let Γ be a connected, finite graph, and let 1 Ñ NΓ
ιÝÑ GΓ Ñ Z Ñ 1

be the ab-exact exact sequence from (44). In [47, Lemma 8.3(i)], it was shown that the
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map ι˚ : TGΓ ։ TNΓ restricts to a surjection ι˚ : V1pGΓq։ V1pNΓq, provided π1p∆Γq “ 0.

Corollary 13.7 recovers this result, without this additional assumption.

13.4. Discussion. For the rest of this section, we discuss the necessity of the assump-

tions we made in Corollary 13.7, and thus, implicitly, in Theorem 13.3, too. The first

example shows why it is necessary to assume that the action of Q on H1pK;Zq ought to

be trivial, even when Q “ Z and b1pKq “ b1pGq.

Example 13.9. Let G “ xt, a | tat´1 “ a´1y be the fundamental group of the Klein

bottle. Then G “ Z ¸ϕ Z, where the monodromy automorphism ϕ acts by inversion

on the subgroup K “ Z “ xay, and Gab “ Z ‘ Z2. The inclusion ι : K Ñ G induces

a surjection ι˚ : TG Ñ TK , where TG “ C˚ ˆ t˘1u and TK “ C˚. This map sends

V1pGq “ tp1, 1q, p´1, 1qu onto t˘1u Ă C˚, but t˘1u is not contained in V1pKq “ t1u.

The next example shows that the condition requiring Q to be abelian is crucial for

Corollary 13.7 to hold, even when Q acts trivially on abelianization.

Example 13.10. Let Pn be the Artin pure braid group on n ě 4 strands. We then have

a split exact sequence, 1 Ñ Fn´1
ιÝÑ Pn Ñ Pn´1 Ñ 1, with monodromy given by the

Artin embedding, Pn´1 ãÑ AutpFn´1q. Since pure braids act trivially on H1pFn´1;Zq,

the sequence is ab-exact; moreover, both Pn and Fn´1 are finitely generated, though of

course Pn´1 is not abelian. It is known that dimpV1pPnqq “ 2 (see e.g. [63] and references

therein), whereas dimpV1pFn´1qq “ n ´ 1. Thus, the morphism ι˚ : TPn
Ñ TFn´1

does not

restrict to a surjection V1pPnq Ñ V1pFn´1q.

Remark 13.11. Given an ab-exact sequence as in Corollary 13.7, part (1), the morphisms

ι˚ : VkpGq Ñ VkpKq may fail to be surjective for k ą 1. The reason is that exterior powers

do not necessarily commute with restriction of scalars, and so the map
Źk

R BpKq ÑŹk

S BpGqι may fail to be injective.

Computations done in [64, Example 6.5] may be used to show that the phenomenon

mentioned in the above remark occurs in the context of Milnor fibrations of complex

hyperplane arrangements. This topic will be discussed in more detail in [67]. We give

here a different kind of example; we will return to it in §17.3 in order to illustrate a

related point regarding the higher-depth resonance varieties.

Example 13.12. Let L be the link of 4 great circles in S 3 corresponding to the arrange-

ment of transverse planes through the origin of R4 denoted by A p2134q in [44, Example

10.1]. The link group, G “ π1pS 3zLq, fits into a split extension, 1 Ñ F3
ιÝÑ G Ñ ZÑ 1,

with monodromy given by a pure braid in P3; thus, the extension is ab-exact, and all the

hypothesis of Corollary 13.7, part (1) are satisfied. The variety V1pGq consists of two

codimension 1 subtori in pC˚q4, which are sent by ι˚ onto V1pF3q “ pC˚q3, as predicted.

On the other hand, V2pGq consists of two 1-dimensional subtori and a 2-dimensional

translated subtorus; thus, its image under ι˚ is strictly contained in V2pF3q “ pC˚q3.



ALEXANDER INVARIANTS AND JUMP LOCI IN GROUP EXTENSIONS 47

Part IV. Holonomy and resonance

14. Holonomy Lie algebras and formality properties

In this section we review some basic notions regarding the holonomy Lie algebra and

the Malcev Lie algebra of a finitely generated group G, and discuss the graded formality

and 1-formality properties of such groups.

14.1. The holonomy Lie algebra of a group. Let G be a group such that the maximal

torsion-free abelian quotient Gabf is finitely generated. There is then another graded Lie

algebra that can be associated to it, besides the ones already mentioned in §5. This Lie al-

gebra is much easier to understand, in that it uses only information about the cohomology

ring of G encoded in the cup-product map YG : H1pGq ^ H1pGq Ñ H2pGq.

More precisely, let L “ LiepGabfq be the free Lie algebra on Gabf . This is a (positively)

graded Lie algebra, with grading given by bracket length. Writing L “ À
ně1 Ln, we

have L1 “ Gabf and L2 “ Gabf ^ Gabf . Taking the dual of the cup-product map and

writing H_
≔ HompH,Zq, we obtain the comultiplication map,

(60) Y_
G

: H2pGq_ pH1pGq ^ H1pGqq_ – Gabf ^ Gabf .

Following [10, 40, 45, 46, 69], we define the holonomy Lie algebra of G, denoted by

hpGq, as the quotient

(61) hpGq “ LiepGabfq{pimpY_
G qq

of the free Lie algebra L “ LiepGabfq by the Lie ideal generated by the image of Y_
G

,

viewed as a subgroup of L2. The holonomy Lie algebra inherits a natural grading from

the free Lie algebra, which is compatible with the Lie bracket. By construction, hpGq
is a quadratic Lie algebra: it is generated in degree 1 by Gabf , and all the relations are

in degree 2. In particular, the derived Lie subalgebra, hpGq1, coincides with hě2pGq.

