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The generalized SU(2) Proca theory (GSU2P for short) is a variant of the well known generalized Proca theory (GP for short) where
the vector field belongs to the Lie algebra of the SU(2) group of global transformations under which the action is made invariant.
New interesting possibilities arise in this framework because of the existence of new interactions of purely non-Abelian character and
new configurations of the vector field that result in spatial spherical symmetry and the cosmological dynamics being driven by the
propagating degrees of freedom. We study the two-dimensional phase space of the system that results when the cosmic triad con-
figuration is employed in the Friedmann-Lemaitre-Robertson-Walker background and find an attractor curve whose attraction basin
covers almost all the allowed region. Such an attractor curve corresponds to a primordial inflationary solution that has the follow-
ing characteristic properties: 1.) it is a de Sitter solution whose Hubble parameter is regulated by a generalized version of the SU(2)
group coupling constant, 2.) it is constant-roll including, as opposite limiting cases, the slow-roll and ultra slow-roll varieties, 3.) a
number of e-folds N > 60 is easily reached, 4.) it has a graceful exit into a radiation dominated period powered by the canonical
kinetic term of the vector field and the Einstein-Hilbert term. The free parameters of the action are chosen such that the tensor sec-
tor of the theory is the same as that of general relativity at least up to second-order perturbations, thereby avoiding the presence of
ghost and Laplacian instabilities in the tensor sector as well as making the gravity waves propagate at light speed. This is a proof
of concept of the interesting properties we could find in this scenario when the coupling constants be replaced by general coupling
functions.

1 Introduction

Unless the evidence [1, 2, 3, 4] that General Relativity (GR) is non-perturbatively renormalizable be-
comes decisive, Einstein gravity continues to be an effective theory [5, 6]. The search for a modified grav-
ity theory (see Refs. [7, 8, 9, 10, 11, 12, 13, 14] for some reviews), effective as well, is then completely
justified despite the experimental success of GR. There exist different ways to approach the problem
like adding higher-order curvature invariants to the action, considering also geometrical structures other
than the pseudo-Riemmanian curvature, or incrementing the gravitational degrees of freedom. It is well
known that this path is full of obstacles making particularly difficult to reconcile renormalizability with
unitarity in the search for a fundamental theory. The unitarity is intimately related to the absence of
ghosts and instabilities [15, 16] and, therefore, to the existence of constraints that guarantee the propa-
gation of the right number of degrees of freedom. One procedure general enough to produce these con-
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straints, at least those primary, is to degenerate the kinetic Lagrangian. This procedure has been ap-
plied when the additional gravitational degree of freedom is of scalar nature, giving existence to the so
called Degenerate Higher-Order Scalar-Tensor theory (DHOST) [17, 18, 19, 20], and also when such a
degree of freedom is of vector nature, giving existence to the so called Extended Vector-Tensor theory
(EVT) [21]. Another procedure, less general but with a longer history, is to construct the action so that
the field equations are second order, thereby avoiding the Ostrogradski instability [22]. It was Horndeski
in the 70’s who gave us what is understandably called the Horndeski theory [23] (nowadays also called
the (generalized) Galileon theory [24, 25, 26, 27, 28, 29, 30, 31]) and that describes gravity composed of
a purely geometrical degree of freedom (the curvature) together with a scalar field whose field equations
are second order. Horndeski himself gave us the analogous version when the scalar field is replaced by a
vector field enjoying a U(1) internal gauge symmetry, having in mind the electromagnetism [32].
A lot of effort has been put in the exploration of the fundamental, cosmological, and astrophysical con-
sequences of the Horndeski theory (see e.g. Refs. [29, 31]) but it had to face a very severe obstacle: the
prediction of anomalous speed for the gravity waves [33] in huge disagreement with the observations [34,
35, 36, 37, 38, 39, 40, 41]. This obstacle is saved in the framework of the DHOST theory [42] but, in
our opinion, it has been enough for scientists to have lost much of the interest in modified gravity the-
ories. A lot of effort has been also put in the study of the vector-tensor version of the Horndeski the-
ory, what is called the generalized Proca theory (GP). This theory is, actually, the generalization of the
vector-tensor theory given to us by Horndeski [32] to the case when there is no internal gauge symme-
try. Having been developed by Tasinato [43] and Heisenberg [44, 45], it was later completed by Allys,
Peter, and Rodríguez [46, 47] (see also Ref. [30]) who discovered an extra Lagrangian piece with triv-
ial longitudinal-mode interactions. Interesting results were found, both in the astrophysical and cosmo-
logical avenues, starting from the discovery of a self-accelerating cosmological solution powered by the
non-propagating mode [43, 48, 49]. It is quite unexpected that the non-propagating degree of freedom
can give way to some dynamics but, of course, it is very interesting and, anyway, the only possibility
since the propagating modes must be turned off if we want a perfectly homogeneous and isotropic uni-
verse at the background level. The GP stood as a very serious alternative until the observations about
the gravity waves speed teared down most of its sectors [34] (curiously, the extra Lagrangian piece de-
scribed above predicts the right speed). The EVT, analogously to its scalar version, the DHOST, is able
to save the day by providing extra terms that give way to the correct gravity waves speed.
But are the GP and the EVT the last words in the framework of the vector-tensor theories? Anybody
might think that adding a global SU(2) internal symmetry to the GP leads to a very similar theory, with
essentially the same implications, although, technically, being much more complicated. There are, how-
ever, at least three reasons why this is not the right reasoning:

1. There exist terms in the action of the SU(2) version of purely non-Abelian nature, i.e. terms for
which there do not exist their counterparts in the GP. Likewise, there exist terms in the action of
the GP that are incompatible with their generalization to the SU(2) version.

2. Not only the non-propagating degree of freedom but also the propagating ones can be turned on
without spoiling the isotropy. In fact, there exist four different field configurations, three of them
where the non-propagating degree of freedom is turned off, and their linear combinations that enjoy
spatial spherical symmetry [50, 51, 52]. One of these linear combinations is the well known cosmic
triad [53].

3. From the gauge fundamental interactions in particle physics, we know well that the non-Abelian in-
teractions exhibit a rich phenomenology which is very characteristic and distinctive from the Abelian
interactions’. For instance, gauge mediators in the any of the nuclear forces interact with each other
whereas photons never do it.

These reasons led to the formulation of what is called the generalized SU(2) Proca theory (GSU2P) [54]
(see also Ref. [55] and for a short review see Ref. [30]) which was later on reconstructed [56] to take into
account not only the primary constraints but also the secondary constraints that close the constraint al-
gebra [57, 58] (see also Ref. [59]). Such reconstruction paid careful attention to the covariantization pro-
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cess so that the beyond SU(2) Proca terms (parts of what would be an extended version of the GSU2P)
were unveiled following the technique devised in Ref [60].
It is the purpose of this paper to investigate the cosmological implications of the GSU2P, particularly on
the primordial inflationary period. Some preliminar research on the impact of this theory on the late in-
flationary period was carried out in Ref. [61] and the stability conditions to reach this purpose in Ref.
[62]. Here we will concentrate on the background evolution during primordial inflation, identifying the
inflaton with the single degree of freedom that results when the cosmic triad configuration is employed.
Our action will be Einstein-Hilbert plus Yang-Mills (Y-M) plus the parity-conserving L4,2 Lagrangian
pieces of the GSU2P plus those L2 pieces that are composed of either two derivatives and two vector
fields or four vector fields. The L4,2 Lagrangian pieces of the GSU2P give way to an almost universal at-
tractor curve in phase space along which the slow-roll parameter ǫ vanishes. Thus, for most of the ini-
tial conditions, the system ends up experiencing a quasi-de Sitter inflationary period which easily lasts
more than 60 e-folds. Such a period has the property of being constant-roll [63, 64, 65] because ψ̈/Hψ̇
(as well as the η slow-roll parameter), where ψ is the single degree of freedom that describes the cosmic
triad and H is the Hubble parameter, is constant along the attractor curve; slow-roll inflation and ultra
slow-roll inflation appear as opposite limiting cases in this scenario. Another property is that the energy
scale during inflation, given by H, may take any value depending on a generalized version of the SU(2)
group coupling constant. On the other hand, the Y-M term has the role of producing a graceful exit of
inflation into a radiation-dominated period when ψ becomes small enough. Finally, the Einstein-Hilbert
term guarantees as well a reasonable cosmological evolution during the radiation-dominated period and
the recovery of the Einstein gravity once the vector field has decayed.
An appreciable quantity of free parameters can make quite intractable the analysis of this scenario. In
order to get a clear picture of what could happen in the most general situation, we have notoriously re-
duced the number of free parameters by analyzing the perturbative tensor sector of the theory and im-
posing conditions so that it takes the form shown in GR, at least up to second order. Thus, the ghost
and Laplacian instabilities problems in the tensor sector are solved while making the gravity waves prop-
agate at light speed. Of course, this is more than what is required in a perturbative analysis but per-
fectly fits our intention of easying the work and uncovering some interesting aspects of the dynamics
that are likely present in the most general situation. At such, this paper becomes a proof of concept of
what we expect to find when the GSU2P be enlarged with new terms and the coupling constants be re-
placed by general coupling functions (the GSU2P [54, 56] was partially constructed because of the diffi-
culty at handling hundreds of Lorentz-invariant and SU(2) group-invariant Lagrangian building blocks).
The layout of this paper is the following. After presenting the action to study and the field profile in
Section 2, a dynamical system is constructed in Section 3 and the respective field equations are formu-
lated in terms of the dynamical system variables. Thus, the existence of an attractor curve (actually a
straight line in the two-dimensional phase space) corresponding to a de Sitter inflationary period is re-
vealed in Section 4. To analyze the properties of this inflationary period and the other features of the
scenario under study, it is easier to perform a reduction of the set of free parameters, described in Sec-
tion 5, by analyzing the tensor sector of the theory and making it behave as in GR at least up to second
order; the side (positive) effect of this is that the scenario becomes free of ghosts and Laplacian insta-
bilities. The graceful exit of inflation into a dominated radiation period and its impact on the determi-
nation of the available parameter space are studied in Sections 6 and 7 whereas the constant-roll char-
acteristic of the inflationary period, its limiting cases, and the past singularities are discussed in Section
8. The comparison of this scenario with others available in the literature is carried out in Section 9. Fi-
nally, the conclusions are presented in Section 10. Throughout the text, Greek indices are space-time in-
dices and run from 0 to 3, while the Latin indices a, b, c are internal SU(2) group indices and run from 1
to 3. The sign convention is the (+++) according to Misner, Thorne, and Wheeler [66].
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2 The GSU2P and the scenario to study

