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Abstract 

In this paper, a new synthesis method of fully decoupled three 

translational (3T) parallel mechanisms (PMs) with closed-loop 

units and high stiffness is proposed based on screw theory. 

Firstly, a new criterion for the full decoupled of PMs is 

presented that the reciprocal product of the transmission 

wrench screw matrix and the output twist screw matrix of 

PMs is a diagonal matrix, and all elements on the main 

diagonal are nonzero constants. The forms of the transmission 

wrench screws are determined by the criterion. Secondly, the 

forms of the actuated and unactuated screws can be obtained 

according to their relationships with the transmission wrench 

screws. The basic decoupled limbs are generated by 

combination of the above actuated and unactuated screws. 

Finally, a closed-loop units construction method is 

investigated to apply the decoupled mechanisms in a better 

way on the high stiffness occasion. The closed-loop units are 

constructed in the basic decoupled limbs to generate a high-

stiffness fully decoupled 3T PM. Kinematic and stiffness 

analyses show that the Jacobian matrix is a diagonal matrix, 

and the stiffness is obviously higher than that of the 

orthogonal coupling mechanisms, which verifies the 

correctness of the proposed synthesis method. The mechanism 

synthesized by this method has a good application prospect in 

vehicle durability test platform. 

Keywords: Screw theory; Three translational parallel 

mechanism; Full decoupled; Closed-loop units; High stiffness 

1    Introduction 

In recent years, the lower-mobility parallel mechanism (PM) 

has become an important issue in the field of robotics due to 

its advantages such as low cost, simple development of 

control system and high performance. It is widely used in 

precision machining [1], aerospace [2], micro-surgery [3], 3D 

printing [4], spatial positioning [5] and other fields. However, 

the control system of the coupled PM is relatively complex 

compared with the decoupled one because of the strong 

coupled relationship between the input and output of the 

coupled PM [6], and it is difficult to analyze the kinematics  
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and dynamics as well as singular positions of the mechanism 

[7-8]. The theoretical analysis and prototype development will 

be simpler if the full decoupled of the PM is realized, that is, 

the input and output variables represent a one-to-one 

correspondence relationship. Therefore, the decoupled PM has 

become one of the research hotspots, and many researchers 

have studied them to solve the problem of difficult control of 

the coupled mechanisms. 

Based on topological structure design theory of position and 

orientation characteristic (POC) set, Liu et al. [9] proposed 

three methods for structure coupling-reducing of the 

3UPS&UP PM based on the mechanism topology theory. 

Briot et al. [10] presented a novel 4-DOF decoupled PM with 

Schoenflies motions, called the Pantopteron-4. Zhang et al. 

[11] proposed a novel 3-DOF decoupled spatial PM. Jin et al. 

[12] proposed a 2R1T partially decoupled PM based on 

topological structure. Qu et al. [13] proposed a new method 

for type synthesis of decoupled PMs with low-mobility and 

redundancy constraints. Zhang et al. [14] synthesized a family 

of fully decoupled spherical mechanisms according to the 

screw theory. Jin et al. [15] revealed the relationship between 

kinematic decoupled and basic kinematic chains, proposed a 

structure synthesis principle of topological decoupled 

mechanisms, and synthesized partially decoupled 3-degree-of-

freedom (DOF) PMs. Lin et al. [16] studied a new type of 

mechanism SLBMs with three branches, and the translational 

and rotational motions are partially decoupled. Gogu [17] 

utilized linear transformation theory to study the type 

synthesis of nonsingular and completely isotropic 2T2R PMs. 

Yang et al. [18] proposed a 3-RPRS 6-DOF decoupled PM in 

which the three planar motion DOFs and the other three 

motion DOFs are independently controlled. On the basis of 

the topological structure characteristics of PMs, Glazunov [19] 

applied screw theory to obtain several decoupled 3T PMs. 

Kong et al. [20] used geometric description method of forward 

kinematic analysis to study the translational decoupled PMs. 

Liu et al. [21] designed a class of two to six DOFs PMs. Using 

the parallelograms to realize the kinematic decoupled. Li et al. 

[22] proposed a R-Cube decoupled 3T PM. Briot et al. [23] 

synthesized a  faster isotropic 3T PM. Awtar [24] proposed a 

geometrically decoupled XYZ flexible PM. Carricato [25] 

realized the type synthesis of a fully isotropic 3T1R PM. Briot 

et al. [26] designed a series of decoupled PMs using a 4U 

parallelogram mechanism. Jin et al. [27] utilized the 

parallelogram mechanism and its evolved structures to 

synthesize decoupled 2T2R PMs, the moving platforms of 

which have a large rotation angle. Sun et al. [28] designed a 2-

DOF flexible fully decoupled PM driven by piezoelectric 

ceramics using 4-PP double bending bars as structural joints of 

prism. Gao et al. [29] synthesized decoupled 3T PMs using GF 

set theory. Zhang et al. [30] performed kinematic and 

singularity analysis of decoupled 2T1R PMs. Qu et al. [31] 



·2·                                                                                                                                                                                                                                        Shihua Li et al 

 

synthesized decoupled 2T1R PMs based on screw theory and 

Lie group. Jin et al. [32] utilized single open chain structural 

feature blended with topology structure and scale parameters 

to design decoupled 3-DOF PMs. Li et al. [33] constructed a 

decoupled 3T PM through the orthogonal configuration of 

revolute (R) pairs and 4R composite kinematic pairs in X, Y 

and Z directions.  

It can be seen that the decoupled 3T PMs have been widely 

used in many fields, but they are difficult to be applied in the 

high stiffness situations. Zhao et al. [34] introduced the 

closed-loop structure units into the kinematic chains of the 

mechanism, and took the closed-loop structure as the driving 

unit or the connecting unit in the limb, so that the stiffness 

performance of the mechanism could be improved because of 

the scale characteristics and closed characteristics of the 

closed-loop structure. 

