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Abstract 13 

In this study, a spatial-temporal Bayesian copula (SBC) method is developed through integrating 14 

spatial-temporal analysis and Bayesian copula into a general framework. SBC method can help 15 

model dependence structures of variable pairs and handle the uncertainty caused by parameter in 16 

copulas, and SBC can reveal the spatial and temporal changes of drought events. SBC is applied 17 

to the Balkhash Lake Basin (in Central Asia) to analyze spatial-temporal characteristic and 18 

drought risk in 1901-2020. Several findings can be summarized: (1) Balkhash Lake Basin 19 

suffered 53 drought events in 1901-2020, and five typical severe drought events occurred in 20 

1916-1920, 1943-1945, 1973-1977, 1995-1998 and 2007-2009; (2) the most severe drought 21 

event lasted for 40 months (1973.10-1977.1), affecting 335,800 km2 of the study basin; (3) 22 

drought usually develops from east to west, and Ili River delta and alluvial plain has the highest 23 

frequency of drought (47.2%), following by plateau desert (28.3%) and arid grassland in north 24 

Balkhash Lake (24.5%); (4) drought shows significant seasonality in the study basin, which 25 

usually begins in spring and summer (64.2%) and ends in summer and autumn (66.0%); and 26 

drought risk of middle and lower reaches of Ili River is highest in spring and summer; (5) in 27 

Balkhash Lake Basin, multivariate characteristics (duration, severity and affected area) 28 

significantly affect drought risk; (6) the range of drought risk is [1.9%, 18.1%], [3.7%, 33.1%], 29 

[8.7%, 46.0%], [16.0%, 55.1%] and [27.6%, 59.8%] when guarantee rate is 0.99, 0.98, 0.95, 0.90 30 

and 0.80, respectively. 31 

 32 
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1. Introduction 36 

Drought is the most widely affected natural disaster in the world and has adverse impact on 37 

agriculture, industrial production, urban water supply and ecological environment (Neisi et al., 38 

2020). Over the past twenty years, climate change led to a 46% deterioration in drought 39 

conditions worldwide, which caused economic loss of 124 billion dollars, affecting more than 40 

1.5 billion people (Ben et al., 2019; Ault, 2020). Drought generally includes four types: 41 

meteorological, agricultural, hydrological and socio-economic drought (Anne et al., 2016). 42 

Despite the widespread impact, drought identification and risk analysis are still challenging 43 

because of its different definitions, multivariate characteristics and spatial-temporal variability 44 

(Guo et al., 2018). Therefore, it is necessary to conduct monitoring and assessment in drought-45 

prone areas to determine drought characteristic, spatial-temporal variation and multivariate 46 

interaction. 47 

 48 

Over the past decades, many efforts have been devoted to drought monitoring and assessment, 49 

and more than fifty drought indices have been developed which are applicable in different 50 

regions (Wang et al., 2019). The most frequently-used indices include standard precipitation 51 

index (SPI), standardized precipitation evapotranspiration index (SPEI), hydrological drought 52 

index (HDI) and Palmer drought severity index (PDSI) (Zhao et al., 2017; Bohn et al., 2020; 53 

Fatemeh et al., 2021). SPI and SPEI are developed based on the discrepancy between 54 

precipitation and water balance, which are widely applied to meteorological drought (Hamal et 55 

al., 2020). HDI is developed by meteorological indicators and runoff, which represents a drought 56 

that river runoff is below the normal level; and HDI is usually applied to hydrological drought 57 

(Yang et al., 2020). On a large regional scale, areas with scarce precipitation and intense 58 

evapotranspiration are usually characterized by meteorological drought. However, watersheds 59 

that are significantly affected by seasonal changes in runoff are usually characterized by 60 

hydrological drought (Hu et al., 2019; Dehghan et al., 2020). Thus, it is complicated to analyze 61 

drought in a watershed with large seasonal variation in runoff which is located in arid area. Both 62 

meteorological factors (e.g., precipitation and evaporation) and underlying surface factors (e.g., 63 

soil moisture and runoff) needed to be considered. PDSI provides a water balance model that 64 

includes precipitation, evapotranspiration, runoff and soil moisture to describe drought of the 65 



watershed in arid area comprehensively (Palmer, 1965). The two limitations of PDSI are strong 66 

dependency on data calibration and shortcomings in spatial comparability (Wells et al., 2004). To 67 

overcome the limitations, self-calibrating PDSI (scPDSI) was developed and gradually being 68 

widely used (Liu et al., 2018; Akinwale et al., 2019; Zger et al., 2020). 69 

 70 

Generally, drought is a three-dimensional spatial-temporal phenomenon, and the variation of a 71 

drought evolves both static and dynamic factors (Herrera et al., 2017; Diaz et al., 2020). 72 

Specifically, duration, severity and peak are static factors of a drought, and centroid, 73 

displacement direction and affected area are static factors of a drought. The analysis methods 74 

based on drought indices mainly analyze the changes and characteristics of drought events in two 75 

ways: one is to analyze the temporal changes of drought within a fixed area; the other is to 76 

analyze the spatial distribution of drought within a fixed period (Benjamin, 2012; Vernieuwe et 77 

al., 2019). For example, Xu et al. (2015) developed a 3-dimensional clustering method to 78 

identify drought events in China from 1961 to 2012 based on three indices, and five static factors 79 

were characterized. Guo et al. (2018) integrated principle components analysis, varimax rotation, 80 

