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Closed form solution in buckling optimization problem of twisted rod  

Abstract    

The applications of this method for stability problems are illustrated in this manuscript. In the context of twisted 

rods, the counterpart for Euler’s buckling problem is Greenhill's problem, which studies the forming of a loop in 

an elastic bar under torsion (Greenhill, 1883). We search the optimal shape of the rod along its axis. A priori form 

of the cross-section remains unknown. For the solution of the actual problem the stability equations take into 

account all possible convex, simply connected shapes of the cross-section. Thus, we drop the assumption about 

the equality of principle moments of inertia for the cross-section. The cross-sections are similar geometric figures 

related by a homothetic transformation with respect to a homothetic center on the axis of the rod and vary along 

its axis. The distribution of material along the length of a twisted rod is optimized so that the rod is of the constant 

volume 𝑉 and will support the maximal moment without spatial buckling. The cross section that delivers the max-

imum or the minimum for the critical eigenvalue must be determined among all convex, simply connected do-

mains. We demonstrate at the beginning the validity of static Euler’s approach for simply supported rod (hinged), 

twisted by the conservative moment. The applied method for integration of the optimization criteria delivers dif-

ferent length and volumes of the optimal twisted rods. Instead of the seeking for the twisted rods of the fixed length 

and volume, we directly compare the twisted rods with the different lengths and cross-sections using the invariant 

factors. The solution of optimization problem for twisted rod is stated in closed form in terms of the higher tran-

scendental functions.  In the torsion stability problem, the optimal shape of cross-section is the equilateral triangle. 

 

1. Isoperimetric inequality for a twisted rod with an arbitrary convex simply-connected 

cross-section 

Consider a thin elastic rod with isotropic cross-section, twisted by couples applied at its ends alone (Greenhill’s 

problem. The problems of optimizing stability of the simply supported twisted rod were studied numerically in 

(Banichuk, Barsuk, 1982a). The rod possessed the similarly shaped cross-sections with the varying cross-sectional 

area. More advanced problem of twisted and compressed rod was studied numerically in (Banichuk, Barsuk, 

1982b). The optimization problem consisted in finding the distribution of cross-sectional areas that assigns the 

largest value to the critical moment causing a loss of stability and such that the constraint on the volume of material 

and the constraints on the admissible thickness of the rod were satisfied.  

The problem of determining the compressed and twisted column of maximal efficiency was studied in (Spasic, 

1993). Following the structural optimization theory, for a given load, the shape of the column of minimal weight 

was determined numerically.  

The problem of the optimal design of columns under combined compression and torsion is investigated (Kru-

zelecki, Ortwein, 2012). A cross-sectional area varying along the axis of the column which leads to the maximal 

critical loading is sought. The varying cross-section was approximated by a function with free parameters. Alter-

natively, the varying cross-section was determined numerically using Pontriagin’s maximum principle. 

Generally speaking, for non-conservative problems the dynamic approach for stability investigation must be 

applied (Kim, Choi, 2011), (Kirillov, 2013) (Banichuk et al, 2020). However, Euler's static approach is proved to 

be valid for the considered boundary value problem with conditions of fixed axes of rotation, Cases 1 and 2 (Zieg-

ler, 1977, §5.4, Table 5.1, Section 1.2, page 127). The twisting couple 𝛬 retains its initial direction during buckling 

and the boundary conditions of fixed axes of rotation are satisfied (Ziegler, 1977, Cases 1 and 2 in Table 1.1, 

Section 1.2, page 5). Euler’s static approach is shown to be valid also for an infinite, periodically simply supported 

rod. The corresponding boundary-value problems are neither self-adjoint nor conservative in the classical sense. 

However, it is a conservative system of the second kind (Leipholz, 1974). Consider a thin elastic rod with isotropic 

cross-section, twisted by couples applied at its ends alone (Greenhill’s problem) (Pastrone, 1992). According to 

Euler's theory, the magnitude of the critical moment is determined by the smallest positive eigenvalue Λ.  