For improving the stiffness of the fully decoupled PMs, a 

new synthesis method of the fully decoupled 3T PMs with 

closed-loop units is proposed. The structural form of the 

closed-loop unit is geometrically closed. The unit is a closed 

loop formed by the basic decoupled limb, the constructed limb, 

the moving platform and the fixed platform. The criterion of 

full decoupled of the 3T PM is presented, in which the 

reciprocal product of the output twist screws and the 

transmission wrench screws is a diagonal matrix (the main 

diagonal elements are all nonzero constants). A synthetic 

process is developed with the closed-loop unit construction 

method, and a mass of high-stiffness fully decoupled 3T PMs 

with closed-loop units are synthesized. The synthesized 

mechanism not only has the 3T fully decoupled characteristic, 

but also has the high stiffness, and has a good application 

prospect in the field of PM with high stiffness. 

2    Full decoupled condition of three translation-

al parallel mechanism 

According to the definition of screw, the composition form of 

the screw is ( )0;S S , where S is called the original part and 

represents the direction vector, is called the dual part and can 

be expressed as 

0 h=  +S r S S                                     (1)  

where r is the position vector from the origin of the coordinate 

to any point on $ , and h is the pitch of the screw. The screw 

can also be expressed in Plücker coordinate 

( );L M N P Q R . The screw has two special forms: 

when the pitch h=0, the screw degenerates into a line vector 

 
T

;= $ S r S , which can represent a motion screw of a 

revolute pair or a pure line force vector applied to a rigid body; 

when h tends to infinity, the screw is changed to a couple 

vector  
T

0;=$ S , which can represent a motion screw of a 

prismatic pair or a pure couple force vector applied to a rigid 

body. If the two screws 1$ ( )0;S S  and 2$ ( )0;r r
S S  meet 

the conditions 

1 2 0 0
r r=  + $ $ S S S S                           (2) 

Then screw 1$  and screw 2$  are mutually anti-screws, 

where “o” represents the reciprocal product of the two screws, 

and “·” represents the dot multiplication of the two vectors. 

Transmission wrench screw refers to the constraint wrench 

screw that has zero reciprocal product with all other twist 

screw except the actuated screw of the limb [35]. The 

transmission wrench screw transmits the motion/force of the 

input joint to the moving platform to actuate the platform in an 

expected motion.  

Therefore, to achieve full decoupled of the three 

translational directions of the PM, the translational motion in 

one output DOF direction is only controlled by transmission 

wrench screw of one limb, and it will not be affected by the 

other two limbs. According to the screw theory, the physical 

meaning of the reciprocal product of the force screw and the 

twist screw is the instantaneous power generated by the force 

screw to the twist screw. In this paper, a reciprocal product 

algorithm of screw matrices is defined 
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where A is a matrix of transmission wrench screws, B is a 

matrix of output twist screws, and C is the reciprocal product 

matrix of A and B. The elements in row i and column j in 

matrix C can be expressed as 

ij Ti jA B =（ ） $ $                                      (5) 

where Ti$ is the transmission wrench screw of the i limb, and 

j$  is the output twist screw of the j limb. 

For a fully decoupled PM, there is only instantaneous power 

between the transmission wrench screw and the corresponding 

output twist screw. Based on this, the condition for full 

decoupled of the 3T PM is proposed: the instantaneous power 

matrix is obtained by reciprocal product of the transmission 

wrench screw matrix of the mechanism and the corresponding 

output twist screw matrix, and it is a diagonal matrix (none of 

the main diagonal elements is zero), as shown in Eq. (6) 

T
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            (6) 

3    Construction method of closed-loop units 

In this paper, a closed-loop unit is constructed in the limb to 

increase the stiffness of the fully decoupled PMs, and it will 

not change the decoupled characteristic. According to the 

relationship between the output twist screw and transmission 

wrench screw in the fully decoupled condition, the 

transmission wrench screw of the limb is determined. Next, 

the basic decoupled limb is synthesized by combining the 

construction method of the actuated screw and the unactuated 

screw. Finally, the limb which is completely consistent and 

driven synchronously with the basic decoupled limb is 

generated, and it forms a closed-loop unit with the basic 

decoupled limb. The construction method of the closed-loop 

unit needs to consider the types of kinematic pairs which are 

directly connected to the moving platform and the fixed 
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platform. There are two types of kinematic pairs, prismatic 

pair and revolute pair. The spatial geometric relationship of 

two kinematic pairs of the basic decoupled limb and the 

constructed limb are also considered. The spatial geometric 

relationship of kinematic pairs can be divided into three cases: 

coaxial, parallel and share. When the driving pairs are shared, 

the redundant actuation is not necessary to be added. When 

the driving pairs are coaxial or parallel, redundant actuation 

synchronized with the actuation of the basic decoupled limb 

needs to be added in the construction limb. 

 The construction method of the closed-loop units is as 

follows. 

(1) Using prismatic pair as the driving pair 

When the kinematic pair directly connected to the moving 

platform in the basic decoupled limb is R pair, the R pair 

connected to the moving platform in the constructed limb can 

be coaxial or parallel to it. When the R pairs are coaxial, the 

driving pair in the constructed limb and the one in the basic 

decoupled limb can be coaxial (As shown in Figure 1(a)), or 

shared (As shown in Figure 1(b)). There is no need to add 

redundant actuation only when the driving pair is shared. 

When the driving pair in the constructed limb is coaxial to the 

one in the basic decoupled limb, the redundant actuation 

should be added into the closed-loop unit, and it is 

synchronized with the actuation of the basic decoupled limb. 

When the R pairs are parallel, the driving pair in the 

constructed limb is parallel to the one in the basic decoupled 

limb. The redundant actuation should be added into the 

closed-loop unit, and it is synchronized with the actuation of 

the basic decoupled limb, as shown in Figure 1(c). 

closed-loop unit

moving platform

closed-loop unit

moving platform

redundant actuation

redundant actuation

moving platform

 

                 (a)                      (b)                  (c) 

moving platform

closed-loop unit

redundant actuation

moving platform

closed-loop unit

redundant actuation

                       (d)                    (e)                      (f) 

moving platform

closed-loop unit

redundant actuation

moving platform

closed-loop unit

redundant actuation

    (g)                           (h)                          (i) 

Figure 1  Using prismatic pair as the driving pair 

 

When the kinematic pair directly connected to the moving 

platform in the basic decoupled limb is prismatic (P) pair, the 

P pair connected to the moving platform in the constructed 

limb is coaxial or parallel to it. They can also share the same P 

pair.  