The GSU2P is a generalization of the GP to the case where the vector field belongs to the Lie algebra
of the SU(2) group. The action is then globally invariant under this group of transformations. As in the
GP [67], gauge invariance is abandoned in order to have more than Maxwell-like (Y-M-like respectively)
terms in the action. The theory was constructed in Ref. [54] (see also Ref. [55]) implementing the pri-
mary constraint-enforcing relation only and removing several terms which were redundant in flat space-
time. After the works in Refs. [57, 58], it became clear that a non-trivial secondary constraint-enforcing
relation existed and that ought to be implemented. This was, however, almost impossible to carry out
from the results in Ref. [54] since several of the removed redundant terms did not satisfy this secondary
constraint-enforcing relation, forcing the authors of Ref. [56] to reconstruct the theory from scratch. Any-
way, removing these terms before covariantizing implied the lost of information since some of them are
not redundant anymore in curved spacetime and, indeed, are intimately related to what are called the
beyond Proca SU(2) terms [60]. The theory was reconstructed in Ref. [56] finding in turn the beyond
Proca SU(2) terms. The action of the theory is the following:

S =

∫

d4x
√−g

(

LE−H + L2 + α4,0L4,0 + L4,2 +
α5,0

m2
P

L̃5,0

)

, (1)

where

LE−H ≡ m2
P

2
R , (2)

L2 ≡ L2(A
a
µν , B

a
µ) , (3)

L4,0 ≡ GµνB
µaBν

a , (4)

L4,2 ≡
6
∑

i=1

αi

m2
P

Li
4,2 +

4
∑

i=1

α̃i

m2
P

L̃i
4,2 , (5)

L̃5,0 ≡ BνaRσ
νρµB

b
σÃ

µρcǫabc , (6)

and

L1
4,2 ≡ (Bb · Bb)[Sµa

µ Sν
νa − Sµa

ν Sν
µa] + 2(Ba · Bb)[S

µa
µ Sνb

ν − Sµa
ν Sνb

µ ] ,

L2
4,2 ≡ Aa

µνS
µb
σ B

ν
aB

σ
b − Aa

µνS
µb
σ B

ν
bB

σ
a + Aa

µνS
ρb
ρ B

µ
aB

ν
b ,

L3
4,2 ≡ BµaRα

σρµBαaB
ρbBσ

b +
3

4
(Bb · Bb)(Ba · Ba)R ,

L4
4,2 ≡ [(Bb · Bb)(Ba · Ba) + 2(Ba · Bb)(B

a · Bb)]R ,

L5
4,2 ≡ GµνB

µaBν
a(B

b · Bb) ,

L6
4,2 ≡ GµνB

µaBνb(Ba · Bb) , (7)

L̃1
4,2 ≡ −2Aa

µνS
µb
σ BαaBβbǫ

νσαβ + Sa
µνS

νb
σ BαaBβbǫ

µσαβ ,

L̃2
4,2 ≡ Aa

µνS
µb
σ BαaBβbǫ

νσαβ − Ãαβ
a Sb

ραB
ρaBβb + Ãαβ

a Sρ
ρbB

a
αB

b
β ,

L̃3
4,2 ≡ Bb

βR
α
σρµB

a
α(Ba · Bb)ǫ

µρσβ ,

L̃4
4,2 ≡ BβaR

α
σρµB

a
α(B

b · Bb)ǫ
µρσβ . (8)

In these expressions, g is the determinant of the metric, mP is the reduced Planck mass, R is the Ricci
scalar, Ba

µ is the vector field that belongs to the Lie algebra of the SU(2) group, Aa
µν ≡ ∇µB

a
ν − ∇νB

a
µ

is the Abelian version of the non-Abelian gauge-field strength tensor F a
µν where ∇µ is the space-time co-

variant derivative operator, Sa
µν ≡ ∇µB

a
ν + ∇νB

a
µ is the symmetric version of Aa

µν , Gµν is the Einstein
tensor, Rσ

νρµ is the Riemann tensor, Ãµν
a ≡ 1

2
ǫµνρσAρσa is the Hodge dual of Aµν

a , ǫabc is the structure-
constant tensor of the SU(2) group, α4,0, α5,0, αi, and α̃i are arbitrary dimensionless constants, and ǫµνρσ
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is the Levi-Civita tensor of the space-time manifold. It is worth noting that those Lagrangians with a
tilde on top explicitly violate parity while those without a tilde do not. The exception is L2 which is an
arbitrary function of Aa

µν and Ba
µ, i.e., it can be any scalar built from contractions of the latter two ob-

jects with the metric and Levi-Civita tensors of the space-time and SU(2) group manifolds and, there-
fore, may include both parity-conserving and parity-violating terms. The notation here has been changed
a bit with respect to that in Ref. [56] in order to make things clearer: B, instead of A, stands for the
vector field, A stands for the unnormalized antisymmetrization of ∇µB

a
ν , and S stands for its unnormal-

ized symmetrization.
One of the guiding ideas of the scenario we consider in this paper is that the inflationary period has a
graceful exit into a radiation dominated period and that the Einstein gravity is recovered once the vector
field has decayed. Therefore, part of the L2 we consider here is the canonical Y-M kinetic term:

L2 ∋ LY−M ≡ −1

4
F a
µνF

µν
a , (9)

where F a
µν ≡ ∇µB

a
ν − ∇νB

a
µ + g̃ǫabcB

b
µB

c
ν , g̃ being the SU(2) group coupling constant. On the other

hand, the existence of the inflationary period and its graceful exit itself depend noticeably on the terms
constructed from two derivatives and two vector fields and on those constructed from four vector fields,
i.e., we have to consider those in L4,2, except for the parity-violating Lagrangian pieces because they are
inconsistent with an isotropic universe. Thereby, it is reasonable to consider as well the following La-
grangian pieces that belong to L2:

L1
2 ≡ (Ba · Ba)(B

b · Bb) ,

L2
2 ≡ (Ba · Bb)(Ba · Bb) ,

L3
2 ≡ Aµν

a A
ρ a
ν Bb

µBρb ,

L4
2 ≡ Aµν

a A
ρ b
ν BµbB

a
ρ ,

L5
2 ≡ Aµν

a A
ρ b
ν Ba

µBρb ,

L6
2 ≡ Aµν

a A
a
µν(Bb · Bb) ,

L7
2 ≡ Aµν

a A
b
µν(B

a · Bb) , (10)

and to exclude L4,0 and L̃5,0. Thus, the action corresponding to the scenario that is studied in this paper
is given by