Sen's slope and modified Mann-Kendall methods into a framework to identify the dynamic 81 

factors of drought in Central Asia from 1966 to 2015. Either way requires to reduce the three-82 

dimensional spatial-temporal structure into a subspace (one-dimensional or two-dimensional 83 

space), which destroys the original structure and dilutes many inherent characteristics (Mellak et 84 

al., 2020; Yue et al., 2020). These analysis ways have a significant drawback, that is, although 85 

the multivariate characteristic are simplified in dimensionality reduction, the spatial-temporal 86 

correlation of drought is diluted. Therefore, more robust method is desired for accurately 87 

describing a drought event from both static and dynamic perspective, as well as quantitatively 88 

analyzing the interaction between multivariate factors. 89 

 90 

Copula can provide a statistical way to model the dependence structure of multivariate factors 91 

(Zeroual et al., 2018; Foo et al., 2019; Soumia et al., 2020). For instance, Foo et al. (2019) 92 

described the correlation and dependency between drought variables through a trivariate copula 93 

model, and results disclosed drought properties of the peninsular Malaysia. Soumia et al. (2020) 94 

used Archimedean copula to fit severity–duration–frequency and severity–area–frequency 95 

curves, and results revealed the multidimensional drought characteristics in northern Algeria. 96 



Copula has the main advantage of reveal drought risk by quantifying the correlation among 97 

factors which affect drought event, and it is convenient when modeling marginal distributions 98 

and multivariate dependence structures (Liu et al., 2020). However, copula also suffers several 99 

drawbacks such as verification of the optimal marginal distribution, enormous uncertainty of 100 

parameter estimation. Recently, to overcome the drawbacks, a number of researchers improved 101 

copula approaches with different statistical tools (Arbel et al., 2019; Zhao et al., 2020; Liu et al., 102 

2021). For instance, Sadegh et al. (2017) developed a new multivariate copula analysis toolbox, 103 

which employed a Bayesian framework for inferring copula parameters and estimating the 104 

underlying uncertainties. Jin et al. (2019) proposed a Bayesian parameter identification approach 105 

for applying to advanced soil models, and its robustness and effectiveness were verified based on 106 

multiple independent calculations. Yang et al. (2020) combined maximum entropy principle, 107 

Bayesian copula into a general framework, which provided an efficient and accurate method for 108 

fitting optimal marginal distribution. Overall, using Bayesian inference to improve copula can 109 

minimize the uncertainty in parameter estimation. 110 

 111 

This study aims to develop a spatial-temporal Bayesian copula (SBC) method for analyzing 112 

drought risk, through integrating spatial-temporal analysis and Bayesian copula into a general 113 

framework. The main novelty and contribution of this study can be listed as: (1) this is the first 114 

attempt to develop an integrated SBC method for analyzing multivariate (duration, severity and 115 

affected area) drought risk; (2) SBC is capable of modeling dependence structures of variable 116 

pairs and dealing with the uncertainty caused by parameter in copulas; (3) SBC can reveal the 117 

spatial and temporal changes of drought events; (4) SBC is applied to the Balkhash Lake Basin 118 

(in Central Asia) for drought risk analysis from 1901 to 2020; (5) the findings will be helpful to 119 

disclose drought risk of Balkhash Lake Basin in the past century.  120 

 121 

2. Methodology 122 

The SBC method integrates spatial-temporal analysis and Bayesian copula into a general 123 

framework (Figure 1). In detail, drought variables (e.g., duration, severity, affected area) are 124 

identified by using scPDSI and runs-theory. The correlation between drought variables are tested 125 



based on Pearson, Kendall and Spearman coefficients. Marginal distribution of drought variable 126 

is fitted by gamma, generalized extreme value, inverse Gaussian, log logistic, lognormal and 127 

Weibull. Four Archimedean copulas (i.e., Clayton, Frank, Gumbel, Joe) are employed to model 128 

dependence structures of variable pairs. The optimal marginal distribution and copula can be 129 

selected based on goodness-of-fit tests. Bayesian inference is used for dealing with uncertain 130 

parameters in copulas. Drought centroid and displacement direction are used for revealing the 131 

spatial-temporal changes of drought. Multivariate drought risk of the Balkhash Lake Basin is 132 

analyzed based on joint return periods and joint probabilities at different guarantee levels. 133 

----------------------- 134 

Place Figure 1 here 135 

----------------------- 136 

 137 

2.1 Spatial-temporal analysis 138 

 139 

Drought is a natural disaster phenomenon linked with spatiality and temporality, while the 140 

drought duration, severity and affected area are static factors. This study introduces dynamic 141 

factors to analyze drought characteristics. Dynamic factors can describe the development and 142 

variation of drought spatially and temporally, including monthly drought centroid (DC) and 143 

drought displacement direction (DD). Monthly drought centroid refers to two-dimensional 144 

weighted centroid of monthly drought pattern shape, and its weight is determined by the absolute 145 

value of grid drought index. The rasterized drought index is imported into ArcGIS software, and 146 

monthly drought centroid can be obtained and visualized by using spatial analysis tools. Drought 147 

displacement direction is a basic description of drought path, which is determined by the fitting 148 

direction of monthly drought centroid. The longitude and latitude of the start point (Ps) are 149 

calculated average value of the longitude and latitude of monthly drought centroid of the first 150 

half of a drought event. The longitude and latitude of the end point (Pe) are calculated average 151 

value of the longitude and latitude of monthly drought centroid of the second half of a drought. 152 



Drought displacement direction can be determined based on the start point and the end point, and 153 

the angle of displacement direction (θ) can be expressed as: 154 
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The longitude and latitude of Ps and Pe can be expressed as: 157 
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 160 

where Ts and Te represents the start time and end time of a drought event, respectively; Pt is the 161 

monthly drought centroid (Herrera et al., 2017; Guo et al., 2018). 162 

 163 

2.2 Bayesian copula and multivariate risk 164 

 165 

Copula is applied to model dependence structures among correlated variable pairs. Based on 166 