When the P pair is shared, the driving pair in the 

constructed limb and the one in the basic decoupled limb can 

be shared (As shown in Figure 1(d)), coaxial (As shown in 

Figure 1(e)) or parallel (As shown in Figure 1(f)). There is no 

need to add redundant actuation only when the driving pair is 

shared.  

When the P pairs are parallel, the driving pair in the 

constructed limb and the one in the basic decoupled limb can 

be shared (As shown in Figure 1(g)), or coaxial (As shown in 

Figure 1(h)). When the driving pair in the constructed limb is 

coaxial to the one in the basic decoupled limb, the redundant 

actuation should be added into the closed-loop unit, and it is 

synchronized with the actuation of the basic decoupled limb. 

When the P pairs are coaxial, the driving pair in the 

constructed limb is parallel to the one in the basic decoupled 

limb. In the above case, the redundant actuation should be 

added into the closed-loop unit, and it is synchronized with the 

actuation of the basic decoupled limb, as shown in Figure 1(i). 

(2) Using revolute pair as the driving pair 

When the kinematic pair directly connected to the moving 

platform in the basic decoupled limb is R pair, the R pair 

connected to the moving platform in the constructed limb can 

only be parallel to it. When two R pairs are parallel, the 

driving pair in the constructed limb and the one in the basic 

decoupled limb can be coaxial (As shown in Figure 2(a)), 

parallel (As shown in Figure 2(b)) or shared (As shown in 

Figure 2(c)). There is no need to add redundant actuation only 

when the driving pair is shared. 

closed-loop unit

moving platform

closed-loop unit

moving platform

redundant actuation
redundant actuation

 

                        (a)                      (b)                      (c) 

redundant actuation
redundant actuation

closed-loop unit

moving platform
moving platform

moving platform

closed-loop unit

                       (d)                       (e)                         (f) 

Figure 2    Using revolute pair as the driving pair 

When the kinematic pair directly connected to the moving 

platform in the basic decoupled limb is P pair, the P pair 

connected to the moving platform in the constructed limb is 

coaxial (As shown in Figure 2(e)), parallel (As shown in 

Figure 2(f)) or shared with it (As shown in Figure 2(d)). When 

the P pair is shared or coaxial, the driving pair in the 

constructed limb is parallel to the one in the basic decoupled 

limb. When the P pairs are parallel, the driving pair in the 

constructed limb is coaxial to the one in the basic decoupled 

limb. In the above case, the redundant actuation should be 
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added into the closed-loop unit, and it is synchronized with the 

actuation of the basic decoupled limb. 

4    A new synthetic method of three translational

 fully decoupled parallel mechanism with closed-

loop units 

From the above analysis, the synthesis process of the fully 

decoupled 3T PMs is developed as follows, and the flow chart 

is shown in Figure 3. 

(1) Based on the DOF and decoupled requirements of the 

3T PM, a full decoupled condition is proposed that the 

reciprocal product of the transmission wrench screw matrix 

and the output twist screw matrix of the limb is a diagonal 

matrix (none of the main diagonal elements are zero), and the 

forms of transmission wrench screw of each limb are 

determined. 

(2) The form of the actuated screw in the limb is obtained 

according to the criterion that the reciprocal product of the 

transmission wrench screw and the actuated screw in the same 

limb is a nonzero constant. 

(3) The form of the unactuated screw is determined 

according to the criterion that the reciprocal product of the 

transmission wrench screw and all the other kinematic screws 

except the actuated screw in the same limb is equal to zero. 

(4) On the basis of the type of actuated screw and 

unactuated screw, the connectivity of the limb and the 

different order of the kinematic pairs, the basic decoupled 

limb is synthesized. 

(5) The limb which is completely consistent and driven 

synchronously with the basic decoupled limb is constructed by 

the closed-loop unit construction method. Then, a closed-loop 

unit with a basic decoupled limb is constituted to improve the 

stiffness performance of the mechanism, and the type 

synthesis of the fully decoupled 3T PM with high stiffness is 

realized. 

 

Desired DOF 

The instantaneous power 

matrix is a diagonal 

matrix 

Transmission wrench screw

corresponding to each limb

Actuated screw of 

limb i 

Other twist screws in 

limb i 

All possible structures of 

limb i 

Fully decoupled 3T PM

Is the structure of 

limb i satisfactory? 

Yes

No

DOF 

distribution 

Analysis of 

output twist 

screw 

The criterion for 

full decoupled

Connecting with moving 

and fixed platforms 

Connectivity of limb i 

The type and 

configuration of the 

kinematic pairs 
The driving pair is a 

revolute pair

The driving pair is a 

prismatic  pair

i=1

i 3

i=i+1

Yes

No

Construction criterion 

of closed-loop units 

Fully decoupled 3T PM

 with high stiffness

 

Figure 3    Synthesis flow chart of three translational fully decoupled parallel mechanism 

5    Synthesis of three translational fully decoupl-

ed parallel mechanism with closed-loop units 

Decoupled limbs need to be constructed firstly according to 

the expected DOF and decoupled characteristic for synthesis 

of the high-stiffness decoupled 3T PMs with the closed-loop 

units. Under the condition that the decoupled characteristic of 

the mechanism is not changed, a closed-loop unit is formed 

with the basic decoupled limb and the constructed limb based 

on the closed-loop unit construction method. Ultimately, a 

high-stiffness decoupled 3T PM with the closed-loop units is 

constituted. 

 

5.1    Configuration synthesis of limb 1   

As shown in Figure 4, o-xyz is the base coordinate system, 

1 2 3, ,$ $ $ are the output twist screws of the three motion 
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directions of the moving platform. Ti$ is the transmission 

wrench screw of limb i acting on the moving platform. 

According to the criterion for the full decoupled of PMs, each 

limb of the fully decoupled 3T PM only controls one output 

translation motion. Assuming that the three limbs control the 

output motion in the three directions of x, y and z axes 

respectively, and the output twist screw is a translational screw 

with infinite pitch in the same direction as the output motion. 

Therefore, 1 2 3, ,$ $ $ are expressed as 

                    

( )

( )

( )

1

2

3

0 0 0;1 0 0

0 0 0;0 1 0

0 0 0;0 0 1

=

=

=

$

$

$

                        (7) 

Based on the decoupled criterion, the output translational 

motion along the x-axis direction is only provided by limb 1, 

that is, the reciprocal product of the transmission wrench 

screw of the limb and the corresponding output twist screw is 

not zero, and the reciprocal product with the output twist 

screw controlled by other limbs is equal to zero.  