S =

∫

d4x
√−g

(

LE−H + LY−M +
2
∑

i=1

χiLi
2 +

7
∑

i=3

χi

m2
P

Li
2 +

6
∑

i=1

αi

m2
P

Li
4,2

)

, (11)

where the χi are arbitrary dimensionless constants. It is very easy to observe that some of the terms in
the action of the GSU2P, Eq. (1), have purely non-Abelian nature and, therefore, their counterparts in
the GP do not exist. Among such terms, the one that is preserved in the action studied in this paper,
Eq. (11), is L2

4,2.
As usual, the universe at large is modeled as a four-dimensional, C∞, connected, Hausdorff, and para-
compact manifold which allows it to be endowed with a pseudo-Riemmanian metric compatible with the
spatial isotropy with respect to all points, i.e., the Friedmann-Lemaitre-Robertson-Walker (FLRW) met-
ric. Following the assumption that the spatial sections of the manifold have vanishing intrinsic curva-
ture, the line element according to the FLRW metric has the following form in a Cartesian coordinate
system:

ds2 = −dt2 + a2(t)[dx2 + dy2 + dz2] , (12)

where a(t) is the scale factor and t is the cosmic time.
Due to its nature, the spatial part of a vector field breaks isotropy, so the only way it can be reconciled
with the FLRW universe is by considering it as a time-like vector field whose spatial components van-
ish. This has been the strategy when the cosmology has been studied in the GP scenario (see e.g. Refs.
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[43, 48]). Thus, together with matter fields, the non-propagating degree of freedom is actually the one
that drives the cosmological dynamics. The GSU2P is richer in this sense since, having more than one
vector field in physical space, there exist four different field profiles (as well as linear combinations of
them) that are compatible with the FLRW metric, three of them where the spatial components are, in
general, different to zero [50, 51, 52]:

B0a(t) = b0(t)r̂a ,

Bia(t) = b1(t)r̂ir̂a + b2(t)[δia − r̂ir̂a] + b3(t)ǫ
l

ia r̂l . (13)

In the above expression i and l run from 1 to 3, b0(t), b1(t), b2(t), and b3(t) are arbitrary functions of the
cosmic time, r̂ is the unit vector in the isospin space pointing in the direction of ~Bi, r̂ is the unit vector
in physical space pointing in the direction of ~Ba, δia is the Kronecker delta, and ǫial is the totally anti-
symmetric symbol. A simple field configuration, called the cosmic triad [53], is obtained when choosing
b0(t) = b3(t) = 0 and b1(t) = b2(t) 6= 0. Thus,

B0a(t) = 0 ,

Bia(t) = a(t)ψ(t)δia , (14)

where ψ(t) corresponds to the norm of the physical three-dimensional vector fields. It is then easy to un-
derstand why the cosmic triad configuration leads to a homogeneous and isotropic universe although the
vector fields involved are spacelike. Moreover, in contrast to the GP scenario, the propagating degrees of
freedom in the GSU2P, together with matter fields, are responsible for the cosmological dynamics. This
is the configuration that is employed in the development of this paper.

3 The dynamical system

Varying the action in Eq. 11 with respect to both the metric and the vector field leads to the field equa-
tions. Their length is enough to fill some pages so they will not be presented here. However, replacing
the FLRW metric in Eq. 12 and the field configuration in Eq. 14 in the field equations, and defining the
new dimensionless variables:

x ≡ ψ̇√
2mPH

, y ≡ ψ√
2mP

, z ≡
√

ĝ

2mPH
ψ , (15)

where
ĝ ≡

√

g̃2 − 6χ1 − 2χ2 , (16)

is a generalized version of the SU(2) group coupling constant, H is the Hubble parameter, and a dot
means a derivative with respect to cosmic time, the following autonomous dynamical system is obtained:

x2 + 2xy + y2 + 2z4 + (40x2y2 − 80xy3 + 40y4)α1

+(−8x2y2 + 8y4)α2 + (−216xy3 − 62y4)α3

+(−480xy3 − 120y4)α4 + (32xy3 + 12y4)(3α5 + α6)

+(−4x2y2 − 8xy3 − 4y4)(χ3 + χ4 + 3χ5 + 6χ6 + 2χ7) = 1 , (17)

x2 + 2xy + y2 + 2z4 + (440x2y2 + 80
√
2py3 − 80xy3 − 520y4 + 160y4ǫ)α1

+(−40x2y2 − 8
√
2py3 − 112xy3 − 56y4 + 16y4ǫ)α2

+(648x2y2 + 108
√
2py3 + 496xy3 − 214y4 + 92y4ǫ)α3

+(1440x2y2 + 240
√
2py3 + 960xy3 − 600y4 + 240y4ǫ)α4

+(−96x2y2 − 16
√
2py3 − 96xy3 + 12y4 − 8y4ǫ)(3α5 + α6)

+(4x2y2 + 8xy3 + 4y4)(χ3 + χ4 + 3χ5 + 6χ6 + 2χ7) = −3 + 2ǫ , (18)
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p√
2
+ 3x+ 2y +

4z4

y
− yǫ+ (40x2y + 20

√
2py2 + 120xy2 − 200y3 + 40y3ǫ)α1

+(−8x2y − 4
√
2py2 − 24xy2 − 16y3)α2 + (−200y3 + 108y3ǫ)α3

+(−480y3 + 240y3ǫ)α4 + (24y3 − 16y3ǫ)(3α5 + α6)

+(−4x2y − 2
√
2py2 − 12xy2 − 4y3 + 4y3ǫ)(χ3 + χ4 + 3χ5 + 6χ6 + 2χ7) = 0 . (19)

In the above expressions, p and ǫ are defined as

p ≡ ψ̈

mPH2
, (20)

ǫ ≡ − Ḣ

H2
, (21)

ǫ being the first slow-roll parameter. It is worthwhile noting that Eqs. (17) and (18) are the Einstein
field equations while Eq. (19), which is not independent of Eqs. (17) and (18), is given by the contracted
Bianchi identity. Moreover, the role of the dimensionless parameters χ1 and χ2, as seen in Eq. (15), is
just to renormalize the group coupling constant g̃. The equation (17) is the constraint equation that al-
lows us to reduce the dimensionality of the system to two so that the phase space is given in terms of
the variables x and y. Thus, the dynamical system is closed with the equations

x′ =
p√
2
+ ǫx , (22)

y′ = x , (23)

where a prime denotes a derivative with respect to the e-folds number defined as N ≡
∫

H dt. For an
ample discussion of the application of dynamical systems to cosmology, see Refs. [68, 69, 70, 71].

4 The attractor straight line in phase space and inflation

Is it possible to have a de Sitter constant-roll inflationary period in the framework of the GSU2P ac-
cording to the action in Eq. (11)? In agreement with the definition of a constant-roll inflationary period
[63, 64, 65], the single degree of freedom that describes the cosmic triad, i.e. ψ, must have an accelera-
tion directly proportional to the product of its velocity with the Hubble parameter. Thus,

ψ̈ =
1

β
Hψ̇ , (24)

where β is a dimensionless parameter. This equation can be easily integrated assuming the constant-roll
inflationary period is de Sitter:

ψ = β
ψ̇

H
+ γ , (25)

where γ is a dimensionful integration constant. In terms of the dimensionless variables that define the
dynamical system, the above equation reads

y = βx+ δ , (26)

where δ is a dimensionless constant. This corresponds to a straight line in phase space.
Does this straight line, as an integral curve in phase space, really exist? Does it describe a de Sitter pe-
riod? How long is this inflationary period? Is this straight line an attractor? These questions are ad-
dressed in the following subsections.
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4.1 Existence of the straight line integral curve as a de Sitter solution

4.1 Existence of the straight line integral curve as a de Sitter solution

The first thing to do is to check if a solution of the form in Eq. (26) is compatible with the dynamical
system. In fact, for large values of |x| and, therefore, of |y|, such a solution does exist and is unique:

β =
70α1 − 6α2 + 108α3 + 240α4 − 48α5 − 16α6 + χ3 + χ4 + 3χ5 + 6χ6 + 2χ7

70α1 + 8α2 + 19α3 + 60α4 − χ3 − χ4 − 3χ5 − 6χ6 − 2χ7

, (27)

δ = 0 . (28)