Sklar theory, for a n‐dimensional distribution function F, with univariate marginal F1, …, Fn, a 167 

multivariate copula function C exists: 168 

        1 2 1 1 2 2,  ,..., ,  ,...,n n nF x x x C F x F x F x           (4) 169 

 170 



where x1, x2, …, xn are measured values of X1, X2, …, Xn; F1(x1), F2(x2), …, Fn(xn) refer to the 171 

cumulative density functions of vectors (X1, X2, …, Xn). A unique copula exists when all 172 

marginal distributions are continuous and differentiable (Nelsen, 2006): 173 

        1 1 1

1 2 1 1 2 2,  ,..., ,  ,...,n n nC u u u F F u F u F u
            (5) 174 

 175 

The probability density of a copula can be expressed as: 176 
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 178 

and the joint probability density of variable pairs can be express as: 179 
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 181 

Four Archimedean copulas are used to screen out the optima one for multivariate dependence 182 

structures modeling. The cumulative probability U1 (when U2 = u2) can be expressed as: 183 
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 185 

Similarly, the cumulative probability U2 (when U1 = u1) can be expressed as: 186 
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 188 

Based on Bayesian inference, MCMC simulation is applied to take samples from high-189 

dimensional distributions. Bayesian inference indicates that model uncertainties come from the 190 

parameters, and the posterior distribution of parameters can be expressed as (Haario et al., 2006): 191 

     
     ,

, ,
p p Y

p Y p p Y
p Y

 
                (10) 192 



 193 

where p(θ) and p(θ, Y) signify prior and posterior distribution of parameters, respectively. p(Y ,θ) 194 

denotes likelihood function, and p(Y) is coned evidence (Yang et al., 2020). Then, according to 195 

the parameter distribution, the estimated parameter in the 95% confidence interval was selected 196 

as the calculation input of the copula function. 197 

 198 

Drought return period (T) is a common reference for designing drought defense infrastructure. In 199 

multivariate risk analysis, T can be extends to the joint return periods (Tand and Tor) (Montaseri et 200 

al., 2018): 201 
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 204 

where E(L) represents the mean interval time of two consecutive drought events. Therefore, the 205 

bivariate risk indictor R is defined as: 206 
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 208 

where Ru1,u2 is the joint risk of u1 and u2, and n is the design life of drought defense 209 

infrastructures. 210 

 211 

Since the correlation of random variables would significantly affect the result of copula function, 212 

it is essential to examine the dependence structure of random variables before apply copula to 213 

joint probability distribution. Three correlation tests, including Pearson (γ), Kendall (τ) and 214 

Spearman (ρ) are used. Kendall and Spearman correlation coefficients are suitable for ordinal 215 

variables that do not meet the normal distribution hypothesis, while Pearson correlation 216 



coefficient is applicable to continuous variables (Sheng et al., 2002; Sedgwick, 2012). Variable 217 

pairs would be used for dependence structure modeling if their correlation is significant. Several 218 

measures, such as Akaike information criterion (AIC), and Bayesian information criterion (BIC), 219 

root mean square error (RMSE) are used to test goodness-of-fit of marginal distributions and 220 

copula functions. 221 

 222 

3. Case study 223 

3.1 Study area 224 

 225 

Balkhash Lake is a closed terminal lake located at 73°20'E-79°12'E, 45°00'N-46°44'N in Central 226 

Asia. The lake stretches from east to west over 600 km, and width of the lake is 9-19 km in the 227 

eastern part and 74 km in the western part. The surface area of Balkhash Lake is fluctuant which 228 

ranges 17,000-22,000 km2, and the average depth of the lake is 6 m (Isbekov et al., 2019). The 229 

supplement of lake water consists of surface runoff, precipitation and groundwater, among which 230 

the main volume of water flowing is supplied by the river runoff (over 70%). In recent decades 231 

with the gradual drying up of the Aral Sea, Balkhash Lake has become the largest lake in Central 232 

Asia (Aizhan, 2020). Balkhash Lake Basin covers an area of 413,000 km2, and the principle part 233 

is located in Kazakhstan (86%), and the rest is in China (14%). The basin lies in an arid and 234 

semi-arid zone with an annual mean precipitation of 110 mm and an annual mean temperature of 235 

17.5 ℃ in the past century (Duan et al., 2020). Since 1970, a substantial runoff decrease in Ili 236 

river (main supply, 78%) has led to a drawdown of water reaching the Balkhash Lake, resulting 237 

in numerous environmental problems (e.g., drought, desertification, salinization). Because the 238 

basin is situated in a desert area, with little precipitation and intense evaporation, the species 239 

survival and social development are facing serious challenges. For example, meteorological, 240 

hydrological and agricultural droughts occur frequently which significantly affect industrial and 241 

agricultural production and human life. This study concerns the principle part of the Balkhash 242 

Lake Basin in Kazakhstan (Figure 2), because the catchment of the rest part is small, and the 243 



socio-economic conditions and water resources management between Kazakhstan and China are 244 

quite different. The study basin includes the territories of Almaty, south-eastern Karaganda, 245 

south-western East Kazakhstan and eastern Zhambyl Oblast, which totally cover an area of 246 

355,000 km2. The terrain is high in the southeast and low in the northwest, and the study basin 247 

can be divided into three regions: (1) arid grassland in north Balkhash Lake; (2) Ili River delta 248 

and alluvial plain; (3) plateau desert. Water resources in Balkhash Lake Basin are mainly from Ili 249 

River (11 km3/year) and other mountain rivers (3 km3/year). Ili River is the most important 250 

supplement of Balkhash Lake and also the main source of social production and living water. 251 