Provided that the transmission wrench screw of limb 1 is 

                  ( )1 1 1 1 1 1 1;T a b c d e f=$                      (8) 

 

 

moving platform$1

$2

$3

$T1

x
y

z

o
$

1
11

$
2

11

$
3
11

 fixed platform

 

Figure 4    Schematic diagram of transmission screw and actuated 

screw of limb 1  

If 1 1 1 2 1 30, 0, 0T T T = =$ $ $ $ $ $  is satisfied, the 

following equations can be deduced 

                    

1 1 1 1

1 1 1 1

1 1 1 1

0 0 0 0

0 0 0 0

0 0 0 0

a d e f

b d e f

c d e f

+  +  +  

+  +  +  =

+  +  +  =

                         (9) 

It can be solved from Eq. (9) that 1 1,b c  must be zero 

and 1 0a  . The Eq.(9) will hold true no matter what the values 

of Ti$  are. The value of 1 1 10, 0, 0d e f=   is taken. The 

transmission wrench screw does not pass through the origin of 

the coordinate. In this case, the transmission wrench screw 

acting on the moving platform of limb 1 can be finally 

determined as 

                  ( )1 1 11 0 0;0T e f=$                          (10) 

It can be known from above analysis that the relationship 

between transmission wrench screw of each limb and output 

twist screw of the moving platform of the fully decoupled 3T 

PM is that the transmission wrench screw of each limb is 

coplanar with the output twist screw of the corresponding limb, 

and perpendicular to the output twist screw of other limbs. 

The transmission wrench screw 1T$ of limb 1 is the force 

screw in the direction of the x-axis, which is in the same 

direction as the output motion controlled by the limb. 

Similarly, limb 2 controls the output motion in the y-axis 

direction, and limb 3 controls the output motion in the z-axis 

direction. Thus, the transmission wrench screw of limb 2 is the 

force screw in the y-axis direction, and the transmission 

wrench screw of limb 3 is the force screw in the z-axis 

direction. The transmission wrench screw of the limb acting 

on the moving platform can only be the linear force vector in 

the same direction as the output twist screw of the limb. 

According to the condition that the reciprocal product of the 

transmission wrench screw Ti$ and the actuated screw 1i$  in 

the same kinematic limb is a nonzero constant: 1 0Ti i $ $ (i 

is the i limb), the actuated screw of each limb is constructed. 

Take limb 1 as an example. 

Provided that the actuated screw 11$  of limb 1 is 

                ( )11 1 1 1 1 1 1= ;l m n u v w$                      (11) 

If 1 11 0T $ $ , the following equation needs to be satisfied 

          1 1 1 1 1 1 1 10 e 0 0 0l m n f u v w + + + +  +                 (12) 

The Eq.(12) will hold true no matter what the values of 

1 1 1, ,l v w  are. 

If the pitch of 11$  is infinitely large, there's only one case, 

which is 1 1 10, 0, 0m n u= =  . 

                      ( )1

11 0 0 0;1 0 0=$                         (13) 

At this moment, the driving pair is a P pair with the axis 

along the x-axis direction. 

If the pitch of 11$  is zero, there are two cases 

A． 1 1 10, 0, 0m n u =    

                     ( )2

11 1 10 1 0; 0u w=$                       (14) 

At this moment, the driving pair is a R pair with the axis 

along the y-axis direction. 

B． 1 1 10, 0, 0m n u=    

                       ( )3

11 1 10 0 1; 0u v=$                      (15) 

At this moment, the driving pair is a R pair with the axis 

along the z-axis direction. 

To sum up, the transmission wrench screw 1T$  of limb 1 

acting on the moving platform and all possible actuated 

screws 
1

11$ 、 2

11$ 、 3

11$  are shown in Figure 4. 

According to the condition that the reciprocal product of the 

transmission wrench screw Ti$  and the unactuated kinematic 

screw except the actuated screw in the same limb is equal to 

zero: 0Ti ij =$ $ (i represents the i limb, j represents other 

kinematic screws in the limb except the actuated screw and 
1 5j  ), the unactuated screw of limb 1 is 

              1 1 1 1 1 1 1( ; )j j j j j j jl m n u v w=$                 (16) 

If 1 1 0T j =$ $ , the following equation can be deduced 

              1 1 1 1 1 1 1 10 0 0 0j j j j j jl m e n f u v w + + + +  +  =      (17) 

There are two cases for Eq. (17) to be true. In the first case, 

the conditions 1 1 10, 0, 0j j jm n u= = =  need to be satisfied, the 

unactuated screw in the limb may be a line vector in the x-axis 

direction or a couple vector in the direction of y and z axis. In 

the second case, 1 j$  is a line vector which always intersects 

with 1T$ , and both cases can coexist in the same limb. 

Since the limbs should contain all the motion 
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characteristics of the moving platform to achieve the expected 

output motion of the moving platform, each limb must have 

translational DOF in at least x, y and z directions, and the 

connectivity of the limb should be at least 3. When the 

actuation is a R pair, 2R parallel sub-chain can be used as the 

driving pair, But the original limb should contain translational 

DOF whose direction is perpendicular to the axis of the R pair 

(A 2R parallel sub-chain can be considered as a linear 

combination of a R pair and a P pair). Moreover, there should 

be one translational DOF parallel to the negative motion 

direction of the 2R sub-chain. Negative motion direction is the 

non-corresponding output DOF direction of the two 

translational DOFs vertical to the axis of R pair. As shown in 

Table 1, the types of unactuated screw of limb 1 and their 

satisfying conditions are discussed according to the types of 

driving pairs of limb 1.  

In this paper, only the connectivity of 3, 4 and 5 of limb 1 

are considered. According to the types of actuated and 

unactuated screws, the configuration orientation and 

connectivity of limb 1, all possible kinematic limb structures 

are synthesized, as shown in Table 2. In Table 2, P represents 

the prismatic pair, R represents the revolute pair, x、y、z 

represent the axis directions of the prismatic pair or revolute 

pair, C represents the cylindrical pair, U represents the 

universal pair, and the lower angle symbol n indicates that the 

direction of the prismatic pair is orthogonal to the directions 

of the adjacent two R pairs. The 2R parallel sub-chain can be 

replaced by a parallelogram structure Pa, which is composed 

of four R pairs in the same direction as the actuated screw to 

improve bearing capacity of the limb. To simplify the structure, 

suppose that the axes of the adjacent kinematic pairs in the 

limb are parallel or perpendicular to each other. This 

configuration can be designed and reformed according to the 

specific application conditions in the actual engineering. 