Moreover, the ǫ parameter vanishes along this line, so the latter represents a de Sitter inflationary pe-
riod. It is important to emphasize that this solution exists only for large values of |x| and, therefore, of
|y|.
Since the phase space is two dimensional, we can plot the allowed region together with the integral curves.
This is easier to do by projecting the whole x− y plane onto the Poincaré circle through the following re-
defined variables:

xp ≡
x

√

ζ2 + x2 + y2
, yp ≡

y
√

ζ2 + x2 + y2
, (29)

which can be inverted as

x ≡ ζxp
√

1− x2p − y2p
, y ≡ ζyp

√

1− x2p − y2p
, (30)

where x2p + y2p ≤ 1 and ζ is a positive real number that permits to zoom in and zoom out the central
region of the phase space in the Poincaré circle. The x and y axes are mapped onto the xp and yp axes
respectively and the straight line y = βx is mapped onto the straight line yp = βxp. Figs. 1a and 1b
portrait the phase space in the Poincaré circle for the parameters

α2 = 2α3 ,

α6 = −20α1 + 6α3 − 3α5 ,

χ3 = 0 ,

α4 = −2α1 +
7

20
α3 ,

α5 = −20α1 − 14α3

3
,

χ7 = 5α1 + α3 −
χ4

2
− 3χ6 , (31)

which lead to the action

S =

∫

d4x
√−g

[

LE−H + LY−M + χ4

(

L4
2 −

L7
2

2

)

+ χ5L5
2 + χ6

(

L6
2 − 3L7

2

)

+α1

(

L1
4,2 − 2L4

4,2 −
20

3
L5

4,2 + 5L7
2

)

+α3

(

2L2
4,2 + L3

4,2 +
7

20
L4

4,2 +
14

3
L5

4,2 − 8L6
4,2 + L7

2

)

]

. (32)

In Fig. 1a, α1 = 1, α3 = 1.0008, and χ5 = −1.965 have been chosen, leaving χ4 and χ6 free since they
do not contribute to the field equations (17) to (19); the zoom parameter in this plot is ζ = 25. Fig.
1b is plotted with the same parameters prescription as in Eq. (31) and the same zoom but having cho-
sen α1 = 1, α3 = 2, and χ5 = 8. The reason for the different constraints among coupling constants in
Eq. (31) is that, this way, the perturbative tensor sector of the theory under study behaves as in GR at
least up to second order so that there are neither ghosts nor Laplacian instabilities; moreover, the grav-
ity waves propagate at the light speed. This is properly discussed in Sec. 5.
The slope of the straight line is important since the negative slope is useful to describe primordial infla-
tion whereas the positive slope is useful to describe dark energy. The reason is that, since the straight
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4.2 Amount of inflation
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(b) Late time inflation

Figure 1: Phase space portraits in the Poincaré circle for primordial and late time inflation in the GSU2P with the action
of Eq. 32. α1 = 1, α3 = 1.0008, and χ5 = −1.965 for Fig. 1a whereas α1 = 1, α3 = 2, and χ5 = 8 for Fig. 1b. χ4 and χ6

may take any values. The zoom parameter in both plots is ζ = 25. The allowed regions are filled with the integral curves
that describe the dynamical system flow. Several contours for the first slow-roll parameter ǫ parameter are drawn and dis-
tinguished by a colour code. The solid magenta straight line yp = βxp corresponding to the de Sitter constant-roll inflation
is also drawn. Notice that, in both cases, the attraction basin of the constant-roll solution fills almost all the allowed re-
gion. Notice as well that there exist other two straight lines in Fig. 1a, the dashed ones (black and red), each one being
identified with part of the borders, at large |x| and |y|, of the three connected but mutually disconnected regions whose
union makes the whole allowed region. Fig. 1a also portraits, with a solid arrowed black curve, a numerical solution to the
system with initial conditions xini = 5 × 109 and yini = 1010. Primordial inflation ends up when the system reaches the
central zone where the Y-M term begins dominating, giving way to damped oscillations of the ψ field and to a radiation
dominated period.

line crosses the origin of the phase space, it will lie on the second and fourth quadrants if the slope is
negative; this means, in turn, that the evolution of the system along the straight line is such that it moves
towards the origin, |x| and |y| then reducing as time passes (see Fig. 1a). Eventually, |x| and |y| are small
enough and the straight line is not a solution anymore. The system will now be dominated by the lower
powers of ψ, i.e., by the canonical kinetic (i.e., Y-M) term together with the Einstein-Hilbert term, and
primordial inflation will have a graceful exit into a radiation dominated era (see Figs. 1a and 2). In con-
trast, if the slope is positive, the straight line will lie on the first and third quadrants, which means that
the system will evolve towards bigger and bigger values of |x| and |y|; there will be no graceful exit into
anything making this scenario very convenient to eventually describe the late inflationary period (see
Fig. 1b). The latter scenario was explored in Ref. [61], only for a linear combination of L1

4,2 and L4
4,2, al-

though without the presence of matter. Indeed, not only L1
4,2 and L4

4,2 but also L1
4,3, by themselves, have

the potential of describing dark energy. In contrast, L2
4,2, it being the only purely non-Abelian term in

the considered action, and L3
2 to L7

2, by themselves, have the potential to describe primordial inflation;
however, the set L3

2 to L7
2 is unable to produce ǫ = 0 unless at least one of the L4,2 Lagrangian pieces

is present. Here is where the power of the generalized Proca terms built with the symmetric version of
the gauge field strength tensor in its Abelian version, the S terms as they were called in Ref. [61], re-
sides. On the other hand, the Lagrangian pieces L5

4,2 and L6
4,2, by themselves, are unable to provide the

constant-roll solution of Eq. (26).

4.2 Amount of inflation

To successfully solve the three classic problems of the standard cosmology, the flatness, horizon, and un-
wanted relics problems [72], the primordial inflationary period must last at least some 60 to 70 e-folds
[73, 74, 75, 76]. For the scenario under study, the amount of inflation or e-folds number is very easy to
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4.3 Attractor condition
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Figure 2: Phase space portraits in the Poincaré circle corresponding to Fig. 1a with the central zone zoomed (ζ = 5 for
Fig. 2a and ζ = 1 for Fig. 2b). These plots reveal with more detail the end of primordial inflation when the system reaches
the central zone of the plot (|x|, |y| . 1). In this stage of the evolution, the Y-M and the Einstein-Hilbert terms dominate,
the vector fields experience damped oscillations, and the system enters into a radiation dominated period.

calculate:

N ≡
∫

H dt =

∫

H
dψ

ψ̇
=

∫

dy

x
, (33)

which, along the straight line y = βx, reduces to

N =

∫ xfin

xini

β
dx

x
≈ −β ln |xini| , (34)

where xini is the initial value of the x variable and the final value xfin ∼ O(1) is given by the transition
to the canonical kinetic (i.e., Y-M) term dominated era. Several numerical runs have demonstrated that
Eq. (34) is an excellent approximation; an example of this is given by Figure 3 where the ǫ parameter vs
N is shown for the parameters employed to plot Figs. (1a) and (2).
Thus, in order to have N & 70, xini must satisfy |xini| & e70/|β|, i.e.,

ψini

mP

&
√
2 |β| e70/|β| . (35)

It is quite easy, thereby, to require a super Planckian initial value for ψ; however, what matters is the
energy scale during inflation given by H. According to the definitions in Eq. (15),

H

mP

= ĝ
y2

z2
, (36)

where z can be written in terms of x and y thanks to the constraint in Eq. (17). Therefore, the energy
scale of primordial inflation in this scenario can be tuned to the desired value just by choosing the value
of the generalized version of the SU(2) group coupling constant given in Eq. (16). Fig. 4 displays con-
tours of H/(mP ĝ) in the Poincaré circle for the primordial inflation scenario of Figs. (1a) and (2).