Runoff primarily originates from rainfall and the melting of snow and ice, which are vulnerable 252 

to climate change, leading to increasing drought risk. 253 

----------------------- 254 

Place Figure 2 here 255 

----------------------- 256 

 257 

3.2 Data collection 258 

 259 

In this study, the topographic characteristic of Balkhash Lake Basin is depicted based on digital 260 

elevation model (DEM), and DEM data can be download in National Tibetan Plateau Third Pole 261 

Environment Data Center (TPDC, https://data.tpdc.ac.cn/en/). The gridded monthly self-262 

calibrating PDSI (0.5°×0.5°) is used for identifying the drought, which can be downloaded at 263 

Royal Netherlands Meteorological Institute (KNMI) Climate Explorer website 264 

(http://climexp.knmi.nl). Self-calibrating PDSI (scPDSI) is a kind of raster data initially, which 265 

needs to be extracted by operating an MATLAB program and visualized by using ArcGIS 266 

software (Appendix). 267 

 268 

https://data.tpdc.ac.cn/en/
http://climexp.knmi.nl/


4. Result and discussion 269 

4.1 Spatial-temporal change analysis of drought 270 

 271 

Figure 3 illustrates the temporal evolution of monthly self-calibrating PDSI and frequency 272 

histograms of dry and wet months in 1901-2020. Monthly histograms show that frequent 273 

variation between dry and wet periods is fluctuant without a regular pattern. In historical period, 274 

dry and wet periods account for 51.6% and 23.2%, respectively, and normal periods account for 275 

25.1%. The amount of dry periods is significantly more than wet periods, which indicates that 276 

the Balkhash Lake Basin was dominated by drought in the historical period. Based on runs-277 

theory, 53 drought events occurred in the Balkhash Lake Basin in 1901-2020, and Table 1 shows 278 

the characteristics of each drought event, which includes initial/terminal time, duration, severity 279 

and drought area ratio. The characteristic information identified in Table 1 would be helpful to 280 

understand the historical period of the drought in the Balkhash Lake Basin, and is also the basis 281 

for the next step of multivariate analysis. 282 

----------------------- 283 

Place Table 1 here 284 

----------------------- 285 

 286 

Five typical severe drought events (SDE) are highlighted in Table 1, which indicates the 287 

duration, severity and affected area are significantly greater than other drought events. The 288 

spatial accumulation of scPDSI of five severe drought events are shown in Figure 4. The left, 289 

middle and right panel in each typical severe drought periods represents the distribution of 290 

scPDSI at the beginning, middle and end of each drought period respectively. For example, in 291 

Figure 4(a), the left panel represents the distribution of scPDSI in August in 1916, the middle 292 

panel represents the distribution of scPDSI in July in 1918, and the end panel represents the 293 

distribution of scPDSI in July in 1920. SDE 1 occurred in August in 1916 to July in 1920, among 294 

which June to October in 1918 was an extreme drought (Smax = 3.72, Amax = 217,000 km2). 295 



Plateau desert in the basin and the mountainous region in the upper reaches of Ili River were the 296 

areas where the drought was concentrated (in deep red grids). SDE 2 occurred in September in 297 

1943 to October in 1945, among which May to September in 1944 was an extreme drought (Smax 298 

= 3.84, Amax = 244,000 km2). Drought concentrated in the east and west ends of arid grassland in 299 

the north of Balkhash Lake. SDE 3 occurred in October in 1973 to January in 1977, among 300 

which April in 1975 to June in 1976 was an extreme drought (Smax = 3.66, Amax = 336,000 km2). 301 

Drought gradually developed from arid grassland in the north of Balkhash Lake to Ili River delta 302 

and alluvial plain. SDE 4 occurred in February in 1995 to February to 1998, among which July 303 

to October in 1997 was an extreme drought (Smax = 3.79, Amax = 251,000 km2). Almost the entire 304 

Balkhash Lake Basin was affected by the drought. SDE 5 occurred in August in 2007 to July in 305 

2009, among which May to September in 2008 was an extreme drought (Smax = 3.71, Amax = 306 

294,000 km2). The western part of Ili River delta and alluvial plain and middle of arid grassland 307 

in the north of Balkhash Lake were affected. Generally, extreme droughts occurred within the 308 

periods of the severe droughts. By comparing the mean self-calibrating PDSI of each decade, the 309 

periods of 1911-1920, 1921-1930, 1931-1940, 1961-1970, 1971-1980 and 1991-2000 were in 310 

drought state, because the average annual self-calibrating PDSI of each period was less than -1.0. 311 

During the period from 1931 to 1940, the drought was the most serious, with annual average 312 

self-calibrating PDSI of -1.26, which indicates that the Balkhash Lake Basin was in the state of 313 

slight drought almost every year. This is mainly because of the rapid development of human 314 

activities in this region since the 20th century, which makes the situation of drought caused by 315 

water shortage further aggravated. In only two periods, 1951-1960 and 2011-2020, Balkhash 316 

Lake Basin was non-drought with an average annual PDSI of +0.36 and +0.64, respectively. In 317 

2011-2020, increased climate change caused accelerated snow melt from the upstream glaciers, 318 

and protection measures in Balkhash Lake Basin since the end of the 20th century have reduced 319 

drought caused by water scarcity. 320 

-------------------------------- 321 

Place Figures 3 and 4 here 322 



-------------------------------- 323 

 324 

Runoff of the rivers is an important factor affecting the drought in Balkhash Lake Basin that is 325 

significantly affected by the seasonal variation. The analysis of the distribution of dry period in 326 

each season would be helpful for reflecting the seasonal characteristics of drought. From the 327 

seasonal histograms of the beginning and ending time of drought, most drought events occur in 328 

the spring and summer (34 times), accounting for about 64% of the total amount (Figure 5). In 329 

spring and summer, the number of drought events lasting 1-6 months, 6-12 months, 12-24 330 

months and longer than 24 months are 10, 3, 2 and 2, respectively. Most of the drought events 331 

end in summer and autumn (35 times), accounting for about 66% of the total amount. In summer, 332 

the number of drought events lasting 1-6 months, 6-12 months, 12-24 months and longer than 24 333 

months are 11, 2, 3 and 3, and in autumn the numbers are 9, 4, 2 and 1, respectively. In Balkhash 334 