Schematic diagrams of typical limb configurations and 

structures are shown in Table 3. The basic decoupled limbs in 

Table 2 and Table 3 are not the final configurations. The 3T 

fully decoupled PMs with closed-loop units are formed by the 

redundant limbs constructed by the new method of closed-

loop unit construction and the basic decoupled limbs. 

 

Table 1  Unactuated screw types in limb 1 and their satisfying conditions 

Type of driving pair  The type of unactuated screw in the limb and the satisfying conditions 

When the pitch of actuated 

screw is infinitely large, 

the driving pair is a 

prismatic pair in the 

direction of the x-axis 

① Line vector screws in the same direction as the actuated screw 
1
11$ . The number of such screws 

is at least 2. The maximal linear independent number of spatial parallel line vectors is 3, and the 

maximum number of such screws is 3. 

② Couple vector screws perpendicular to the actuated screw 
1
11$ . Such screws cannot be parallel to 

each other in space. The maximum linearly independent number of plane intersection couple 

vectors is 2, and the number of such screws is no more than 2. 

③ Line vector screws intersecting with the transmission wrench screw 1T$ .The number of such 

screws is at most 2. When the number is 2, the screw must intersect with 1T$  at a point. Such 

screws have no effect on the output motion of the mechanism, so they are also called inert pairs. 

When the actuated screw 

is a zero-pitch screw, the 

driving pair is rotated 

along the y-axis direction 

or z-axis direction 

① The number of line vector screws parallel to the x-axis is at least 2 and at most 3. No other line 

vector screws with different directions can be added between the screws.  

② The couple vector screws 

perpendicular to the x-axis. The 

number of such screws is at most 

2.  

(1) When the number of the screw is 1, if the two ends of 

the screw are in the same direction as the line vectors 

connected to it, the axis of the couple vector should 

be perpendicular to and coplanar with the two end 

line vectors. If the two ends of the line vector 

connected with it are orthogonal, the axis direction of 

the couple vector can only be along the y-axis or z-

axis direction, and the couple vector can also be 

directly connected with the moving platform. 

(2) When the number of the screw is 2, the two couple 

vectors are along the y direction and the z direction, 

and at most one couple vector in the same direction as 

the driving pair is arranged in the 2R parallel sub-

chain. When a couple vector is set in the 2R parallel 

sub-chain, another couple vector is arranged between 

the 2R parallel sub-chain and the moving platform. 

Otherwise, two couple vectors are arranged between 

the 2R parallel sub-chain and the moving platform. 

③ Line vector screws intersecting with the transmission wrench screw 1T$  and perpendicular to the 

actuated screw. The number of such screws is at most 2, and they are inert screws. 

5.2    Configuration synthesis of limb 2   

If limb 2 provides y-direction output motion, provided that the 

transmission wrench screw of limb 2 is 

                ( )2 2 2 2 2 2 2;T a b c d e f=$                   (18) 

If condition 2 2 2 1 2 30, 0, 0T T T = =$ $ $ $ $ $ is satisfied, 

the following equations can be deduced 
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2 2 2 2

2 2 2 2

2 2 2 2

0 0 0 0

0 0 0 0

0 0 0 0

b d e f

a d e f

c d e f

+  +  +  

+  +  +  =

+  +  +  =

                (19) 

It can be solved from Eq. (19) that 2 2,a c must be zero and 

2 0b  . The Eq.(19) will hold true no matter what the values 

of 2 2 2, ,d e f  are. The value of 2 2 20, 0, 0e d f=   is taken. In 

this case, the transmission wrench screw acting on the moving 

platform of limb 2 can be finally determined as 

                   ( )2 2 20 1 0; 0T d f=$                       (20) 

The transmission wrench screw 2T$  of limb 2 is the force 

screw in the y-axis direction, which is in the same direction as 

the output motion of the limb. According to the conditions that 

the reciprocal product of the transmission wrench screw 

Ti$ and the actuated screw 1i$  in the same kinematic limb is a 

nonzero constant: 1 0Ti i $ $  (i is the i limb), the actuated 

screw of each limb is obtained.  

Provided that the actuated screw 21$  of limb 2 is 

                 ( )21 2 2 2 2 2 2= ;l m n u v w$                    (21) 

If 21 0T2 $ $  , the following equation needs to be satisfied 

2 2 2 2 2 2 2 20 0 0 0l d m n f u v w +  + +  + +               (22)  

The Eq.(22) will hold true no matter what the values 

of 2 2 2, ,m u w  are.  

If the pitch of 21$  is infinitely large, there's only one case, 

2 2 20, 0, 0l n v= =   

                     ( )1

21 0 0 0;0 1 0=$                          (23) 

At this moment, the driving pair is a P pair with the axis 

along the y-axis direction. 

If the pitch of 21$  is zero, there are two cases, which are 

A. 2 2 20, 0, 0l n v =    

                      ( )2

21 2 21 0 0;0 v w=$                     (24) 

At this moment, the driving pair is a R pair with the axis 

along the x-axis direction. 

moving platform
$1

$2

$3

$T2

x
y

z

o

 fixed platform
1

21$
2

21$

3

21$

 