4.3 Attractor condition

The scenario depicted in this section where a straight line in phase space has been found, portraying a
constant-roll de Sitter inflationary period, is predictive only if this straight line is an attractor. A little
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4.3 Attractor condition
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Figure 3: The first slow-roll parameter ǫ (in solid black) vs the amount of inflation N for the primordial inflation scenario
of Figs. 1a and 2. As can be seen in Fig. 3a, the ǫ parameter quickly approaches zero and stay there for a number of e-
folds that is wholly consistent with Eq. (34). This is enough to solve the classical problems of the standard cosmology.
As seen in Fig. 3b, the ǫ parameter starts oscillating around 2 (dashed blue line) after the end of inflation, signaling a
radiation dominated period powered by the canonical kinetic (i.e. Y-M) term.
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Figure 4: Contours of the Hubble parameter in units of mP ĝ for the primordial inflation scenario of Figs. 1a and 2. The
zoom parameters for Figs. 4a and 4b are ζ = 25 and ζ = 1, respectively. Any value for H can actually be obtained by
tuning the generalized SU(2) group coupling constant ĝ.
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perturbation in the x variable, for y unperturbed, must result in the system coming back to the straight
line. For a given y along the straight line, let’s call it ys, the evolution is given by the Eq. (23), i.e., by

y′s
x′s

=
xs
x′s
, (37)

where xs is the respective value along the straight line. A little perturbation δx = x − xs, for y unper-
turbed, follows the evolution given by

y′

x′
=

x

x′(x, y)

=
xs + δx

x′s(xs) + δx′(xs, δx)

≈ xs
x′s(xs)

+
1

x′s(xs)

[

δx− xs δx
′(xs, δx)

x′s(xs)

]

, (38)

at first order in the perturbations. Considering the second quadrant, if the straight line is to be an at-
tractor,

y′

x′
≶
y′s
x′s

for δx≷ 0 , (39)

i.e.,

δx≶
xs δx

′(xs, δx)

x′s(xs)
for δx≷ 0 . (40)

The previous expression is valid as long as x′s(xs) > 0, which is indeed satisfied as can be observed by
taking into account Eqs. (15), (20), (22), and (24). Therefore, no matter which the sign of δx is, the at-
tractor condition reads

xs
x′s(xs)

∂x′

∂x

∣

∣

∣

xs

> 1 . (41)

This condition constrains the possible values that the coupling constants in the action may take. It is,
however, not the only constraint. The next sections will explore this and other constraints, some strictly
necessary and some imposed for technical easiness, that significantly reduce the available parameter space.
The attractor condition in Eq. (41) can also be employed to maximize the basin of attraction. Under the
requirement that the straight line described by Eqs. (26) - (28) represents primordial inflation (i.e., it
must have negative slope) and that, of course, is inside the allowed region in phase space, the basin of
attraction is maximized when the straight line that works as border, for large |x| and |y|, of the allowed
connected region in phase space that encloses the constant-roll straight line (see the tiny-dashed black
straight line in, e.g., Fig. 1) becomes a repeller. The opposite condition to that in Eq. (41) must then be
applied to such border straight line.

5 The perturbative tensor sector and the reduction in the number of free

parameters

Fourteen free parameters, g̃, the seven αi, and the six χi, are too much to analyze the constraints on
them that will be presented later. It is easier, therefore, to notoriously reduce the number of free param-
eters by imposing additional constraints that are convenient but not completely necessary. An example
of the latter is to request the perturbative tensor sector of the theory to behave as in GR, at least up to
some order in perturbation theory.
Previous analysis about the stability conditions necessary for avoiding ghost and Laplacian instabilities
in the perturbative tensor sector of the GSU2P, see Ref. [62], are extended here. An alternative route is
however adopted in this paper by choosing the coupling constants such that the second-order action of
the theory is reduced to that of GR, inheriting in this way the luminal nature of the propagation speeds
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and releasing the theory of instabilities. For this class of vector-tensor theories, we have two types of
tensor modes: the one related to gravitational waves plus a tensor mode associated to the vector fields.
Assuming a FLRW background, the tensor perturbation of the metric tensor reads

δgij = a2(t)hij , (42)

while that of the vector field reads
δAa

i = a(t)tai , (43)

where both hij and tai are symmetric and satisfy the transverseness and tracelessness conditions

∂ihij = hii = 0 ,

δia∂it
a
j = δiat

a
i = 0 . (44)

We define the polarization states + and × for the metric and vector field tensor perturbations in the cir-
cular basis as follows:

δg11 = −δg22 = a2h+ , δg12 = a2h× ,

δA1
µ = a(0, t+, t×, 0, 0) , δA2

µ = a(0, t×,−t+, 0, 0) , (45)

which are oriented, without loss of generality, so that the perturbations propagate along the z-axis di-
rection. After expanding each piece of the action in Eq. (11) up to second order in perturbations and
integrating by parts as appropriate, the quadratic action containing the kinetic K, the Laplacian L and
the mixed (containing products of first-order time and spatial derivatives) C matrices can be written in
a compact way [77] as

S2
T =

∫

d3x dt
(

a3~̇xTK ~̇x+ a ∂~xTL ∂~x+ a2~̇xTC ∂~x
)

, (46)

where ~xT ≡ (mPh+, t+,mPh×, t×) and the dimension of the matrices are determined by the number of
degrees of freedom. The non-vanishing components of the kinetic matrix are

K11 = K33 =
1

8

[

2 + ψ4(160α1 + 31α3 + 60α4 + 6α5 + 10α6)
]

,

K22 = K44 = 1 + 2ψ2(10α1 + α2 − χ3 − χ4 − 6χ6 − 2χ7) ,

K12 = K21 = K34 = K43 = −ψ3(20α1 + α2 + 3α5 + 2α6) , (47)

while those of the Laplacian matrix are

L11 = L33 = −1

8

[

2 + ψ4(240α1 + 7α3 + 60α4 + 18α5 + 14α6)
]

,

L22 = L44 = −
[

1 + 2ψ2(10α1 + α2 − 2χ3 − χ4 − 6χ6 − 2χ7)
]

,

L12 = L21 = L34 = L43 = ψ3(20α1 + 2α2 − 2α3 + 3α5 + 2α6) . (48)

Off-diagonal elements of K and L correspond purely to mixed tensor modes. Regarding C, there are no
contributions to it since parity-violating terms have not been included in the action of Eq. (11) as they
are incompatible at the background level with the spherical symmetry; however, if they had been in-
cluded, their respective coupling constants α̃i would have had to be set to zero in order to make their
contributions to the C matrix vanish in agreement with the aim of reproducing GR. Thus, deviations
of GR plus Y-M theory are sourced by self interactions of the vector field and non-minimal couplings to
gravity. If they are not handled with care, instabilities may arise.
In practice, building up a ghost-free theory demands both a positive definite kinetic matrix and positive
squared propagation speeds. In the case of GR, including also the standard Y-M term, stability is en-
sured by construction. Such a procedure illuminates us to do the following. Instead of calculating the
cumbersome eigenvalues of K and the even more cumbersome squared propagation speeds ct, the latter
by employing the expression

det(c2tK − ctC + L) = 0 , (49)
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and next imposing the corresponding conditions over the coupling constants as commonly done, a shorter
and safer way to leave the GSU2P free of instabilities can be followed just by turning off the terms that
deviate from GR plus the Y-M term, i.e., by making

K = −L = KGR , (50)

where KGR is the kinetic matrix in GR. Another advantage of this procedure is the resulting background-
ψ-independent constraints on the free parameters, in contrast to those found, for instance, in Refs. [48,
62]. The condition in Eq. (50) leads to the constraints in Eq. (31) which translates into a considerable
reduction of the free parameters. The first three constraints result from requiring the solutions for ct to
be equal to 1, i.e., K = −L; the other three constraints result from requiring K = KGR.
This is one possibility among others much less restrictive. Since the matrices now take the plain form
characteristic of GR, one may think mistakenly of having eliminated the genuine effects of the GSU2P
at the perturbative level, but this is not the case at all. Its effects on the tensor perturbations have just
turned off for the purpose of stability but those on the scalar and vector perturbations remain. In this
regard, the cosmological implications for scalar and vector perturbations have not been screened yet so
they must be calculated in order to confront the primordial inflation scenario presented in this paper
with the cosmic microwave background and large-scale structure observations.