Lake Basin, the beginning and ending of drought events were the least in winter and the most in 335 

summer. Therefore, summer is the crucial period of drought prevention in the study basin. From 336 

the regional spatial distribution of drought times, there are 25 drought events in the Ili River 337 

delta and alluvial plain, accounting for 47.2% of the total amounts, among which the droughts 338 

with four different duration scale are the most by comparing with other areas. There are 15 339 

drought events in plateau desert area, accounting for 28.3%. Drought events occurred 13 times in 340 

arid grassland in the north of Balkhash Lake, accounting for 24.5%. This indicates that the 341 

drought is most severe in the Ili River delta and alluvial plain, where the human activity is very 342 

intense. 343 

----------------------- 344 

Place Figure 5 here 345 

----------------------- 346 

 347 

The spatial characteristics of drought can describe the development and change of a drought 348 

event. The most representative characteristics are the drought centroid and the displacement 349 



direction of drought. In this study, the centroids of 53 drought events was made spatial statistics 350 

according to 1-6 months, 6-12 months, 12-24 months and longer than 24 months, and the 351 

development direction of each drought event was obtained (Figure 6). The development direction 352 

of drought events in Balkhash Basin is mainly "southeast to northwest", accounting for about 353 

50% of the total drought times. This development direction is significantly correlated with the 354 

flow direction of Ili River, especially in the alluvial plain and delta area. Since the water 355 

resources of Ili River account for about 80% of the total water inflow into Balkhash Lake, it that 356 

the water quantity variation of Ili River will greatly affect the agricultural drought in the 357 

Balkhash Lake Basin. 358 

----------------------- 359 

Place Figure 6 here 360 

----------------------- 361 

 362 

4.2 Multivariate risk analysis of drought 363 

 364 

4.2.1 Dependence structure modeling based on Bayesian copula 365 

 366 

Duration, severity and area can be regarded as three dimensional attributes characterizing a 367 

drought event. Based on the drought characteristics analysis, Bayesian copula is applied to model 368 

the dependence structure of drought variables in order to reveal the influence of multivariate 369 

characteristics interaction on drought risk. Since only variables with significant correlation can 370 

be analyzed as dependence structures, the correlation test of variables should be verified first. In 371 

this study, two non-parametric measures (Kendall’s τ and Spearman’s ρ) and one linear 372 

correlation measure (Pearson’s γ) were used to test the correlation among drought duration (D), 373 

severity (S) and area (A). Table 2 presents the correlation test results, which indicates that the 374 

correlation coefficient of variable pairs of duration-severity is the highest, followed by severity-375 

area and duration-area. All these three pairs pass the significant test at 5% level. Consequently, it 376 



is necessary to consider the influence of the interaction among variables when analyzing drought 377 

risk, otherwise the results are likely to be biased. 378 

----------------------- 379 

Place Table 2 here 380 

----------------------- 381 

 382 

Bayesian copula has the main advantage that marginal distribution and dependence structure 383 

modeling are separate parts which cannot interfere each other. Marginal distribution should be 384 

quantified first, and Figure 7 illustrates the fitted marginal distributions through Gamma, general 385 

extreme value (GEV), inverse Gaussian (INGAU), log logistic (LOL), lognormal (LOGN) and 386 

Weibull (WBL). To all these distributions, both probability and cumulative distribution functions 387 

show good agreement between the theoretical and empirical distributions. Thus, AICc test was 388 

applied to select the optimal distribution for Bayesian copula. Table 3 shows that GEV is the 389 

optimal distribution of duration, severity and area, because the AICc values of GEV are always 390 

minimum by comparing with other distributions. Through cumulative distribution functions, the 391 

threshold of duration, severity and area in different return periods (corresponding to different 392 

guarantee rates) can be defined, which can be used as a reference for drought design under 393 

univariate scenario. 394 

-------------------------------------- 395 

Place Table 3 and Figure 7 here 396 

-------------------------------------- 397 

 398 

Four common-used copulas, including Clayton, Frank, Gumbel and Joe, were applied to model 399 

dependence structures of variables, and the unknown parameters in copulas were estimated by 400 

using MCMC simulation. The first step of selecting the optimal copula is to determine whether 401 

posterior parameters of the alternative copulas were well constrained. If the estimated parameter 402 

of a copula merge to the bounds, there is a chance that this copula not a good fit. In drought 403 



variable pairs of duration-severity, the parameters of Frank and Joe copulas (blue cross on the 404 

bottom of each plot) are converging to the parameter boundaries. In drought variable pairs of 405 

duration-area, the parameters of Frank Gumbel, and Joe copulas (blue cross on the bottom of 406 

each plot) are all converging to the parameter boundaries. In drought variable pairs of severity-407 

area, the parameters of Clayton, Frank, Gumbel and Joe are in the center of the distribution 408 

histograms (Figure 8). Copula functions with inappropriate parameter distribution are not 409 

considered as an option for further analysis. The second step is to determine the optimal copula 410 

according to AIC and BIC (Table 4). By comparing the AIC and BIC values among the copulas, 411 