As noted in [69], the projection map G ։ G{γnpGq induces an isomorphism hpGq »ÝÑ
hpG{γnpGqq for all n ě 3. Consequently, the holonomy Lie algebra of G depends only

on its second nilpotent quotient, G{γ3pGq.

This construction is functorial. Indeed, let α : G Ñ H be a homomorphism be-

tween two groups as above; then the induced homomorphism αabf : Gabf Ñ Habf ex-

tends to a morphism Lpαabfq : LpGabfq Ñ LpHabfq between the respective free Lie alge-

bras. The map α also induces a morphism between cohomology rings, and thus sends

impY_
G q to impY_

Hq. Consequently, Lpαabfq induces a morphism of graded Lie algebras,

hpαq : hpGq Ñ hpHq; it is easily checked that hpβ ˝ αq “ hpβq ˝ hpαq.

A notable fact about the holonomy Lie algebra is its relationship to the associated

graded Lie algebra, as embodied in the next theorem.

Theorem 14.1 ([40, 45, 69]). For every group G such that Gabf is finitely generated, there

exists a natural epimorphism of graded Lie algebras, Ψ : hpGq ։ grpGq, which induces
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isomorphisms in degrees 1 and 2 and descends to epimorphisms Ψprq : hpGq{hpGqprq
։

grpG{Gprqq for all r ě 2.

This result is stated and proved in the references cited, in various degrees of generality.

Essentially the same proof works in the slightly more general context adopted here.

It follows from the above theorem that the Lie algebra hpGq{hpGq2 maps surjectively

onto the Chen Lie algebra grpG{G
2q. Thus, if we define the holonomy Chen ranks of G

as θ̄npGq ≔ rank phpGq{hpGq2qn, we have that θ̄npGq ě θnpGq, for all n ě 1.

14.2. Graded formality. Suppose now that G is a group with b1pGq ă 8, and let k

be a field of characteristic 0. We may then define in a completely analogous fashion

the holonomy Lie algebra of G with coefficients in k, denoted hpG; kq, as the free Lie

algebra on H1pG; kq, modulo the ideal generated by the image of the comultiplication

map, H2pG; kq Ñ H1pG; kq ^ H1pG; kq.

It is readily seen that hpG; kq “ hpGq b k, whenever Gabf is finitely generated. More-

over, Theorem 14.1 has the following analogue in this setting.

Theorem 14.2 ([40, 45, 69]). For every group G with b1pGq ă 8 there exists a natural

epimorphism of graded Lie algebras, Ψk : hpG; kq ։ grpGq b k, which induces isomor-

phisms in degrees 1 and 2 and descends to epimorphisms Ψ
prq

k
: hpG; kq{hpG; kqprq

։

grpG{Gprqq b k for all r ě 2.

Consequently, we may define the holonomy Chen ranks for groups G with finite first

Betti number as θ̄npGq ≔ dimk phpG; kq{hpG; kq2qn. When Gabf is finitely generated, these

ranks coincide with the ones already defined in §14.1.

Following [69, 70], we say that a finitely generated group G is graded formal if the map

Ψk : hpG; kq ։ grpGq b k is an isomorphism. This condition is equivalent to grpGq b k
being a quadratic Lie algebra. As shown in [70, Theorem 5.11], if K ď G is a retract of

a graded formal group G, then K is also graded formal. The next theorem gives another

condition insuring that graded formality is inherited by a subgroup.

Theorem 14.3. Let G “ K ¸ Q be a split extension of finitely generated groups, and

assume Q acts trivially on H1pK; kq. If G is graded formal, then K is also graded formal.

Proof. An analogous result was proved in [70, Theorem 5.12], under the more restrictive

assumption that Q should act trivially on Kab. Starting from the hypothesis that the map

Ψk : hpG; kq։ grpGq b k is an isomorphism, the proof uses the splitting grpGq Ñ grpKq
provided by Falk and Randell’s Theorem 7.2 to conclude that the map Ψk : hpK; kq ։
grpKq b k is also an isomorphism.

In our more general setting, Proposition 9.4 insures that Q acts trivially on Kabf . There-

fore, the same proof works here, using instead the splitting grpGqbkÑ grpKqbk induced

by the splitting grQpGq Ñ grQpKq from Theorem 7.5. �
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14.3. Malcev completion. In [57], Quillen associated to every group G a filtered Lie

algebra over the rationals, mpGq, called the Malcev Lie algebra of G. Let I “ IQpGq be

the augmentation ideal of the group algebra of G, and let

(62) zQrGs “ limÐÝ
n

QrGs{In

be the completion of QrGs with respect to the I-adic filtration. The usual Hopf algebra

structure on the group algebra extends to the completion, making zQrGs into a complete

Hopf algebra. By definition, mpGq is the Lie algebra of primitive elements in zQrGs,
endowed with the induced filtration and the (compatible) Lie bracket rx, ys “ xy ´ yx. It

is readily seen that this construction is functorial.

Let grpmpGqq be the associated graded Lie algebra with respect to the lower central

series filtration of mpGq. Quillen then showed in [56] that

(63) grpmpGqq – grpGq b Q .
For more on this topic, we refer to [20, 25, 45, 49, 70, 72]. We will only recall here two

results which will prove to be useful to us. The first result, proved in [31] and recorded

in [20], is a filtered version of a celebrated result of Stallings ([59, Theorem 7.3]).