Figure 5    Schematic diagram of transmission force screw and 

actuated screw of limb 2  

Table 2    Configuration of limb 1 

Type of 

driving pair 

Connectivity 

of the limb 
Limb configuration 

Basic decoupled 

limb configuration 

Compound kinematic 

pair 

Pa limb 

structure 

Driving pair 

is a 

prismatic 

pair 

3 3P PxPyPz   

4 

3P1R 
PxPyPzRy   

PxPyPzRz   

2P2R 

PxRxPnRx CxPnRx  

PxRxRxPy CxRxPy  

PxPyRxRx   

PxRxRxPz CxRxPz  

PxPzRxRx   

1P3R PxRxRxRx CxRxRx  

5 1P4R 
PxRxRxRxRz CxRxRxRz  

PxRxRxRxRy CxRxRxRy  

Driving pair 

is a revolute 

pair 

4 2P2R 
RyRyPyPz RyCyPz PaPyPz 

RyPyRyPz CyRyPz、RyCyPz  

5 

2P3R 

RyRyPyPzRx RyCyPzRx PaPyPzRx 

RyPyRyPzRx CyRyPzRx、RyCyPzRx  

RyRyPyPzRz RyCyPzRz PaPyPzRz 

RyPyRyPzRz CyRyPzRz、RyCyPzRz  

1P4R 

RyRyRxRxPz RyUyxRxPz PaRxRxPz 

RyRyPzRxRx  PaPzRxRx 

RyRyRxPnRx RyUyzPnRx PaRxPnRx 

RyPyRyRxRx 
CyRyRxRx、  

CyUyxRx、 RyCyRxRx 
 

5R 

RyRyPyRxRx  PaPyRxRx 

RyRyRxRxPy RyUyxRxPy PaRxRxPy 

RyRyRxRxRx    RyUyxRxRx PaRxRxRx 
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Table3    Typical configuration and structure diagram of limb 1  

Basic decoupled limb 

configuration 
CxPnRx CxRxRx PxRxRxPy RyPyRyPz 

Structure diagram 

    
Basic decoupled limb 

configuration 
RyRyRxPnRx CyRyRxRx RyRyRxRxRx RyRyRxRxPy 

Structure diagram 

    

B. 2 2 20, 0, 0l n v=     

                     ( )3

21 2 20 0 1; 0u v=$                      (25) 

At this moment, the driving pair is a R pair with the axis 

along the z-axis direction. To sum up, the transmission 

wrench screw 2T$  of limb 2 acting on the moving platform 

and all possible actuated screws 
1

21$ 、 2

21$ 、 3

21$  are shown 

in Figure 5. 

On the basis of the condition that the reciprocal product of 

the transmission wrench screw Ti$  and the unactuated 

kinematic screw except the actuated screw in the same limb 

is equal to zero: 0Ti ij =$ $ (i represents the i limb, j 

represents other kinematic screws in the limb except the 

actuated screw and 1 5j  ), the unactuated screw of limb 

2 is 

           2 2 2 2 2 2 2( ; )j j j j j j jl m n u v w=$              (26) 

If 2 2 0T j =$ $ , the following equation can be deduced 

        2 2 2 2 2 2 2 20 0 0 0j j j j j jl d m n f u v w+  + +  + +  =     (27) 

There are two cases for Eq. (27) to be true. In the first 

case, the condition 2 2 20, 0, 0j j jl n v= = = needs to be 

satisfied. The unactuated screw can be a line vector in the y-

axis direction or a couple vector in the direction of x and z 

axis. In the second case, 2 j$  is a line vector which always 

intersects with 2T$ , and both cases can coexist in the same 

limb. 

The types and conditions of the unactuated kinematic 

screw in limb 2 are similar to those in Table 1. In Table 1, 

the actuated screw 
1
11$  is replaced by 

1

21$ , transmission 

wrench screw 1T$  is replaced by 2T$ . For axis directions of 

all kinematic pairs, x is replaced by y, y is replaced by z, and 

z is replaced by x. 

The construction method of limb 2 is the same as that of 

limb 1, just replace all the subscripts in Table 2 as follows: x 

is replaced with y, y is replaced with z, z is replaced with x, 

and all configurations of limb 2 can be obtained. 

 

5.3    Configuration synthesis of limb 3   

Assuming that the output motion along the z direction of the 

moving platform is only provided by the limb 3, the 

reciprocal product of the transmission wrench screw acting 

on the moving platform and the output twist screw in the z-

axis direction is not zero, and the reciprocal product of the 

output twist screw in the other two directions is equal to zero. 

The derivation method of transmission wrench screw of 

limb 3 and the construction method of the limb are the same 

as those of limb 1, just replace the subscript of all the 

kinematic pairs in Table 2 with the following: x is replaced 

with z, y is replaced with x, z is replaced with y.  

 

5.4    Construction example of closed-loop units   

According to the closed-loop unit construction method 

proposed above, this paper select four kinds of basic 

decoupled limb configuration with compact structure and 

excellent performance in Table 2. Take the types of driving 

pair and the screws of kinematic pairs connected to the 

moving platform into account, a variety of closed-loop units 

under the same decoupled limb configuration with different 

kinematic pair layout are obtained, as shown in Table 4. 

Furthermore, 10 typical fully decoupled 3T PMs with 

high stiffness are constructed by connecting the closed-loop 

units containing the basic decoupled limbs with the moving 

and fixed platforms, as shown in Table 5. 

6    Synthetic example and verification of a fully 

  decoupling three translational parallel mechan

ism with high stiffness 

The basic decoupled limb of the PRPR with a connectivity 

of 4 is selected as the optimal limb, and the P pair connected 

to the fixed platform is selected as the driving pair. Three 

closed-loop units are constructed and connected with the 

moving and fixed platforms to obtain the fully decoupled 3-

P2(RPR) PM with high stiffness, as shown in Figure 6. 
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Table4    Criterion for construction of closed-loop unit for three translational fully decoupled parallel mechanisms 

Type of 

driving 

pair 

Screw type of 

kinematic pair 

connected to the 

moving platform  

Basic 

decoupled 

limb 

configuration 

The relationship 

between the kinematic 

pair of the constructed 

limb connecting the 

moving platform and the 

kinematic pair of the 

basic decoupled limb 

connecting the moving 

platform 

The relationship 

between the driving 

pair of the 

constructed limb 

and the driving pair 

of the basic 

decoupled limb 

Whether 

to add 

redundant 

actuation 

Instance 

Driving 

pair is a 

prismatic  

pair 

The kinematic pair 

connected to the 

moving platform in the 

basic decoupled limb is 

a revolute pair 

PRRR 

coaxial share No 
Table 5-

① 

parallel parallel Yes 
Table 5-

② 

The kinematic pair 

connected to the 

moving platform in the 

basic decoupled limb is 

a prismatic pair 

PRRP 

share share No 
Table 5-

③ 

coaxial  parallel Yes 
Table 5-

④ 

Driving 

pair is a 

revolute 

pair 

The kinematic pair 

connected to the 

moving platform in the 

basic decoupled limb is 

a revolute pair 

RRRRR 

parallel coaxial Yes 
Table 5-

⑤ 

parallel parallel Yes 
Table 5-

⑥ 

parallel share No 
Table 5-

⑦ 

The kinematic pair 

connected to the 

moving platform in the 

basic decoupled limb is 

a prismatic pair 

RRRRP 

share  parallel Yes 
Table 5-

⑧ 

coaxial parallel Yes 
Table 5-

⑨ 

parallel coaxial Yes 
Table 5-

⑩ 

Table5    Typical fully decoupled 3T PMs 

Decoupled mechanism 

configuration 
① 3-P2(RRR) ② 3-2(PRRR) 