Clayton is the optimal copula to model dependence structure of duration-severity due to the 412 

minimum AIC (-239.60) and BIC (-237.63). Similarly, Clayton is also the optimal copula to 413 

model dependence structures of duration-area and severity-area. 414 

-------------------------------------- 415 

Place Figure 8 and Table 4 here 416 

-------------------------------------- 417 

 418 

4.2.2 Multivariate risk analysis based on joint return period 419 

 420 

Figure 9 illustrates the joint distributions of duration-severity, duration-area and severity-area 421 

which obtained through the Clayton copula, and the corresponding contour plots are listed. The 422 

blue point represents the empirical value of drought pair (observed data), which was identified 423 

by using runs-theory. The color contour lines represent the theoretical copula through C(u, v)=(u-424 

θ+v-θ-1)-1/θ. According to Table 5, among variable pairs of duration-severity, duration-area and 425 

severity-area, the values of C(u, v) would be less than the corresponding P-level. For example, at 426 

p-level of 0.95, the joint probabilities of drought variable pairs are 0.93, 0.91 and 0.91, 427 

respectively. Tand(u, v) is much longer than the corresponding return period, while Tor(u, v) is 428 

shorter than the corresponding return period. For example, when return periods of duration and 429 

severity are both 100-year (T=100), Tand(d, s) would be 500 years, while Tor(d, s) is 56 years. 430 



Tand(d, a) is 4485 years and Tand(s, a) is 5308 years, which both are much longer than Tand(d, s) 431 

due to the lower correlation of duration-area and severity-area. Besides, Tor(d, a) and Tor(s, a) are 432 

shorter than Tor(d, s). The same results can be concluded by comparing with the other p-levels, 433 

which indicate that univariate return period is significantly different from joint return period, and 434 

the univariate return period cannot reflect the real situation of drought. In multivariate situations, 435 

different correlations among variables would also lead to different joint return periods. 436 

Therefore, the variables should be selected according to the main characteristics of the specific 437 

drought conditions in the study area. If the drought includes more than two typical characteristic 438 

variables, the multiple variables can be coupled into different pairs, and the maximum and 439 

minimum values of the joint return periods based on different variables pairs can be used as the 440 

upper and lower bounds of the actual return periods respectively.  441 

 442 

With the decrease of p-level, the deviation between joint return period (both Tand and Tor) and 443 

univariate return period also shrinks. For example, when the p-level decreases from 0.99 to 0.80, 444 

Tand of duration-severity drops from 125 years to 6 years, and Tor drops from 6 years to 5 years.  445 

Univariate return period becoming shorter indicates the drought risk would increase. The return 446 

periods ranged from 100-year to 5-year infer that univariate drought risk increased from 1% to 447 

20%. However, univariate drought risk based on p-level is inadequate to reveal the actual risk. In 448 

this study, multivariate drought risk based on Bayesian copula analyzed. Taking the interaction of 449 

drought variables into account, drought risk of duration-severity pair would be modified as 450 

18.1%, 33.1%, 46.0%, 55.1% and 59.8% when p-level is 0.99, 0.98, 0.95, 0.90 and 0.80, 451 

respectively. To duration-area pair, drought risk would be modified as 2.2%, 4.3%, 9.5%, 18.3% 452 

and 31.0%, and to severity-area pair, drought risk would be modified as 1.9%, 3.7%, 8.7%, 453 

16.0% and 27.6%. Obviously, multivariate risk is significantly higher than univariate risk at each 454 

p-level, which discloses that the univariate risk underestimates the actual drought risk. If 455 

univariate risk results were applied to drought management, it would lead to an inability to 456 

accurately estimate drought risk, resulting in the losses of social economy. Multivariate drought 457 



risk analysis results in Table 5 further indicate that in the Balkhash Lake Basin, the concurrence 458 

of a drought with long duration (> 43 months), high severity (> 87) and area (> 84%) would not 459 

occur frequently, while the concurrence of a drought with short duration (> 15 months), low 460 

severity (> 26) and peak (> 69%) would occur quite often.  461 

-------------------------------------- 462 

Place Figure 9 and Table 5 here 463 

-------------------------------------- 464 

 465 

Therefore, joint probability of duration, severity and area can be used to analyze the drought risk. 466 

The actual drought risk would be underestimated if only Tand(u, v) is considered, whereas the risk 467 

would be overestimated if only Tor(u, v) is considered. In practical application, drought risk of 468 

Tand(u, v) can be regarded as the upper bound of actual situation, and drought risk of T Tor(u, v) 469 

can be regarded as the lower bound. In Balkhash Lake Basin, the range of drought risk would be 470 

[1.9%, 18.1%], [3.7%, 33.1%], [8.7%, 46.0%], [16.0%, 55.1%] and [27.6%, 59.8%] when 471 

guarantee rate is 0.99, 0.98, 0.95, 0.90 and 0.80, respectively. In general, guarantee rate of 0.95 472 

can meet the demand of drought resistance. These findings suggest that considering the 473 

interaction of variables can reduce calculation errors when analyzing drought risk. The expected 474 

value of typical drought characteristics under the frequent occurrence and not frequent 475 

occurrence would be helpful for reflecting the drought situation of Balkhash Lake Basin from a 476 

general perspective. 477 

 478 

5. Conclusions 479 

In this study, a spatial-temporal Bayesian copula (SBC) method has been developed through 480 

integrating spatial-temporal analysis and Bayesian copula into a general framework. SBC 481 

method can help model dependence structures of variable pairs and handle the uncertainty 482 

caused by parameter in copulas, and SBC can reveal the spatial and temporal changes of drought 483 



events. A case study of the Balkhash Lake Basin has been used for demonstrating the 484 

applicability of SBC. Drought risk in the historical period (1901-2020) is analyzed based on self-485 

calibrating Palmer drought severity index. 486 

 487 

Some major findings can be summarized as: (1) Balkhash Lake Basin suffered 53 drought events 488 

in 1901-2020, and five typical severe drought events occurred in 1916-1920, 1943-1945, 1973-489 