6 Graceful exit of inflation

The scenario under study has a built-in mechanism to terminate inflation and continue with a radiation
dominated period. As has been already discussed, and leaving aside the Einstein-Hilbert term, for high
values of |x|, and therefore of |y|, the dynamics is dominated by the terms involving four powers of the
vector fields, i.e., by the self-interaction piece of the Y-M term plus the other GSU2P Lagrangian pieces
in the action of Eq. (11). In contrast, for |x|, |y| . 1, what has been called before “the central zone” of
the phase space, the dynamics is dominated by the non-self-interacting piece of the Y-M term. This al-
lows the end of primordial inflation as well as the onset of a radiation dominated period characterized by
quick oscillations of the ǫ parameter around 2 as can be seen, for instance, in Figs. 2 and 3b. In order to
access the central zone, the quantities that describe the evolution of the system must not meet singulari-
ties. For the case at hand, the singularities are produced whenever the denominator in

x′ =
{

− 2 + 2x2 + 3xy + 2y2 + 4y2
[

− 1600x(7x− 6y)y4α2
1 + 16y3(−129x3 − 877x2y + 573xy2 + 81y3)α2

3

+3χ5(−x2 + x(−3 + x2)y + 3(−1 + x2)y2 + 3xy3 + y4 − 12y3(x+ y)3χ5) + 2α3(53x
3y + 3y2(7− 9y2)

−3xy(23 + 7y2) + x2(−3 + 39y2)− 24y3(23x3 + 34x2y + 9xy2 − 12y3)χ5) + 20yα1(−5x3 − 3x2y

+3y(−1 + y2) + 3x(2 + y2) + 4y2(2(12x3 + 155x2y − 120xy2 − 9y3)α3 + 3(4x3 + 5x2y − 3y3)χ5))
]}

/
{

y + 160y5(α1 − α3)
[

1 + 4y2(10α1 − 16α3 − 3χ5)
]

− 12y3(2α3 + χ5)
}

, (51)

which, by the way, is the same denominator in ǫ, becomes zero. The previous expression is the same as
that in Eq. (22) when p and ǫ have been solved in terms of the variables x and y. Fig. 5 presents the
phase-space portraits with singularities for two different sets of free parameters together with particular
numerical solutions. The parameters in Fig. 5a are α1 = 1, α3 = 5, χ5 = 90 with a zoom parameter
ζ = 0.3 while the respective numerical solution has initial conditions xini = 4 × 109, yini = 1010. In con-
trast, the parameters in Fig. 5b are α1 = 1, α3 = 1.1, χ5 = 0 with a zoom parameter ζ = 1 while the
respective numerical solution has initial conditions xini = −4× 109, yini = 1010. The region of phase space
where the constant-roll primordial inflationary solution lies is split into three connected but mutually
disconnected regions whose common borders are the sets of points where the singularity just described is
met. As seen, the numerical solutions stop when the first singularity is reached so that the graceful exit
of inflation into the radiation dominated stage fails.
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(a) Failed primordial inflation
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(b) Failed primordial inflation

Figure 5: Singularities can be met if the free parameters of the model are not properly chosen. These singularities cor-
respond to either |x′| = |ǫ| = ∞ or even undefined, splitting the allowed region of phase space where the constant-roll
straight line lies into three connected but mutually disconnected regions. The borders between these regions are shown in
the plots as the elliptic green and white stripes. Fig. 5a corresponds to the parameters α1 = 1, α3 = 5, χ5 = 90 with a
zoom parameter ζ = 0.3; the numerical solution in black arrows has initial conditions xini = 4 × 109, yini = 1010. Fig. 5b
corresponds to the parameters α1 = 1, α3 = 1.1, χ5 = 0 with a zoom parameter ζ = 1; the numerical solution in black
arrows has initial conditions xini = −4×109, yini = 1010. In both plots, contours of the first slow-roll parameter ǫ are drawn
and distinguished by a colour code. The numerical solutions stop when reaching the first singularity, avoiding the passage
to the central zone and, thereby, precluding the graceful exit of inflation into the radiation dominated stage.

To avoid such fate, the strategy is first to consider the case when the denominator is positive for large
values of |y| and to find out its absolute minimum requiring it to become strictly greater than zero. Af-
terwards, the case when the denominator is negative for large values of |y| must be considered and its
absolute maximum must be found out requiring it to become strictly less than zero. The joint constraints
are presented in the next section.

7 Available parameter space

There exist four constraints that define the available parameter space for the primordial inflation sce-
nario:

1. The slope of the straight line in Eq. (27) must be negative.

2. The straight line must be enclosed into the allowed phase space in the x− y plane that is delineated
by the constraint in Eq. (17) and the fact that z4 ≥ 0.

3. The straight line must be an attractor, so Eq. (41) must be satisfied.

4. The system must be able to access the central zone, i.e., no singularities in x′ (given by Eq. (51)),
and therefore in ǫ, must exist.

An optional constraint comes from the requirement of maximizing the attraction basin. Thus, the straight
line that serves as part of the border of the allowed region where the constant-roll straight line resides
(see the tiny dashed black line in all the figures of primordial inflation) must be a repeller so the oppo-
site condition to Eq. (41) must be applied to it.
Conditions 1 to 3 are satisfied as long as

α3 > α1 ∧ −20α1 + 18α3 ≤ χ5 ≤ −160α1 + 158α3 ,
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(c) Available parameter space - Region II

<latexit sha1_base64="nzauw6Kv8LmRwiCNrS4q5nGecOY=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJFHVZdOOygr1AG8pketIMnVyYORFK6SPoStSdL+QL+DYmNQtt/VffnP8fOP/xEiUN2faXVVpb39jcKm9Xdnb39g+qh0cdE6daYFvEKtY9jxtUMsI2SVLYSzTy0FPY9Sa3ud99RG1kHD3QNEE35ONI+lJwykcDJD6s1uy6vRBbBaeAGhRqDaufg1Es0hAjEoob03fshNwZ1ySFwnllkBpMuJjwMfYzjHiIxp0tdp2zMz/WjAJki/fv7IyHxkxDL8uEnAKz7OXD/7x+Sv61O5NRkhJGIotknp8qRjHLK7OR1ChITTPgQstsSyYCrrmg7DCVrL6zXHYVOhd157LeuG/UmjfFIcpwAqdwDg5cQRPuoAVtEBDAM7zBuzW2nqwX6/UnWrKKP8fwR9bHN/n7i9Y=</latexit>

η

����� ����� ����� ����� ����� ����� ����� �����
-����

-����

-����

-����

-����

-����

-����

���

���

���

���

���

(d) Available parameter space - Region III

Figure 6: The available parameter space split into one curve and three disjoint regions in the plane α3 − χ5 for α1 = 1.
Contours of the second slow-roll parameter η are drawn and distinguished by a colour code (η = 0 in the curve of Fig. 6a).
The union of the curve and the three regions is shown in Fig. 7.

∨
α3 = α1 ∧ χ5 6= −160α1 + 158α3 ,

∨
α3 < α1 ∧

(

χ5 ≤ −160α1 + 158α3 ∨ χ5 >
80α1 − 86α3

3

)

. (52)

If the optional constraint is implemented, the inequalities in Eq. (52) are strengthened to

α3 > α1 ∧ (−20α1 + 18α3 ≤ χ5 ≤ −80α1 + 78α3 ∨ χ5 = −160α1 + 158α3) . (53)

However, what reduces the most the available parameter space is the condition 4. It leaves no room ex-
cept for the union of a curve and three small regions that are plotted in Figs. 6 and 7 in a very small in-
terval around α1 = 1. It is worth recalling at this point that the scenario presented in this paper is just
a realization and, therefore, a proof of concept of what can be achieved when the full parameter space,
with its fourteen free parameters or with general coupling functions in the most general case, is explored.
More free parameters or coupling functions always implies less stringent conditions so the potential to
satisfy the five constraints enumerated in this section, together with the absence of ghost and Laplacian
instabilities, for an ample zone of the parameter space is certainly high.
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Figure 7: The union of the curve and the three disjoint regions of Fig. 6 that represents the whole available parameter
space for α1 = 1 in the plane α3 − χ5.

8 Constant-roll inflation: varieties and past singularities

Having implemented the parameter reduction described in Sec. 5, the constant-roll de Sitter solution is
represented by the straight line in phase space

y =
80α1 − 86α3 − 3χ5

60α1 − 54α3 + 3χ5

x , (54)

whose attraction basin covers most of the allowed region in phase space as can be seen in any of the pre-
ceding figures portraying successful primordial inflation. This section discusses two interesting aspects of
this scenario: the well known varieties of inflation, slow roll and ultra slow roll, and the question of the
existence of past singularities.