Theorem 14.4 ([59, 31, 20]). Let α : G Ñ H be a homomorphism that induces an iso-

morphism H1pG;Qq »ÝÑ H1pH;Qq and an epimorphism H2pG;Qq ։ H2pH;Qq. Then α

induces an isomorphism of filtered Lie algebras, mpGq »ÝÑ mpHq, and thus, and isomor-

phism of graded Lie algebras, grpGq b Q »ÝÑ grpHq b Q.

Let I be the augmentation ideal of the ring R “ QrGabs. The second result, proved in

[25, Proposition 5.4], relates the I-adic completion of the rationalized Alexander invari-

ant, BpGq b Q, viewed as a module over pR, to the Malcev Lie algebra of G. For a subset

a Ă mpGq, we denote by a its closure in the topology defined by the filtration on mpGq.

Theorem 14.5 ([25]). For a finitely generated group G, there is a filtration-preserving

pR-linear isomorphism, {BpGq b Q – mpGq1{mpGq2.

The following is an immediate corollary of the above two theorems.

Corollary 14.6. Let α : G Ñ H be a homomorphism between two finitely generated

groups. Suppose α induces an isomorphism H1pG;Qq »ÝÑ H1pH;Qq and an epimor-

phism H2pG;Qq ։ H2pH;Qq. Then α induces a filtration-preserving isomorphism
{BpGq b Q »ÝÑ {BpHq b Q, and thus, a degree-preserving isomorphism grpBpGq bQq »ÝÑ

grpBpHq b Qq.

In particular, as noted in [20], if G is finitely generated, K ď G has finite index, and

the inclusion map ι : K Ñ G induces an isomorphism on H1p´;Qq, then it also induced

an isomorphism between completed Alexander invariants (over Q).
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14.4. The 1-formality property. A finitely generated group G is said to be 1-formal if

mpGq is isomorphic (as a filtered Lie algebra) to {hpG;Qq, the completion of the rational

holonomy Lie algebra of G with respect to its lower central series filtration.

Now let ΨQ : hpG;Qq Ñ grpGq b Q and Ψ
prq

Q
: hpG;Qq{hpG;Qqprq Ñ grpG{Gprqq b Q

be the functorial morphisms of graded Lie algebras from Theorem 14.2. If G is 1-formal

group, then all these morphisms are isomorphisms; this basic result follows from [57]

and [45], respectively (see also [49, 69, 70]). Consequently, G is 1-formal if and only if

G is graded formal andmpGq is isomorphic to the completion of its associated graded Lie

algebra ([70]). It is still much of an open question as to when the 1-formality property

propagates through group extensions. Here is one instance when formality is inherited

by (normal) subgroups.

Theorem 14.7 ([21]). Let K Ÿ G be a normal subgroup. Suppose G is 1-formal, the

quotient Q “ G{K is finite, and Q acts trivially on H1pK;Qq. Then K is also 1-formal.

More generally, one may consider the 1-formality problem for short exact sequences

of the form 1 Ñ K Ñ G Ñ Q Ñ 1, where both G and K are finitely generated groups. If

K is 1-formal, the group G does not have to be 1-formal, as illustrated by the Heisenberg

group G “ Z2 ¸ Z (see Example 17.4). Likewise, if G is 1-formal, the group K need

not be 1-formal; in fact, K is need not be 1-formal, even if Q “ G{K is finite, see for

instance [21, 63]. On the other hand, we have the following positive result.

Theorem 14.8 ([70]). Let G be a 1-formal group, and let K Ÿ G be a normal subgroup.

If K is a retract of G, then K is also 1-formal.

15. Infinitesimal Alexander invariants and the BGG correspondence

We now use the holonomy Lie algebra to construct a graded module over a symmetric

algebra which can be viewed as the infinitesimal version of the Alexander invariant. Us-

ing the BGG correspondence, we also construct an infinitesimal version of the Alexander

module, and relate the two modules via a Crowell-type exact sequence.

15.1. Infinitesimal Alexander invariant. Let G be a group and assume that Gabf is

finitely generated. We will denote by SympGabfq the symmetric algebra on this free

abelian group of finite rank. Note that SympGabfq is naturally isomorphic to grpZrGabfsq.

In concrete terms, if we identify Gabf with Zr, where r “ b1pGq, then SympGabfq gets

identified with the polynomial ring Zrx1, . . . , xrs.
A homomorphism α : G Ñ H between two groups as above induces a homomorphism

αabf : Gabf Ñ Habf , which extends to a ring map, α̃abf : SympGabfq Ñ SympHabfq. If we

indentify these symmetric algebras with the corresponding polynomial rings, the map

α̃abf is the linear change of variables defined by the matrix of αabf . Consequently, if αabf

is injective (respectively, surjective), then α̃abf is also injective (respectively, surjective).

Now let hpGq be the holonomy Lie algebra of G. Following the approach from [45]

(see also [22, 51, 53, 68, 71]), we define the infinitesimal Alexander invariant of G to be
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the quotient group

(64) BpGq ≔ hpGq1{hpGq2,

viewed as a graded module over SympGabfq. The module structure comes from the exact

sequence

(65) 0 hpGq1{hpGq2 hpGq{hpGq2 hpGq{hpGq1 0

via the adjoint action of hpGq{hpGq1 “ h1pGq “ Gabf on hpGq1{hpGq2 given by g ¨ x̄ “
rg, xs for g P h1pGq and x P hpGq1, and with the grading inherited from the one on hpGq.