Three translational fully 

decoupled parallel 

mechanisms with high 

stiffness 

  

Decoupled mechanism 

configuration 
③ 3-P2(RR)P ④ 3-2(PRRP) 

Three translational fully 

decoupled parallel 

mechanisms with high 

stiffness 

  
Decoupled mechanism 

configuration 
⑤ 3-2(RRRRR) ⑥ 3-2(RRRRR) 
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Three translational fully 

decoupled parallel 

mechanisms with high 

stiffness 

  
Decoupled mechanism 

configuration 
⑦ 3-P2(RRRR) ⑧ 3-2(RRRR)P 

Three translational fully 

decoupled parallel 

mechanisms with high 

stiffness 

  
Decoupled mechanism 

configuration 
⑨ 3-2(RRRRP) ⑩ 3-2(RRRRP) 

Three translational fully 

decoupled parallel 

mechanisms with high 

stiffness 

  
 

6.1    Verification of DOF   

The screw system of closed-loop unit 1 is 

11

12 1 1

13 2 2

14 3 3

15

16 1 1

17 2 2

18 3 3

(0 0 0;1 0 0)

(1 0 0;0 )

(0 0 0;0 )

(1 0 0;0 )

(0 0 0;1 0 0)

(1 0 0;0 )

(0 0 0;0 )

(1 0 0;0 )

e f

e f

e f

e f

e f

e f

=

=

=

=

=

=

=

=

$

$

$

$

$

$

$

$

                 (28) 

The reciprocal screw system of closed-loop unit 1 is 
r

11

r

12

(0 0 0;0 1 0)

(0 0 0;0 0 1)

=

=

$

$
                    (29) 

The screw system of closed-loop unit 2 is 

21

22 4 4

23 5 5

24 6 6

25

26 4 4

27 5 5

28 6 6

(0 0 0;0 1 0)

(0 1 0; 0 )

(0 0 0; 0 )

(0 1 0; 0 )

(0 0 0;0 1 0)

(0 1 0; 0 )

(0 0 0; 0 )

(0 1 0; 0 )

=

=

=

=

=

=

=

=

d f

d f

d f

d f

d f

d f

$

$

$

$

$

$

$

$

                  (30)  

11 15( )$ $

12 16( )$ $

13$17$

14 18( )$ $

21 25( )$ $
22 26( )$ $

23$

27$

24 28( )$ $

31 35( )$ $ 32 36( )$ $ 33$

37$ 34 38( )$ $

closed-loop unit 1

closed-loop unit 3

closed-loop unit 2

x

y
z

o

 

Figure 6    3-P2(RPR) fully decoupled parallel mechanism with 

closed-loop unit  

The reciprocal screw system of closed-loop unit 2 is 
r

21

r

22

(0 0 0;1 0 0)

(0 0 0;0 0 1)

=

=

$

$
                   (31) 

The screw system of closed-loop unit 3 is 
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31

32 7 7

33 8 8

34 9 9

35

36 7 7

37 8 8

38 9 9

(0 0 0;0 0 1)

(0 0 1; 0)

(0 0 0; 0)

(0 0 1; 0)

(0 0 0;0 0 1)

(0 0 1; 0)

(0 0 0; 0)

(0 0 1; 0)

d e

d e

d e

d e

d e

d e

=

=

=

=

=

=

=

=

$

$

$

$

$

$

$

$

                 (32) 

The reciprocal screw system of closed-loop unit 3 is 

                           

r

31

r

32

(0 0 0;1 0 0)

(0 0 0;0 1 0)

=

=

$

$
                  (33) 

The DOF of the 3-P2(RPR) mechanism is calculated by the 

modified Kutzbach-Grubler formula 

                     
g

i 1

6( 1) 3iM n g f v=
=

= − − + +                (34) 

where M is the DOF of the mechanism, n is the total number of 

components containing the racks, g is the number of kinematic 

pairs, fi is the DOF of the ith kinematic pair, and v is the 

number of redundant constraints for a multi-loop PM without 

considering the common constraints. 

The above reciprocal screws of the closed-loop units show 

that the constraint screws of the three closed-loop units restrict 

the rotational DOF of the moving platform in three directions, 

thus verifying that 3-P2(RPR) has three translational DOF. 

 

6.2    Validation of Jacobian Matrix   

Assuming that the input distance of each driving pair on the 

base is l1, l2, l3, and the corresponding output distance of the 

moving platform is x, y, z respectively. According to the 

structural characteristics of the 3-P2(RPR) decoupled PM, the 

relationship between input and output can be expressed as 

1

2

3

x l

y l

z l

=

=

=

                                            (35) 

The time-derivatives of the above equations are given by 

                                

1

2

3

x l

y l

z l

=

=

=

                                           (36) 

Eq. (34) can be written in the matrix form 

                     

1

2

3

1 0 0

0 1 0

0 0 1

lx

y l

z l

    
    

=     
          

                           (37) 

The Jacobian matrix of the mechanism can be obtained 

1 0 0

0 1 0

0 0 1

J

 
 

=
 
  

                               (38) 

The Jacobian matrix is a unit matrix, and the Jacobian 

determinant is always a fixed value. There is no singular 

position in the working space of the moving platform, and 

there will be no movement distortion. One output motion is 

controlled by only one corresponding input motion, which also 

verifies that the 3-P2(RPR) PM has three translational full 

decoupled characteristics, and the mechanism is completely 

isotropic in the entire working space. Under the condition of 

satisfying the decoupled characteristics , the isotropic PM has 

excellent kinematic characteristics and mechanical properties at 

the same time. 