8.1 Varieties of inflation

8.1.1 Slow-roll inflation

Slow-roll inflation has been the archetypical model of inflation since its inception [73, 74, 75, 76, 78, 79,
80, 81]. In the slow-roll approximation, the absolute value of the ǫ parameter defined in Eq. (21) as well
as the absolute value of the parameter

η ≡ 2ǫ− ǫ̇

2Hǫ
, (55)

are considered very small compared to one. There exists an infinite tower of ordered dimensionless slow-
roll parameters, each one describing the time evolution of the preceding one, while the first one, ǫ, de-
scribes the fractional evolution of the Hubble parameter. For most of the applications, the first and sec-
ond slow-roll parameters, ǫ and η, are enough to describe the inflationary dynamics. Indeed, it is eas-
ier to have a prolonged period of primordial inflation, long enough to solve the classical problems of the
standard cosmology, if the slow-roll conditions are satisfied. Moreover, consistency with the experimen-
tal data about the spectral index of the primordial curvature perturbations usually requires slow roll
[73, 74].
For single-field slow-roll inflation in Einstein gravity, the second slow-roll condition, |η| ≪ 1, is inti-
mately related to the condition

|φ̈| ≪ |3Hφ̇| , (56)

which makes the Klein-Gordon equation behave as

3Hφ̇ ≈ −V ′(φ) , (57)
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(a) Slow-roll inflation
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(b) Slow-roll inflation

Figure 8: Slow-roll inflation in the GSU2P. This variety of primordial inflation is given when the attractor straight line of
constant-roll inflation overlaps the straight line that serves as part of the border of the allowed region where the former
lies. The parameters for this plot are α1 = 1, α3 = 1.00005, and χ5 = −160α1 + 158α3. The numerical solution in black
arrows has initial conditions xini = 1023 and yini = 1024. The zoom parameter is ζ = 25 in the left plot and ζ = 3 in the
right one. Contours of ǫ are drawn and distinguished by a colour code.

where the prime in the above expression means a derivative with respect to the scalar field φ and V is
the scalar potential. In the context of the scenario discussed in this paper, one might think naively that,
according to the Eq. (24), slow-roll inflation is met when β → ∞. This is not the case, however, since
the analogous to the Klein-Gordon equation gets modified in the presence of modified gravity, see Eq.
(19). The first slow-roll condition, |ǫ| ≪ 1, is clearly satisfied in the constant-roll scenario of this paper
because the inflation is de Sitter. Along the straight line in phase space corresponding to the constant-
roll inflation, the η parameter acquires the value

η =
3(160α1 − 158α3 + χ5)

2(80α1 − 86α3 − 3χ5)
, (58)

which clearly becomes zero when the equality condition in Eq. (53) is satisfied. Fig. 6 shows contours
of η in all the plots except in the upper left where η = 0 along the curve. Thus, the slow-roll variety of
inflation is given when the attractor straight line that represents constant-roll inflation matches that one
that serves as part of the border of the allowed region which the former resides in. Fig. 8 presents the
phase space in the Poincaré circle for primordial slow-roll inflation together with a particular numerical
solution in black arrows. α1 = 1, α3 = 1.00005, and χ5 = −160α1 + 158α3 in the plots of this figure with
the zoom parameter ζ = 25 in the left plot and ζ = 3 in the right one. As can be seen in the figure, this
period of primordial inflation is followed by a radiation dominated stage.

8.1.2 Ultra slow-roll inflation

Eqs. (17), (18), and (19) reveal that the modified Klein-Gordon equation in the GSU2P is given by:

f(ψ)ψ̈ + g(ψ, ψ̇)3Hψ̇ + h(ψ) = 0 , (59)

where f, g and h are specific functions of their respective parameters that are not shown here. h(ψ) re-
duces to the derivative of a potential function with respect to ψ in the limit of Einstein gravity and, there-
fore, is the relevant function in ultra slow-roll inflation. In this variety of primordial inflation, the poten-
tial gets extremely flat, too flat for the slow-roll conditions to apply, i.e. h(ψ) = 0. Ultra slow-roll was
introduced in Refs. [82, 83, 84, 85, 86] and later shown to be very useful to generate the conditions for
the production of primordial black holes [87]. In the GSU2P, the condition h(ψ) = 0 is formally obtained

18



8.2 Past singularities

<latexit sha1_base64="w7yBNjnFLAz8g0PzWoOrqoA7HM4=">AAAB6XicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuMZGfBCakU+5AQ6edtB0TQngIXRl15+v4Ar6NBWeh4Fl9vec0uedGqeDG+v6XV1hb39jcKm6Xdnb39g/Kh0ctozLNsMmUULoTUYOCS2xabgV2Uo00iQS2o/Ht3G8/ojZcyQc7STFM6FDymDNq3ajTw9RwoWS/XPGr/kJkFYIcKpCr0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrUNIETThd7DsjZ7HSxI6QLN6/s1OaGDNJIpdJqB2ZZW8+/M/rZja+DqdcpplFyVzEeXEmiFVkXpsMuEZmxcQBZZq7LQkbUU2ZdccpufrBctlVaF1Ug8tq7b5Wqd/khyjCCZzCOQRwBXW4gwY0gYGAZ3iDd2/sPXkv3utPtODlf47hj7yPbzNhjb4=</latexit>

ε

-��� -��� ��� ��� ���
-���

-���

���

���

���

-����

-����

-����

-����

-���

�

���

���

(a) Ultra slow-roll inflation
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(b) Ultra slow-roll inflation

Figure 9: Ultra slow-roll inflation in the GSU2P. This variety of primordial inflation is formally given when the slope of the
attractor straight line of constant-roll inflation is negative infinite. The inflation in this situation is so ultra slow-roll that
the field, actually, does not evolve. This is the reason why the plots in this figure have been drawn with a very large (in
absolute value) but negative finite slope. The parameters are α1 = 1, α3 = 1.001, and χ5 = −1.981. The numerical solution
in black arrows has initial conditions xini = −102 and yini = 103; difficulties with the numerical integrator are the reasons
why the damped oscillations in the central zone are not shown. The zoom parameter is ζ = 25 in the left plot and ζ = 3 in
the right one. Contours of ǫ are drawn and distinguished by a colour code.

when the slope of the constant-roll straight line is negative infinite which implies each of the terms in
Eq. (59) becomes zero. Ref. [88] demystified ultra slow-roll inflation showing that the name is not ac-
tually representative of what happens since the scalar field in this situation flies over the flat patch of
the potential. In the case of the GSU2P, however, ultra slow-roll inflation is so ultra slow-roll that the
field ψ does not move at all. It is worthwhile emphasizing that this is the situation when the condition
h(ψ) = 0 is formally satisfied. In contrast, if a very large (in absolute value) but negative finite slope is
chosen, the field moves very fast, the conditions being more similar to those of standard ultra slow-roll
inflation the larger the absolute value of the slope is.
Fig. 9 presents two plots of the phase space in the Poincaré circle for ultra slow-roll inflation, one with
zoom ζ = 25 and the other with ζ = 3. The parameters chosen for the construction of the two plots are
α1 = 1, α3 = 1.001, and χ5 = −1.981. A particular numerical solution is shown with initial conditions
xini = −102 and yini = 103. In this setup, primordial inflation is also followed by a radiation dominated
period.
Thus, both ultra slow roll and slow roll correspond to opposite limits in the constant-roll inflation sce-
nario: ultra slow roll is realized when the straight line of constant-roll inflation acquires the highest pos-
sible slope, in absolute value, before this becomes positive while slow roll is realized when the slope ac-
quires the smallest possible absolute value before the constant-roll straight line moves outside the al-
lowed region in phase space. This aspect of constant-roll vs slow roll and ultra slow roll had already been
stated in Ref. [63].

8.2 Past singularities

Fig. 4a is characteristic of the evolution of the Hubble parameter in the GSU2P. It reveals that all the
integral curves at large |x| and |y| come from the edge of the Poincaré circle so that the farther they are
from the central zone, the smaller but positive the Hubble parameter is. This implies that, previous to
primordial quasi de Sitter inflation, the universe experiences super accelerated expansion and, unless ȧ =
0 at some time (and there is no reason for it to happen), there cannot exist any (Big-Bang) singularity.
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9 Comparison with other scenarios discussed in the literature

Several works on the role of vector fields and/or scalar fields during the primordial inflationary period or
the late one can be found in the literature. Some of the most interesting and more related to the work
presented in this paper are briefly summarized in the following and the differences are highlighted.

1. The Sushkov’s paper, Ref. [89]:

Sushkov works with the term Gµν∇µφ∇νφ plus kinetic term plus Einstein-Hilbert in the context of
the Horndeski theory. His results are similar to those presented in this paper but, in contrast, they
depend on the sign of the coupling constant. The most probable reason for this is that Gµν∇µφ∇νφ
and the kinetic term are comparable for high values of the scalar field φ. For small φ, the kinetic
term becomes the leading one and, as expected, the system ends up describing a stiff fluid.

2. G-inflation, Refs. [28, 90, 91]:

G-inflation is also framed in the context of the Horndeski theory (or Galileon theory) and shows a
similar behaviour to the work presented in this paper. Although the exit of inflation is not quite ev-
ident from the action, a stiff fluid stage is reached as happens in Sushkov’s work. Reheating is given
through the gravitational production of particles. The generalized version of the scenario [28] shows
that φ̇ is constant in contrast to the work presented in this paper.