When G admits a finite, commutator-relators presentation, this module is isomorphic to

the “linearization” of BpGq, cf. [45, Proposition 9.3].

The above construction is functorial. More precisely, if α : G Ñ H is a homomor-

phism between two groups as above, then α induces a morphism of graded Lie algebras,

hpαq : hpGq Ñ hpHq, which preserves the respective derived series. Hence, the restriction

h1pαq : hpGq1 Ñ hpHq1 induces a map Bpαq : BpGq Ñ BpHq. A routine check shows that

Bpαq is a morphism of modules covering the ring map α̃abf : SympGabfq Ñ SympHabfq,

and that Bpβ ˝ αq “ Bpβq ˝Bpαq.

Denoting by BpHqα the module obtained from BpHq by restriction of scalars along

α̃abf , we may view the map Bpαq as the composite BpGq Ñ BpHqα Ñ BpHq, where the

first arrow is a SympGabfq-linear map and the second arrow is the identity map of BpHq,

thought of as covering the ring map α̃abf .

Consider now the canonical element, ωG P G_
abf

bG
abf

; by definition, this tensor corre-

sponds to the identity automorphism of Gabf under the tensor-hom adjunction. Identify-

ing G_
abf

with H1pG;Zq and Gabf with the degree 1 piece of S “ SympGabfq, multiplication

by ωG in the graded ring H.pG;Zq b S restricts to a S -linear map, ¨ωG : H1pG;Zq b S Ñ
H2pG;Zq b S . By analogy with (11), we define the infinitesimal Alexander module of G

to be the cokernel of the S -dual of this map,

(66) ApGq ≔ coker
`
p¨ωGq˚ : H2pG;Zq_ b S Gabf b S

˘
.

If α : G Ñ H is a group homomorphism, it is readily seen that
`
α_

abf
b α̃

abf

˘
˝

p¨ωGq˚ “ p¨ωHq˚ ˝
`
H2pαq_ b α̃

abf

˘
. Consequently, α induces a morphism of modules,

Apαq : ApGq Ñ ApHq, which covers the ring map α̃abf .

15.2. The BGG correspondence. All these notions may be extended to the more gen-

eral context of groups G with b1pGq ă 8, provided we work over a field k of character-

istic 0. Specifically, let us define the infinitesimal Alexander invariant with coefficients

in k as the quotient

(67) BpG; kq “ hpG; kq1{hpG; kq2,

viewed as a graded module over the k-algebra SympH1pG; kqq. By a previous remark,

when Gabf is finitely generated we have that hpG; kq “ hpGq b k, and so BpG; kq “
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BpGq b k. In the particular case when G itself is finitely generated, the module BpG;Cq
coincides with the Koszul module introduced in [53], and further studied in [1, 2, 3].

We write H.“ H.pG; kq for the cohomology algebra of G with coefficients in k, and

Hi “ HipG; kq for the dual k-vector spaces. So let S “ SympH1q be the symmetric

k-algebra on H1, viewed as the coordinate ring of H1. Let E
. “

Ź
H1 be the exterior

algebra on H1; the identification E1 “ H1 extends to a map of graded rings, E Ñ H,

which turns H into an E-module. The Bernstein–Gelfand–Gelfand correspondence (see

[28, §7B]) yields a cochain complex of free S -modules,

(68) pH bk S , δq : H0 bk S H1 bk S H2 bk S ¨ ¨ ¨ .δ0
H

δ1
H

Upon identifying H1 with S 1, the differentials in (68) are given by multiplication by

the canonical element, ω P H1 bk H1. For i ě 1, let BH
i

: Hi bk S Ñ Hi´1 bk S be the

map S -dual to δi´1
H

. Much as before, we define the infinitesimal Alexander module of G

over k to be the S -module

(69) ApG, kq ≔ cokerpBH
2 q .

Clearly, ApG; kq “ ApGq b k, provided Gabf is finitely generated.

Finally, if α : G Ñ H is a homomorphism, we define as before morphisms Bpα; kq
and Apα; kq covering the ring map α̃abf : SympH1pG; kqq Ñ SympH1pH; kqq. When Gabf

and Habf are finitely generated, Bpα; kq “ Bpαq b k and Apα; kq “ Apαq b k.
15.3. An infinitesimal Crowell exact sequence. Pursuing our analogy with the classi-

cal theory of Alexander invariants and modules, we now set up the infinitesimal counter-

part (over a field k of characteristic 0) of Crowell’s exact sequence (12).

Theorem 15.1. Let G be a group with b1pGq ă 8. Set S “ SympH1pG; kqq, and let

IpG; kq be the maximal ideal of S at 0. There is then a natural exact sequence of S -

modules,

(70) 0 BpG; kq ApG; kq IpG; kq 0 .

Proof. Writing H1 “ H1pG; kq, we view B “ BpG; kq as an S -module. As noted in

§15.2, the BGG correspondence produces cochain complexes of free S -modules, pH bk
S , δHq and pE bk S , δEq. Dualizing these complexes and setting Ei “ pEiq_ and Bi`1 “
pδiq˚, the functoriality of the BGG correspondence yields the commuting diagram

(71)

H2 bk S H1 bk S H0 bk S

E3 bk S E2 bk S E1 bk S E0 bk S ,

BH
2

∇HbS

BH
1

BE
3

BE
2

BE
1

where the bottom row is the beginning of the standard Koszul complex, while ∇H : H2 Ñ
E2 “ H1 ^ H1 is the comultiplication map Y_

G b k from (60). As shown in [45, Theorem



ALEXANDER INVARIANTS AND JUMP LOCI IN GROUP EXTENSIONS 53

6.2], the S -module B admits the presentation

(72) pE3 ‘ H2q bk S E2 bk S B 0 .
BE

3
`∇GbS

By definition, A “ ApG; kq is equal to cokerpBH
2

q. We infer from (71) that the Koszul

differential BE
2

descends to a map B Ñ A. Noting that E0 bk S “ S , we may identify

IpG; kq with impBE
1

q. A diagram chase now yields the exact sequence (70).