 

6.3   Stiffness verification of a three translational fully 

decoupled parallel mechanism with closed-loop units 

The spatial composite deformation (bending, stretching and 

torsion deformation) of the connecting rod under the action of 

the generalized restraining force (including the driving force) is 

obtained. Firstly, the limb generalized constraint force stiffness 

matrix is solved. Then, combining with the static balance 

equation of the moving platform and the principle of virtual 

work, the overall stiffness matrix of the mechanism is obtained. 

The analytical expression of 3-PRPR PM stiffness matrix is 
T T T

3 PRPR 1 1 1 2 2 2 3 3 3K J K J J K J J K J− = + +          (39) 

where iJ  represents the Jacobian matrix of the generalized 

constraint force of the i th limb, and iK  represents the 

generalized constraint force stiffness matrix of the i th limb. 

The analytical expression of the stiffness matrix of 3-

P2(RPR) PM is 

          

T T T
3 P2(RPR) 1 1 1 2 2 2 3 3 3

T T T
1 1 1 2 2 2 3 3 3

K J K J J K J J K J

              J K J J K J J K J

− = + +

        + + +
           (40) 

where 
iJ  represents the Jacobian matrix of the generalized 

constraint force of the constructed limb in the i th loop. The 

direction of the constraint force of constructed limb and the 

basic decoupled limb are the same, so it can be deduced that 


i iJ =J . The length and cross-sectional dimensions of the two 

RPR limbs in the loop are the same, so 
i iK =K  can be deduced. 

Therefore, 

                            3 P2(RPR)K − =2 3 PRPRK −                         (41) 

The displacement of each driving pair is taken as 

0.05 0.4m−iq = , and the length of each rod of the RPR limb is 

0.5 0.75m−il = . For compare, the same constraint conditions of 

3-PRPR and 3-P2(RPR) are given, and the same cross sections 

are selected in the Z-axis direction ( 0 45mZ= . ) in the working 

space. The distribution of the maximum eigenvalues of the 

static stiffness matrix of 3-PRPR PM and 3-P2(RPR) PM is 

shown in Figure 7. 
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Figure 7  The distribution of the maximum eigenvalues of the 

static stiffness matrix of 3-PRPR PM and mechanism 3-P2 

(RPR) PM 

According to Figure 7, maximum eigenvalue of the stiffness 

matrix of the new 3-P2(RPR) PM is double larger than that of 
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the 3-PRPR decoupled PM in the workspace. The addition of 

the closed-loop units doubles the stiffness of the PM, which 

verifies the 3-P2(RPR) PM has higher stiffness.  

When the prismatic pair of 3-PRPR close to the moving 

platform is used as the driving pair, the mechanism is a 

coupling mechanism. After the above derivation, it can be seen 

that the number of constructed limbs (n) in the 3-Pn(RPR) loop 

is proportional to the stiffness of the mechanism. In order to 

analyze the stiffness difference between the 3-PRPR coupling 

mechanism [36] and the 3-Pn(RPR) decoupled mechanism, the 

VM index is used as the stiffness performance evaluation index, 

as shown in eq. (42). That is, the reciprocal of the virtual work 

done by the external force. This performance index relates the 

value of the stiffness index to the external force and presents 

the ability of the mechanism to resist the external force in a 

specific direction. 

                      
1

1 1
T T

VM
W W K W −

= =                         (42) 

where K  represents the stiffness matrix of the mechanism, W  

represents the external force on the moving platform. The two 

mechanisms use the same structural parameters. Given the 

external load W is 

 
T

100 100 100 10 10 10− −  −  W= N N N N m N m N m  

(43) 

When n=2, the same cross-sectional parameters of the Z axis 

( 0 45mZ= . ) are selected, and the VM index comparison 

diagram of the two mechanisms in the working space is shown 

in the Figure 8. 
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Figure 8   VM index of 3-P2(RPR) PM and 3-PRPR PM 

Figure 8 shows that compared with the coupling mechanism 

3-PRPR, the VM index of the new decoupled mechanism 3-

P2(RPR) is significantly improved. The VM value of 3-

P2(RPR) is above the value of 3-PRPR at any position, which 

indicates that 3-P2(RPR) has less deformation and greater 

stiffness under the same load. According to the rigidity 

requirement, the rigidity characteristic of the mechanism can 

be improved by adjusting the number of n, and the precision of 

the mechanism will be improved as well. 

 

6.4    Application prospect of decoupled parallel mechanism 

with high stiffness  

For the sake of the accurate fatigue life prediction of a car, 

there is often a durability testing before the car leaving the 

factory. The test usually carried out by a wheel coupled 

durability test platform. However, the platform can only 

simulate the excitation in the vertical direction, and ignore the 

actual excitation in the lateral and tangential directions, 

resulting in low road spectrum reproduction accuracy. Since the 

road map is very complex, the application of the highly 

coupled PM will increase the difficulty of control and cannot 

meet the requirements of road map reproduction accuracy. 

Therefore, a decoupled PM can be used to solve this 

problem[37]. 

However, the existing fully decoupled PMs have poor 

rigidity and cannot be applied to high-precision automobile 

durability testing. The high-stiffness PM with closed-loop units 

synthesized in this paper, as shown in Figure 6, has the 

characteristics of decoupled and high stiffness, which can 

provide lateral and tangential excitation for durability testing, 

and improve the accuracy of road spectrum reproduction. It can 

also reduce the difficulty of control, so that it has a better 

application prospect in automobile durability testing. 

7    Conclusions 

(1) A new synthesis method of a fully decoupled 3T PM with 

closed-loop units and high rigidity was proposed. 

(2) Aiming at the problem of poor stiffness of decoupled PMs, 

a closed-loop unit construction method was developed, and 

more than 50 new configurations of high-rigidity fully 

decoupled 3T PMs with closed-loop units were synthesized. 

(3) The kinematics and stiffness analyses verify the correctness 

of the 3T PM with fully decoupled and high rigidity 

characteristic. The addition of the closed-loop units makes 

the rigidity performance of the orthogonal decoupled PM 

better than that of the orthogonal coupling PM. This paper 

provided new ideas for the synthesis of the high stiffness 

and fully decoupled PMs with closed-loop units for 

automobile durability testing. 
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