We search the closed-form analytical solutions for the optimal shape of the rod along its axis with the applica-

tion of the variational methods. ). According to Euler's theory, the magnitude of the critical moment is determined 

by the smallest positive eigenvalue 𝛬. We demonstrate at the beginning the validity of static Euler’s approach for 

simply supported rod (hinged), twisted by the conservative moment. The distribution of material along the length 

of a twisted rod is optimized so that the rod is of the constant volume 𝑉 and will support the maximal moment 

without spatial buckling. The cross section that delivers the maximum or the minimum for the critical eigenvalue 

must be determined among all convex, simply connected domains. A priori form of the cross-section remains 

unknown. For the solution of the actual problem the stability equations take into account all possible convex, 
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simply connected shapes of the cross-section. Thus, we drop the assumption about the equality of principle mo-

ments of inertia for the cross-section. The cross-sections are similar geometric figures related by a homothetic 

transformation with respect to a homothetic center on the axis of the rod and vary along its axis. The area of some 

reference cross-section 𝛺 is 𝐴%. The area of the cross-section with the coordinate 𝑥 is 𝐴(𝑥), −𝐿 ≤ 𝑥 ≤ 𝐿. The 

scaling dimensionless function is positive  

𝑎(𝑥) = /(0)
/1 > 0,				0 < 𝑎 < 1.  (1)  

The function 𝑎(𝑥) is the locally integrable function over the length of the rod (−𝐿 ≤ 𝑥 ≤ 𝐿) 
∫ 𝑎(𝑥)𝑑𝑥9
:9 = 𝑉. (2)  

For an arbitrary cross-section, the moments of inertia 𝐽<< , 𝐽<= , 𝐽==	of the transverse cross-sectional area are the 

second power of (𝑥) , such that α = 2. The moments of inertia with respect to lines passing through a point on the 

neutral axis of bending and parallel to the axes 𝑦 and 𝑧 read:	 
𝐽<< = 𝐼<<𝑎C(𝑥), 𝐽<= = 𝐼<=𝑎C(𝑥), 𝐽== = 𝐼==𝑎C(𝑥),	−𝐿 ≤ 𝑥 ≤ 𝐿. (3)  

The constants 𝐼<<, 𝐼<= and 𝐼== denote the moments of inertia of the reference cross-section 𝛺.  

The moments of inertia	𝐼<<, 𝐼<= and 𝐼== are the components of tensor of the second rank. For an arbitrary angle 

𝛩 between the principal axis of inertia and y axis the moments of inertia are 

𝐼<< = 𝐼E 𝑐𝑜𝑠C 𝛩 + 𝐼C 𝑠𝑖𝑛C 𝛩 ,	𝐼<= = (𝐼E − 𝐼C) 𝑠𝑖𝑛 𝛩 𝑐𝑜𝑠 𝛩 ,	𝐼== = 𝐼E 𝑠𝑖𝑛C𝛩 + 𝐼C 𝑐𝑜𝑠C 𝛩. 
(4)  

The angle 𝛩 remains constant along the axis of the rod.  

The rod is twisted by conservative couples, such that the torque is constant over the axis of the rod. The bending 

moments in terms of curvatures of the rod are 

𝑀= = 𝐸𝐼<<𝑦O +𝐸𝐼<=𝑧O,𝑀< = 𝐸𝐼<=𝑦O +𝐸𝐼==𝑧O. (5)  

We chose the axes 𝑦 and 𝑧 in the direction of principal axes of inertia through the center of gravity ( 𝜃 = 0). 

The curvatures of the axis 𝜅= , 𝜅< in course of buckling are assumed to be small, such that the geometrically linear 

equations could be applied for the solutions. The bending moments in terms of curvatures 𝜅= , 𝜅< of the rod in the 

principal axes are: 

𝑀= = 𝐸𝐼E𝜅= , 
 𝑀< = 𝐸𝐼C𝜅< , 
𝜅= = 𝑦O,  
𝜅< = 𝑧O. 

(6)  

At first, we assume, that both moments of inertia are proportional to one function 		𝑗(𝑥): 
  𝐼E(𝑥) = 𝜂E	𝑗(𝑥), 𝐼C(𝑥) = 𝜂C	𝑗(𝑥), 𝑗(𝑥) = 𝑘U𝑎U .  

The constants are positive values ηE > 0, ηC > 0.  
The quantity 𝑎W is proportional to the flexural rigidity, and the exponent 𝛼 takes the values of 1, 2 and 3 

(Banichuk, 1990). The case α = 2 corresponds to a congruent change in the form of the cross-section.  
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The optimal convex shape of the simply connected cross-section with topological genus null was determined 

(Ting 1963). The topological genus of a surface (or Euler characteristic) is in essence the number of its "holes."  