Finally, let α : G Ñ H be a group homomorphism. It is readily checked that the

restriction of Apα; kq to BpG; kq coincides with Bpα; kq, and induces the map α̃abf on

augmentation ideals. This verifies the naturality of (70), and completes the proof. �

15.4. Chen ranks and 1-formality. Recall we defined in §14.2 the holonomy Chen

ranks of G as θ̄npGq “ dimk phpG; kq{hpG; kq2qn, where k is a field of characteristic 0.

The proof of [68, Proposition 8.1]—adapted to our slightly more general setting—shows

that the following infinitesimal version of Massey’s correspondence holds.

Proposition 15.2 ([68]). Let G be a group with b1pGq ă 8. Then

(73) θ̄npGq “ dimkBn´2pG; kq, for all n ě 2.

It follows from Theorem 14.2 that the Chen ranks θnpGq satisfy the inequality θnpGq ď
θ̄npGq. As we shall see below, when the group G is 1-formal, this becomes an equality

for all n. The key result towards establishing this fact (proved in [25, Theorem 5.6]

and further enhanced in [68]) uses the 1-formality hypothesis to construct a functorial

isomorphism between the Alexander invariant and its infinitesimal version, at the level

of completions.

Theorem 15.3 ([25]). Let G be a 1-formal group. There is then a natural, filtration-

preserving isomorphism of completed modules, {BpGq b Q – {BpGq b Q.

Passing to associated graded modules, we obtain as an immediate corollary the fol-

lowing result.

Corollary 15.4. If G is 1-formal, then grpBpGq b Qq – BpGq b Q, as graded modules

over grpQrGabsq – SympH1pG;Qqq.

The next corollary was first proved in [45, Theorem 4.2]; we provide here a short

proof, based on the above results.

Corollary 15.5 ([45]). If G is 1-formal, then θnpGq “ θ̄npGq “ dimQBn´2pG;Qq for all

n ě 2.

Proof. The classical Massey correspondence, as summarized in formula (39), implies

that θnpGq is equal to dimQ grn´2pBpGq bQq. In turn, Corollary 15.4 allows us to replace

the dimension of this vector space by the dimension ofBn´2pG;Qq, which we know from

Proposition 15.2 is equal to θ̄npGq. �
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16. Resonance varieties

The resonance varieties of a group are a different kind of jump loci, built solely from

cohomological information in low degrees. In this section, we relate these varieties to the

support loci of the infinitesimal Alexander invariant, and discuss some of their properties.

16.1. A stratification of the first cohomology group. Let G be a group, and let H
.“

H
.pG;Cq be its cohomology algebra overC. For our purposes here, we will only consider

the truncated algebra Hď2; moreover, we will assume that b1pGq “ dimC H1 is finite. For

each element a P H1, we have a2 “ 0, and so left-multiplication by a defines a cochain

complex,

(74) pH, δaq : H0 H1 H2,
δ0

a δ1
a

with differentials δi
apuq “ a ¨ u for u P Hi. It is readily checked that the specialization of

the cochain complex (68) at a coincides with (74); see for instance [19, 65].

The resonance varieties witness the extent to which this complex fails to be exact in

the middle. More precisely, for each k ě 1, the depth k resonance variety of G is defined

as

(75) RkpGq ≔ ta P H1 | dimC H1pH, δaq ě ku.
These sets are homogeneous algebraic subvarieties of the affine space H1 “ H1pG;Cq.

Clearly, 0 P RkpGq if and only if k ď b1pGq; in particular, R1pGq “ H if and only if

b1pGq “ 0. Furthermore, we have a descending filtration,

(76) H1pG;Cq Ě R1pGq Ě R2pGq Ě ¨ ¨ ¨ Ě RrpGq Ě Rr`1pGq “ H,

where r “ b1pGq. A linear subspace U Ă H1 is said to be isotropic if the restriction

of YG : H1 ^ H1 Ñ H2 to U ^ U vanishes; that is, ab “ 0 for all a, b P U. As noted

in [65, Lemma 2.2], the variety RkpGq contains every isotropic subspace of H1 whose

dimension is at most k ` 1; moreover, R1pGq is the union of all isotropic planes in H1.

The following (well-known) lemma shows that the resonance varieties are determinan-

tal varieties of the infinitesimal Alexander module, and thus, Zariski closed subsets of the

affine space H1. Proofs in various levels of generality have been given, for instance, in

[43, 52, 65]. We give here a quick proof, in a slightly greater generality, along the lines

of the proof of Lemma 11.2.

Lemma 16.1. Let G be a group with b1pGq ă 8. Then, for all k ě 1,

RkpGq “ VpFittk`1pApG;Cqqq ,
at least away from 0 P H1pG;Cq, with equality at 0 for k ă b1pGq.