1977, 1995-1998 and 2007-2009, respectively; (2) the most severe drought event occurred in 490 

October in 1973 to January in 1977, lasting for 40 months and developing to an extreme drought 491 

during April in 1975 to June in 1976, affecting 95% of the study basin (335,800 km2); (3) most 492 

of the drought event in Balkhash Lake Basin developed in the direction of east to west; drought 493 

frequency is different in three sub regions; Ili River delta and alluvial plain were the most 494 

(47.2%), following by plateau desert area (28.3%) and the arid grassland in north Balkhash Lake 495 

(24.5%); (4) drought has significant seasonality in the study basin, which begins in spring and 496 

summer (64.2%) and ends in summer and autumn (66.0%) frequently; and drought risk of the 497 

middle and lower reaches of Ili River is highest in spring and summer; (5) in Balkhash Lake 498 

Basin, multivariate characteristics (i.e., duration, severity and affected area) significantly affect 499 

drought risk; (6) the range of drought risk is [1.9%, 18.1%], [3.7%, 33.1%], [8.7%, 46.0%], 500 

[16.0%, 55.1%] and [27.6%, 59.8%] when guarantee rate is 0.99, 0.98, 0.95, 0.90 and 0.80, 501 

respectively. 502 

 503 
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Code availability 528 

MATLAB program for self-calibrating PDSI extraction and visualization. 529 

 530 

Step 1: Model sample data 531 

1. ncdisp('H:\Global\PDSI\scPDSI.cru.3.25.bams2018.GLOBAL.1901.2017.nc'); 532 

2. data1=ncread('H:\Global\PDSI\scPDSI.cru.3.26.bams2018.GLOBAL.1901.2017.nc','scpdsi'); 533 



3. data3=data1(:,:,1); 534 

4. data4=rot90(data3); 535 

5. data5=flipud(data4); 536 

6. data5(isnan(data5))=-999; 537 

7. dlmwrite('sample_1.txt',data5,'\t',1,1) 538 

 539 

Step 2: Add latitude and longitude information to sample_1.txt 540 

1. ncols 720 541 

2. nrows 360 542 

3. xllcorner -180 543 

4. yllcorner -90 544 

5. cellsize 0.5 545 

6. NODATA_value -999 546 

 547 

Step 3: Rasterize the sample_1.txt by ASCII code in ArcGIS, and output it as sample_1.tif 548 

 549 

Step 4: Load a raster file with projection information, and define the projection on the 550 

example_1.tif 551 

 552 

Step 5: Batch processing 553 

1. [aaaaa,R]=geotiffread('H:\Global\PDSI\example_1.tif'); 554 

2. info=geotiffinfo('H:\Global\PDSI\example_1.tif'); 555 

3. data=ncread('H:\Global\PDSI\scPDSI.cru.3.26.bams2018.GLOBAL.1901.2017.nc','scpdsi'); 556 

4. for year=1901:2017 557 

5.        data1=data(:,:,1+12*(year-1901):12*(year-1900)); 558 

6.        data3=sum(data1,3)/12; 559 

7.        data4=rot90(data3); 560 

8.        data5=flipud(data4); 561 

9.        filename=strcat('H:\Global\PDSI\yearly_pdsi\global',int2str(year),'yearly_PDSI.tif'); 562 

10.       geotiffwrite(filename, data5, R, 'GeoKeyDirectoryTag', 563 

info.GeoTIFFTags.GeoKeyDirectoryTag); 564 



11.    for mon=1:12 565 

12.     data2=data1(:,:,mon); 566 

13.     data4=rot90(data2); 567 

14.     data5=flipud(data4); 568 

15.     filename=strcat('H:\Global\PDSI\monthly_pdsi\global', int2str(year), '_', int2str(mon), 569 

'monthly_PDSI.tif'); 570 

16. geotiffwrite(filename, data5, R, 'GeoKeyDirectoryTag', 571 

info.GeoTIFFTags.GeoKeyDirectoryTag); 572 

17.    end 573 

18. end 574 
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Table 1 Characteristics of the total 53 drought events occurred in 1901-2020 709 