The solution grounds on the following isoperimetric equation. Of all convex domains with the area 𝐴⊿  , the equi-

lateral triangle yields the maximum of		𝐼E𝐼C: 

Z𝐼E𝐼C ≤ √\
E] 𝐴⊿C . 

Thus, the rod with the cross-section in form of an equilateral triangle delivers the maximum for critical eigen-

value for all convex domains of the same cross-sectional area	𝐴⊿ . For the cross-section in form of the equilateral 

triangle 𝑘C = √3 18⁄ ≈ 0.9622.. 
For the circular cross-section the constant is  𝑘C = (4𝜋):E ≈ 0.07957... The rod with the circular, simply con-

nected cross-section delivers correspondingly the minimum for critical eigenvalue. In these both cases 𝜂E = 𝜂C =1. 

Two other cases describe the situations in which the form of transverse cross-section undergoes the transfor-

mation such that one of the geometrical dimensions of the cross-section changes. For the technically important 

case of the thin-walled tubes with the variable thickness of wall 𝑡(𝑥) and the mean diameter of tube  𝐷(𝑥) , the 

second moments of  

   𝐼E(x) = 𝐼C(x) = k
lm [(𝐷 + 𝑡/2)m − (𝐷 − 𝑡/2)m] = k

El 𝑡𝐷\ + k
lm𝐷𝑡\ ≈ k

El 𝑡𝐷\, for 𝑡 ≪ 𝐷. 

  The case α = 1 corresponds the adjustable wall thickness (as the design variable) and constant mean diameter 

of the tube. The case  α = 3 corresponds the inconstant mean diameter of the tube (as the design variable) and 

constant wall thickness.  

Consider the beam hinged on two supports 𝑥 = 𝐿 and 𝑥 = −𝐿:  

𝑦(𝐿) = 0, 𝑦(−𝐿) = 0,           𝑧(𝐿) = 0, 𝑧(−𝐿) = 0, 

 𝐸𝑗𝜂E𝑦rr(𝐿) = 0, 𝐸𝑗𝜂E𝑦rr(−𝐿) = 0,           𝐸𝑗𝜂C𝑧rr(𝐿) = 0, 𝐸𝑗𝜂C𝑧rr(−𝐿) = 0. 
(7)  

 The buckling equations the beam read 

(	𝐸𝑗𝜂E𝑦O )rr = −𝛬s𝑧rrr,								(𝐸𝑗𝜂C𝑧O )rr = 𝛬s𝑦rrr. (8)  

For the boundary value problem (7), (8), the actual curvatures and displacements 𝑦∗, 𝑧∗ minimize the quotient: 

𝛬s[𝑗, 𝑦u, �̃�] = ∫ 𝐸𝑗w𝜂E𝑦u rrC + 𝜂C�̃�rrCx𝑑𝑥9
:9
∫ (�̃�rr𝑦u r − �̃�r𝑦u rr)𝑑𝑥9
:9

,	

𝛬s[𝑗, 𝑦, 𝑧] ≡ 𝛬s[𝑘W𝑎U , 𝑦, 𝑧]= min<u,=u 𝛬s[𝑗, 𝑦u, �̃�]. 
(9)  

2. Optimization problem and isoperimetric inequality for stability 

Based on the above solution, the distribution of material along the length of a twisted rod will be optimized. 

We search the rod is of constant volume 𝑉 that support the maximal moment without spatial buckling. The mass 

𝔐 of one section the rod is given by 

𝔐= ρV,						𝑉[𝑎] = ∫ 𝑎(𝑥)9
:9 𝑑𝑥, (10)  

We introduce the new variables: 
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 	𝑌 = Z𝜂E𝑦O , 	𝑍 = Z𝜂C𝑧O ,	𝛬s = Z𝜂E𝜂C𝛬.   