Proof. Let a P H1. By the above discussion, we have that δi
H

paq “ δi
a. Thus, a belongs

to RkpGq if and only if rank BH
2

paq` rank BH
1

paq ď b1pGq´k. But H0 “ C and BH
1

paq “ 0

if and only if a “ 0. Since ApG,Cq “ cokerpBH
2 q, the lemma follows. �
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16.2. Resonance and exterior powers. The next result identifies the depth-k resonance

variety of a group as the support locus of the k-th exterior power of its infinitesimal

Alexander invariant. The result was first proved in [23, Lemma 4.2] for finitely pre-

sented groups, using a specialization argument; in fact, the same proof works for finitely

generated groups, see [22, Lemma 5.1]. We offer here a completely different proof, in

greater generality, using the BGG correspondence and the localization approach from the

proof of Theorem 12.6.

Theorem 16.2 ([23, 22]). Let G be a group with b1pGq ă 8. Then

(77) RkpGq “ supp
`Źk
BpGq b C

˘

for all k ě 1, at least away from 0 P H1pG;Cq.

Proof. Let 0 Ñ B Ñ A Ñ I Ñ 0 be the infinitesimal Crowell exact sequence from

Theorem 15.1, over k “ C. Localizing at a maximal ideal m P SpecmpS q, we obtain

an exact sequence of S m-modules, 0 Ñ Bm Ñ Am Ñ Im Ñ 0. On the other hand,

localizing at m the exact sequence 0 Ñ I Ñ S Ñ C Ñ 0, we get the exact sequence

0 Ñ Im Ñ S m Ñ Cm Ñ 0. Assuming m ‰ I, we have that Cm “ 0, and so Im “ S m.

Hence,
Ź j
Im is isomorphic to S m if j “ 0, 1 and is equal to 0 if j ą 1.

Lemma 12.5 yields an exact sequence, 0 Ñ
Źk`1

Bm Ñ
Źk`1

Am Ñ
Źk
Bm Ñ 0,

from which we deduce that supp
`Źk
A
˘

“ supp
`Źk´1

B
˘
, at least away from supppIq “

t0u. On the other hand, by Lemma 12.1, we have that supp
`Źk
A
˘

“ VpFittkpAqq.

Applying now Lemma 16.1 completes the proof. �

As a consequence of Theorem 16.2, we infer that the resonance varieties only de-

pend on the holonomy Lie algebra of the group. More precisely, let G1 and G2 be two

groups with finite first Betti number, and suppose that hpG1;Cq – hpG2;Cq, as graded

Lie algebras. There is then a linear isomorphism, H1pG1;Cq – H1pG2;Cq, restricting to

isomorphisms RkpG1q – RkpG2q for all k ě 1.

16.3. The Tangent Cone formula. Let us identify the tangent space to the character

group TG “ H1pG;C˚q with the linear space H1pG;Cq. We denote by TC1pVkpGqq the

tangent cone at the identity to the characteristic variety VkpGq; clearly, this set coincides

with TC1pWkpGqq. It is known that TC1pWkpGqq is always a (homogeneous) subvariety

of the resonance variety RkpGq. The basic relationship between the characteristic and

resonance varieties in the 1-formal setting is encapsulated in the “Tangent Cone formula”

from [25, Theorem A], which we recall next.

Theorem 16.3 ([25]). If G is a 1-formal group, then TC1pWkpGqq “ RkpGq, for all

k ě 1.

Far-reaching generalizations of this theorem are now known, but this is all we will

need for our purposes here.
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16.4. Vanishing resonance. Particularly interesting—and important for many applica-

tions—is the case when the resonance vanishes. In fact, as shown in [52, Theorem 3.3]

and [53, Propositions 2.6 and 2.7], the case when R1pGq “ t0u is generic, in a sense that

can be made very precise.

The next result generalizes [22, Theorem 5.2], which is only valid in depth k “ 1, and

is only proved there for finitely generated groups G (as is [53, Lemma 2.4], too).

Corollary 16.4. Let G be a group with b1pGq ă 8. For each k ě 1, the following

conditions are equivalent.

(1) The resonance variety RkpGq is empty or equal to t0u.

(2) The Q-vector space
Źk
BpG;Qq is finite-dimensional.

Proof. The claim follows from Theorem 16.2 using the same argument as in the proof of

Corollary 12.7, applied this time to the vector space M “
Źk
BpG;Cq, viewed as a mod-

ule over theC-algebra S “ SympH1pG;Cqq, and taking into the account the homogeneity

of RkpGq. �

Corollary 16.5. Let G be a group with b1pGq ă 8, and suppose R1pGq “ t0u. Then the

holonomy Chen ranks θ̄npGq vanish for n " 0.

Proof. By Proposition 15.2, we have that θ̄npGq “ dimQBn´2pG;Qq for all n ě 2. The

claim now follows from Corollary 16.4, in the case when k “ 1. �

Corollary 16.6. Let G be a 1-formal group, and suppose R1pGq “ t0u. Then the Chen

ranks θnpGq vanish for n " 0.

Proof. Follows at once from Corollaries 15.5 and 16.5. �

Remark 16.7. The range where those Chen ranks vanish has been made precise in [1]:

If G is 1-formal, R1pGq “ t0u, and b1pGq ě 3, then θnpGq “ 0 for n ě b1pGq ´ 1.

Generalizations of this result to the setting where the resonance does not necessarily

vanish will be given in [3].

Remark 16.8. By [22, Theorem C] and [52, Corollary 6.3], the following holds for any

finitely generated group G: If R1pGq Ď t0u, then dimQ
{BpGq b Q ă 8. The converse is

not true in general, but it is valid in the case when G is 1-formal.

17. Resonance varieties in group extensions

In this final section we investigate the behavior of the resonance varieties under certain

kinds of group extensions.