No. Initial time Terminal time Duration (month) Severity Affected area ratio 

1 1904.5 1904.11 7 9.06 43% 

2 1906.3 1906.6 4 3.52 35% 

3 1909.5 1911.7 27 53.66 79% 

4 1912.8 1912.11 4 4.29 40% 

5 1916.5 1916.5 1 1.37 43% 

6 1916.8 1920.7 48 109.00 61% 

7 1922.4 1922.5 2 2.79 51% 

8 1922.9 1923.2 6 8.01 30% 

9 1923.5 1927.7 51 94.50 57% 

10 1929.11 1929.11 1 1.02 30% 

11 1931.9 1931.11 3 3.50 32% 

12 1932.1 1934.3 27 43.63 55% 

13 1935.5 1935.5 1 1.05 55% 

14 1935.8 1937.4 21 33.99 61% 

15 1937.7 1940.1 31 58.21 61% 

16 1940.3 1940.9 7 11.00 54% 

17 1943.5 1943.5 1 1.26 43% 

18 1943.7 1943.7 1 1.65 50% 

19 1943.9 1945.10 26 62.43 69% 

20 1948.8 1948.8 1 1.42 52% 

21 1948.10 1948.11 2 2.79 52% 

22 1950.9 1951.9 13 21.39 54% 

23 1955.6 1956.1 8 11.58 67% 

24 1956.7 1957.6 12 24.72 78% 

25 1961.5 1961.5 1 1.10 68% 

26 1962.2 1963.7 18 28.13 64% 

27 1965.1 1965.7 7 11.53 49% 

28 1967.11 1968.10 12 22.09 68% 

29 1970.3 1970.7 5 7.47 49% 

30 1971.9 1971.11 3 3.59 32% 

31 1973.10 1977.1 40 111.67 95% 

32 1977.3 1978.4 14 23.41 65% 

33 1978.7 1978.10 4 7.00 69% 

34 1980.8 1981.3 8 9.87 52% 

35 1981.12 1983.11 24 39.64 55% 

36 1984.1 1984.2 2 2.21 45% 

37 1984.5 1985.1 9 13.92 57% 

38 1985.6 1985.7 2 2.56 64% 



39 1986.7 1986.7 1 1.50 44% 

40 1990.6 1990.6 1 1.37 36% 

41 1991.4 1992.7 16 30.12 78% 

42 1992.11 1992.11 1 1.38 58% 

43 1994.7 1994.7 1 1.18 95% 

44 1994.9 1994.10 2 2.49 85% 

45 1995.2 1998.2 37 76.65 71% 

46 1999.5 1999.5 1 1.08 52% 

47 2000.4 2000.8 5 6.81 51% 

48 2001.6 2001.6 1 1.06 23% 

49 2005.10 2006.9 12 21.20 69% 

50 2007.8 2009.7 24 56.45 83% 

51 2012.5 2012.5 1 1.01 48% 

52 2013.11 2013.11 1 1.09 52% 

53 2014.6 2014.8 3 4.10 39% 

  710 



 711 

Table 2 Correlation test of drought variable pairs 712 

pairs correlation coefficient significant 

at 5% Kendall τ P-value Spearman ρ P-value Person γ P-value 

D-S 0.926 0.000 0.985 0.000 0.979 0.000 Yes 

D-A 0.359 0.002 0.504 0.004 0.438 0.001 Yes 

S-A 0.369 0.002 0.523 0.000 0.482 0.000 Yes 
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 714 

Table 3 Statistical tests of marginal distribution fitting 715 

distributions AICc 

duration severity area 

Gamma 357.8 416.5 357.8 

Generalized extreme value 251.5 356.4 251.6 

Inverse Gaussian 345.4 400.0 345.4 

Log logistic 356.4 394.7 356.5 

Lognormal 351.1 412.1 351.2 

Weibull 356.6 413.8 356.6 

  716 



 717 

Table 4 Statistical test and parameter estimation of drought variable pairs 718 

pairs distributions AIC BIC parameter 95% range RMSE NSE 

D-S Clayton -239.60 -237.63 28.83 [8.36, 34.51] 0.74 0.86 

Frank -239.10 -237.13 34.57 [12.55, 34.99] 0.75 0.87 

Gumbel -239.55 -237.58 6.36 [3.75, 34.67] 0.74 0.87 

Joe -238.72 -236.75 34.62 [7.02, 34.64] 0.75 0.87 

D-A Clayton -231.82 -229.84 1.25 [0.50, 6.17] 0.80 0.81 

Frank -229.59 -227.62 3.25 [1.08, 11.90] 0.82 0.80 

Gumbel -228.99 -227.02 1.42 [1.14, 7.47] 0.83 0.80 

Joe -227.67 -225.69 1.55 [1.19, 10.37] 0.83 0.79 

S-A Clayton -333.83 -331.86 0.90 [0.59, 1.39] 0.31 0.98 

Frank -331.34 -329.37 2.87 [1.92, 3.90] 0.31 0.97 

Gumbel -327.94 -325.97 1.39 [1.23, 1.62] 0.32 0.97 

Joe -322.05 -320.08 1.57 [1.36, 1.796] 0.34 0.97 
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 720 

Table 5 Comparison of univariate and bivariate return periods of drought variables 721 

Return period T=100 T=50 T=20 T=10 T=5 

P-level 99% 98% 95% 90% 80% 

Duration 105 73 43 27 15 

Severity 246 163 87 51 26 

Area / % 96% 91% 84% 77% 69% 

C(d, s) 0.98 0.97 0.93 0.88 0.78 

C(d, a) 0.98 0.96 0.91 0.82 0.67 

C(s, a) 0.98 0.96 0.90 0.82 0.66 

P(D>d, S>s) 0.002 0.008 0.03 0.08 0.18 

P(D>d, A>a) <0.001 <0.001 0.01 0.02 0.07 

P(S>s, A>a) <0.001 <0.001 <0.001 0.02 0.06 

Tand(D-S) 500 125 33 13 6 

Tand(D-A) 4485 1138 200 50 14 

Tand(S-A) 5308 1339 220 58 16 

Tor(D-S) 56 32 15 9 5 

Tor(D-A) 51 26 11 6 4 

Tor(S-A) 50 25 10 5 3 

Risk(D-S) 18.1% 33.1% 46.0% 55.1% 59.8% 

Risk(D-A) 2.2% 4.3% 9.5% 18.3% 31.0% 

Risk(S-A) 1.9% 3.7% 8.7% 16.0% 27.6% 

Note: duration (month), T (year) 722 
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Figure 1 Framework of SBC method 737 
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Figure 2 Topographic characteristics of Balkhash Lake Basin 741 
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Figure 3 Temporal evolution of scPDSI, and frequency of dry and wet months in 1901-2020 745 
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Figure 4 Spatial distribution of scPDSI of five typical severe drought events 749 
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Figure 5 Seasonal and regional distributions of drought events 753 
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Figure 6 Centroids and displacement directions of 53 drought events 756 
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Figure 7 Marginal distribution fitting of drought duration, severity and area 759 
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Figure 8 Parameter estimation of four copula functions 762 
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 765 

Figure 9 Joint probability and contour plot of drought variable pairs 766 
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