3. GP applied to cosmology, Refs. [48, 92, 93]:

There is a huge difference between the GP and the GSU2P applied to cosmology because the star-
ring role in the GP is held by the non-propagating degree of freedom whereas in the GSU2P, as
already discussed in the introduction, the propagating degrees of freedom are the protagonists. In
the Horndeski theory, the protagonist degree of freedom does propagate; this could explain why the
results in the GSU2P are similar to those found in the Horndeski theory. Moreover, the de Sitter
epoch in GP is an attractor so it only works to describe dark energy, and ψ (the norm of the phys-
ical vector field) grows while H decreases; all of this is in strong contrast to what happens in the
Horndeski theory and the GSU2P.

4. The Emami, Mukohyama, Namba, and Zhang’s paper, Ref. [94]:

Emami et. al.’s paper considers terms belonging to L2 and L4 in a version of the GP consisting of
three copies of the theory where the vector fields are artificially oriented so that they form a cos-
mic triad and the action is invariant under global SO(3) (for a version of this scenario with non-
vanishing intrinsic curvature for the spatial slices, see Ref. [95]). There exist several differences with
the scenario presented in this paper. In contrast to Emami et. al.’s paper, none of the terms of the
form BµBνA

µρAν
ρ is absolutely necessary in the GSU2P to guarantee the absence of ghosts (ac-

tually for the system to behave as GR does up to second order in the tensor perturbations); how-
ever, a term of the form B2A2 is necessary in the GSU2P (at the end, one of the terms of the form
BµBνA

µρAν
ρ is required in the GSU2P but for another reason: to sustain inflation). Emami et. al.’s

scenario requires χ3 6= 0 (translating from their notation to this paper’s) but this is not possible if
the gravity waves propagate at the right speed; anyway, Emami et. al.’s paper appeared before the
constraints from GW170817 [39, 40, 41] did. It is possible that the ghosts could have been avoided
in Emami et. al.’s paper without having to introduce L3

2 if they had introduced beyond Proca terms.
It is worth mentioning that Emami et. al.’s paper considers a situation where ψ̇ = 0, ψ being the
norm of the cosmic triad, in order to obtain a quasi de Sitter stage which is most probably related
to a critical point in phase space instead of to an attractor curve; indeed, the quasi de Sitter stage
is only possible if ψ̇ = 0, which is significantly different to the dynamics presented in this paper and
possibly has to do with the absence of self interaction in Emami et. al.’s work.

5. The Adak, Akarsu, Dereli, and Sert’s paper, Ref. [96]:
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Adak et. al. obtain an inflationary scenario from a variant of L6, with constant coupling function,
in the GP. They look for a setup different to the usual one where the spatial components of the vec-
tor field are turned off which, of course, gives way to anisotropies. In contrast to the work presented
in this paper, the scenario of Adak et. al.’s does not have a graceful exit of inflation and, so, its in-
flationary solution looks more like an attractor. Their scenario is quite similar to Einstein-Aether
[97] in the sense that an extra constraint allows the coupling Y (R)F 2, where Y (R) is an arbitrary
function of the Ricci scalar and F is the Faraday tensor, without generating higher-order deriva-
tives. In this sense, inflation is given by a power law that is near to de Sitter. Overall, the proposal
of Adak et. al.’s exhibits some similarities to the work presented in this paper.

6. HYM-flation, Refs. [98, 99]:

Oliveros et. al.’s [98] and Davydov et. al.’s [99] scenarios, both of them being variants of what could
be dubbed Horndeski Yang-Mills inflation (HYM-flation), look like extensions to L6 of Emami et.
al.’s scenario. Whereas Oliveros et. al. implement the isotropy by making the action invariant un-
der local SO(3), Davydov et. al. do it by making the action invariant under local SU(2). This makes
the two scenarios essentially the same although the amount of inflation is different; the reason for
this seems to be the self interaction in Davydov et. al.’s paper that is absent in Oliveros et. al.’s.
Although searching for quasi de Sitter inflation, Oliveros et. al.’s and Davydov et. al.’s papers con-
sider ψ̇ = 0 as Emami et. al. do; this is, again, significantly different to the dynamics presented in
this paper.

7. The Shahidi’s paper, Ref. [100]:

Shahidi’s paper is quite particular because it involves a scalar and a vector field but, because of the
form of the action, the vector field contributes only at the perturbative level. As in other propos-
als described above, de Sitter inflation in Shahidi’s scenario is obtained for a constant value of the
scalar field φ, i.e., Shahidi’s paper is dealing with a critical point.

8. The Hrycyna’s paper, Ref. [101]:

The system under study in Hrycyna’s work is constituted of a scalar field φ conformally coupled to
gravity in the form φ2R. Hrycyna’s paper presents an idea that is quite similar to the one discussed
in this paper because he analyzes critical points assuming very large values for φ. This is done for
a given region where φ is larger than some critical value and, therefore, all the critical points can be
constituted as asymptotic states. In analogous fashion to the work presented in this paper, Hrycyna’s
paper shows that φ̇→ −∞ when φ→ ∞ in the de Sitter asymptotic state.

10 Conclusions

Primordial inflation in the GSU2P displays nice features that have deserved detailed analysis. Constant-
roll de Sitter inflation stands out as an attractor curve in phase space whose attraction basin covers al-
most all the allowed region, making inflation in this scenario a really predictive phenomenon. The slow-
roll and ultra slow-roll varieties of inflation present themselves as opposite extremes of the constant-roll
dynamics, as had already pointed out in Ref. [63]. The inflation may be made, in all the cases, long enough
to solve the classical problems of the standard cosmology, it being followed by a graceful exit into a radi-
ation dominated period. The interplay between the canonical kinetic (Y-M) term for the vector field and
the other terms in the GSU2P, specifically those that go as a fourth power of the vector field, is crucial
for the dynamics of this scenario. This is because the latter, when they dominate, are the responsible for
the primordial inflation whereas the former gives way to the radiation dominated stage when the norm
of the cosmic triad has become small enough. In addition, the scenario can be made free of ghosts and
Laplacian instabilities, and the gravity theory reduces to GR when the vector field decays. Finally, al-
though the norm of the cosmic triad can take super Planckian values, the energy scale during inflation
may be as small as wished since it is controlled by the generalized SU(2) group coupling constant.
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The scenario presented in this paper has a non-void available parameter window as can be seen in Fig.
7. Notwithstanding the latter being quite small, it is clear that the GSU2P has a great potential to be
home of the constant-roll de Sitter primordial inflationary period: fourteen free parameters were too much
to do a reasonable discussion about the properties of the inflationary scenario in this paper, but with
all of them available, the possibilities of having a much wider available parameter window are certainly
high. Moreover, because of the technical difficulties at handling hundreds of Lagrangian building blocks,
the GSU2P was partially constructed in both Refs. [54] and [56] considering up to six space-time indices
in the Lagrangian building blocks previous to contractions with the metric tensor and/or the orientabil-
ity 4-form. Thus, should the theory be completed some day, it will promote the fourteen coupling con-
stants to coupling functions of the vector field, and include some new additional terms as well, which
means even more possibilities to enlarge the available parameter window. Therefore, what has been pre-
sented in this paper is a proof of concept of what the GSU2P can make to describe inflation and, of course,
of the great potential it has to describe other cosmological phenomena.
The background physics has been the most important subject of this paper but, clearly, in order to put
the inflationary scenario under test, the full perturbative treatment is required. The forthcoming work
will consist of calculating the primordial curvature perturbation, its spectrum and bispectrum, and com-
paring the predictions of this scenario on the tensor-to-scalar ratio - spectral index plane vs the Planck
data [102] and the level of non-gaussianity with the upper bound given by Planck [103]. Because of the
symmetries of the problem at hand, it is possible to anticipate that the perturbations of the three mem-
bers of the cosmic triad are equal to each other in average; this means that not only the expansion is
isotropic but the different spectra are statistically isotropic [104]. The scenario discussed in this paper
can be reasonably thought, therefore, as an effective single-scalar-field mechanism of primordial infla-
tion. The vector signatures of the scenario will reveal when the cosmic triad be slightly modified so that
the anisotropies in the expansion [105, 106], in the spectrum [107], and in the bispectrum [108, 109] of
the primordial curvature perturbation can be calculated. These aspects as well as the potential of this
scenario in the ultra slow-roll variety to explain the formation of primordial black holes, as described in
Refs. [87, 110], will also be investigated.
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