17.1. Maps between resonance varieties. Let α : G Ñ H be a homomorphism be-

tween two finitely generated groups. The induced homomorphism in first cohomology,

α˚ : H1pH;Cq Ñ H1pG;Cq, may not preserve the resonance varieties. For instance,

take a cyclic subgroup Z ă Fn (n ě 2) as in Example 13.1. The inclusion ι : Z Ñ Fn
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induces a surjective morphism in first cohomology, ι˚ : Cn
։ C; this morphism sends

R1pFnq “ Cn onto C, which strictly contains R1pZq “ t0u. We will further illustrate this

phenomenon in Example 17.4.

Nevertheless, the resonance varieties enjoy a partial naturality property similar to the

one possessed by the characteristic varieties.

Proposition 17.1 ([46, 63]). Let G be a finitely generated group, and let π : G ։ Q

be a surjective homomorphism. Then the induced homomorphism, π˚ : H1pQ,Cq Ñ
H1pG,Cq, is injective, and restricts to embeddings RkpQq ãÑ RkpGq for all k ě 1.

Starting directly from definition (75), a proof for k “ 1 was given in [46, Lemma 5.1],

while the general case was proved in [63, Proposition A.1]. Alternatively, the proof of

Proposition 13.2 can be readily adapted to this context, with the ZrGabs-module BpGq
replaced by the SymrGabfs-module BpGq, and with RkpGq defined as in (77).

17.2. Resonance in split-exact sequences. Our main goal in this section is to relate the

infinitesimal Alexander invariants and the resonance varieties of a group G to those of a

normal subgroup K, under suitable hypothesis. We start with the case when G “ K¸G{K

is a semidirect product.

Theorem 17.2. Let 1 K G Q 1
ι π

be a split exact sequence of finitely

generated groups such that Q acts trivially on H1pK;Qq and G is graded formal. Then,

(1) 0 hpKq b Q hpGq b Q hpQq b Q 0
hpιqbQ hpπqbQ

is a split exact se-

quence of graded Lie algebras.

(2) Suppose Q is abelian. Then

(a) The map Bpιq : BpKq Ñ BpGq gives rise to a SympH1pK;Qqq-linear iso-

morphism, BpKq b Q »ÝÑ BpGqι b Q.

(b) θ̄npKq ď θ̄npGq for all n ě 1.

(c) The morphism ι˚ : H1pG;Cq ։ H1pK;Cq restricts to maps ι˚ : RkpGq Ñ
RkpKq for all k ě 1; moreover, the map ι˚ : R1pGq։ R1pKq is a surjection.

Proof. Since K is finitely generated and Q acts trivially on H1pK;Qq, Proposition 9.4

insures that the sequence 1 Ñ K Ñ G Ñ Q Ñ 1 is abf-exact; in particular, ιabf is

injective and θ̄1pKq “ rank Kabf is less or equal to θ̄1pGq “ rank Gabf . By Corollary 9.5,

the given sequence yields a split exact sequence of associated graded Q-Lie algebras,

0 Ñ grpKq b QÑ grpGq b QÑ grpQq b QÑ 0.

The assumption that G is graded formal means that the natural morphism hpGq bQ։
grpGq b Q is an isomorphism. By [70, Theorem 5.11], Q is graded formal, since it is a

retract of G, a graded formal group. Likewise, Theorem 14.3 implies that K is graded

formal. Putting things together shows that the sequence from (1) is also a split exact

sequence of graded Q-Lie algebras.

Assume now that Q is abelian. We then have grnpQq “ 0 for all n ě 2, and so hnpQq b
Q “ 0 for all n ě 2. Using part (1), we infer that hpKq1 bQ – hpGq1 bQ. Therefore, we
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also have hpKq2 bQ – hpGq2 bQ. Thus, the induced map, BpKq bQÑ BpGqι bQ, is

an isomorphism of modules over SympH1pK;Qqq, and claim (2a) is established.

By Proposition 15.2, we have that θ̄npGq “ dimkBn´2pGq bQ for n ě 2, and likewise

for θ̄npKq. Therefore, claim (2b) for n ě 2 follows from part (2a), using the injectivity of

the map ι̃abf : SympKabfq Ñ SympGabfq and a reasoning similar to the proof of Theorem

9.8, part (4).

By Theorem 16.2, we have that RkpGq “ supppŹk
BpGqbCq and similarly for RkpKq,

at least away from 0. Claim (2c) now follows from part (2a), in a manner similar to the

proof of Theorem 13.3. �

Corollary 17.3. Let 1 Ñ K Ñ G Ñ Q Ñ 1 be a split exact sequence of finitely

generated groups. Assume Q is abelian and acts trivially on H1pK;Qq, while G is graded

formal and R1pGq Ď t0u. Then,

(1) dimQBpKq b Q ă 8 and R1pKq Ď t0u.

(2) θ̄npKq ď θ̄npGq for all n ě 1 and θ̄npKq “ 0 for n " 0.

Proof. All claims follow directly from Theorem 17.2, part (2), and from Corollaries 16.4

and 16.5. �

17.3. Discussion and examples. Let us discuss the necessity of some of the assump-

tions we made in Theorem 17.2. The extension 1 Ñ Fn Ñ Pn Ñ Pn´1 Ñ 1 (n ě 4)

from Example 13.10 can be used again to show that in part (2) we need to assume Q to

be abelian. In the next example, Q is abelian but acts non-trivially on H1pK;Qq, while G

is not graded-formal.

Example 17.4. Let G be the Heisenberg group from Example 5.4 and Remark 8.2. This

group can be realized as a split extension of the form Z2 ¸ϕZ, with monodromy given by

the matrix
`

1 1
0 1

˘
. The inclusion ι : Z2

ãÑ G induces a homomorphism ι˚ : H1pG;Cq Ñ
H1pZ2;Cq which can be identified with the linear map ι˚ : C2 Ñ C2 with matrix

`
0 0
0 1

˘
.

Since YG “ 0, we have that R1pGq “ C2; thus, ι˚ does not take R1pGq to R1pZ2q “ t0u.

For comparison, though, note that the map ι˚ : TG Ñ TZ2 does take V1pGq “ t1u to

V1pZ2q “ t1u; the discrepancy is due to the fact that G is not 1-formal.

Given an exact sequence as in Theorem 17.2 (or as in Theorem 17.6 below), the mor-

phisms ι˚ : RkpGq Ñ RkpKq may fail to be surjective for k ą 1. The reason is the same

as the one given in Remark 13.11: exterior powers do not necessarily commute with

restriction of scalars, and so the map
Źk
BpKq b Q Ñ Źk

BpGqι b Q may fail to be

injective for k ą 1. We illustrate this phenomenon with an example.

Example 17.5. Let G be the link group from Example 13.12. As noted previously, this

group fits into a split exact and ab-exact sequence, 1 Ñ F3
ιÝÑ G Ñ Z Ñ 1. Moreover,

the group G is graded formal, see [69, Theorem 7.6]. Thus, all the hypothesis of Theorem

17.2 are satisfied. Now, as shown in [43, Example 6.3], the variety R1pGq consists of

two hyperplanes in C4, while R2pGq consists of two lines. It is readily seen that ι˚ sends
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R1pGq onto R1pF3q “ C3, as predicted; by dimension reasons, though, ι˚pR2pGqq is

strictly contained in R2pF3q “ C3.

17.4. Resonance in ab-exact and abf-exact sequences. We now relax the split exact-

ness assumption from the preceding theorem at the price of making a more stringent

formality assumption.

Theorem 17.6. Let 1 K G Q 1
ι

be an exact sequence of groups, and

assume the following hold.

(i) Either the sequence if ab-exact and Q is abelian, or the sequence is abf-exact

and Q is torsion-free abelian.

(ii) Both G and K are 1-formal.

Then

(1) The map Bpιq : BpKq Ñ BpGq gives rise to a SympH1pK;Qqq-linear isomor-

phism, BpKq b Q »ÝÑ BpGqι b Q.

(2) θnpKq ď θnpGq for all n ě 1.

(3) The morphism ι˚ : H1pG,Cq ։ H1pK,Cq restricts to maps ι˚ : RkpGq Ñ RkpKq
for all k ě 1; moreover, the map ι˚ : R1pGq։ R1pKq is a surjection.

Proof. Assumption (i) says that the hypothesis of either Theorem 8.7 or Theorem 9.8

are satisfied. In either case, we infer that the map Bpιq : BpKq Ñ BpGq gives rise to

a QrH1pK;Qqs-linear isomorphism, BpKq b Q Ñ BpGqι b Q. On the other hand, the

formality assumption (ii) and Corollary 15.4 yield functorial isomorphisms grpBpKqq b
Q – BpKq b Q and grpBpGqq b Q – BpGq b Q. Claim (1) readily follows.

Under assumption (i), claim (2) follows directly from Theorem 8.7, part (4) in the ab-

exact case, or from Theorem 9.8, part (4) in the abf-exact case. Alternatively, the claim

follows from part (1), using the formality assumption (ii) and Corollary 15.5.

Assumption (i) also says that the hypothesis of Theorem 13.3—from either part (1) or

part (2)—are satisfied. In both cases, the map ι˚ : TG Ñ TK restricts to maps ι˚ : WkpGq Ñ
WkpKq for all k ě 1, with the map ι˚ : W1pGq Ñ W1pKq being a surjection. Taking tan-

gent cones at the identities of TG and TK, respectively, we infer that the homomorphism

ι˚ : H1pG;Cq ։ H1pK;Cq restricts to maps TC1pWkpGqq Ñ TC1pWkpKqq for k ě 2 and

to a surjection TC1pW1pGqq։ TC1pW1pKqq.

Finally, by virtue of our 1-formality assumptions on G and K, Theorem 16.3 allows us

to replace TC1pWkpGqq with RkpGq and TC1pWkpKqq with RkpKq for each k ě 1. This

proves claim (3). �

Corollary 17.7. With the notation and assumptions of Theorem 17.6, suppose R1pGq Ď
t0u. Then,

(1) dimQBpKq b Q ă 8 and R1pKq Ď t0u.

(2) θnpKq ď θnpGq for all n ě 1 and θnpKq “ 0 for n " 0.

Proof. All claims follow from the theorem and from Corollaries 16.4 and 16.6. �
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We conclude with a general class of examples where Theorem 17.6 applies.

Example 17.8. For a finite, connected graph Γ, the right-angled Artin group GΓ is al-

ways 1-formal (see [46]), whereas the Bestvina–Brady group NΓ is 1-formal whenever

π1p∆Γq “ 0 (see [47]), or, more generally, H1p∆Γ;Qq “ 0 (see [48]). When ∆Γ is simply-

connected, Theorem 17.6, part (2) recovers Lemma 8.3(ii) from [47]. In the broader

setting when b1p∆Γq “ 0 yet π1p∆Γq ‰ 0 (for instance, when Γ is the 1-skeleton of a

flag triangulation of RP2), our theorem still applies, although in this case NΓ is finitely

generated yet not finitely presented.
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