The formal formulation of the optimization problem is the following:  

𝛬[𝑘W𝑎U , 𝑦, 𝑧] = ��
Z���� → 𝑚𝑎𝑥�(�) ,							∫ 𝑎(𝑥)9

:9 𝑑𝑥 = 𝔙%, 𝑎(𝑥) > 0. (11)  

The distribution of material along the length of a twisted rod is optimized so that the rod is of constant volume 

and provides the maximal moment without spatial buckling. The augmented functional for the optimization prob-

lem (10)-(11) reads: 

ℒ[𝐴] = V[𝑎] + λΛ[𝑘W𝑎U , 𝑦, 𝑧]. (12)  

The first variation of the augmented	Lagrangian	(12) reads with an auxiliary constant c = (𝐸𝑘Wα):Eλ reads: 

−c + aU:EΚC = 0,					ΚC =	𝜅<C + 𝜅=C	 (13)  

The spatial curvature is signed in Eq. (13) as Κ, where		𝜅< = 𝑧rr , 𝜅= = 𝑦rr.	Let	optimal	distribution	of	the	cross-
sectional	area	along	the	span	of	the	rod	is		A(x)	.	The	application	of	the	Fermat’s	principle	for	the	optimiza-
tion	problems	leads	to	the	necessary	optimality	condition:	
A = (Κ/c)C/(E:U)		.	 (14)  

The necessary	optimality	condition	(14)	is	the	requirement	that	the	augmented	Lagrangian	has	a	stationary	
value.	The	optimal	second	moment	of	the	cross-section	follows	from	(14)	as:	
𝐽 = 𝐸𝑘W(Κ/c)CU/(E:U) = w𝑦rrC + 𝑧rrCxU/(E:U).	 (15)  

The applied method of scaling allows the arbitrary selection of the constant c. For briefness of the governing 

equations, we set the constant c as the positive solution of the equation: 

 𝐸𝛼𝑘W(1/c)CU/(E:U) = 1.  

With this choice the bending stiffness reduces to: 

𝐸𝐽 = w𝑦rrC + 𝑧rrCxU/(E:U) ≡ 𝐾CU/(E:U).	 (16)  

 

3. Closed-form solution of the governing equations 

The buckling equations (8) transform with Eq. (16) to: 

 

w𝑦rrC + 𝑧rrCxU/(E:U)𝑦rr = −𝛬𝑧r, 

w𝑦rrC + 𝑧rrCxU/(E:U)𝑧rr = 𝛬𝑦r.  
 

(17)  

For the solution of two simultaneous equations 𝑒E𝜅< , 𝜅=® = 0, 𝑒C𝜅< , 𝜅=® = 0 we use the representation of the 

unknowns with two new functions	Κ(𝑥), 𝜃(𝑥): 
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𝜅< = Κcos𝜃,	𝜅= = Κsin𝜃, (18)  

 

The substitution of () in Eq. (20) reduces it to two simultaneous equations 𝑒Ē[Κ, θ] = 0, 𝑒C̄[Κ, θ] = 0 for the 

new unknowns: 

𝑒Ē[Κ,θ] = 𝑒E𝜅<, 𝜅=®𝑠𝑖𝑛(𝜃) − 𝑒C𝜅<, 𝜅=®𝑐𝑜𝑠(𝜃) = 0, 

𝑒C̄[Κ,θ] = 𝑒E𝜅<, 𝜅=®𝑐𝑜𝑠(𝜃) + 𝑒C𝜅< , 𝜅=®𝑠𝑖𝑛(𝜃) = 0, 

K(𝐿) = Κ(−𝐿) = 0, θ(0) = 0, A(0) = 1. 

(19)  

The equations 𝑒Ē[Κ,θ] and 𝑒C̄[Κ, θ] in (22) reduce to: 

−(𝛼 − 1)ΚCθrr +Κr2(𝛼 + 1)Κ θr + (𝛼 − 1)Λ	Κ(\U:E) (U:E)⁄ ® = 0, 

(1 − 𝛼C)ΚmΚrr −Κ²(1 − 𝛼)CθrC 	+ 𝛼(1 + 𝛼)Κ\ΚrC 	+ (1 − 𝛼)CΛθrΚ(³U:²) (U:E)⁄ = 0, 

(20)  

 

It is possible to solve Eq. (23) for	Κ, θ, but we prefer to find the solution for the functions  A, θ , using Eq. (14) 

to replace  Κ  by 𝐴.  

AU´Eθrr + E
CAr2(𝛼 + 1)AUθr	 + (𝛼 − 1)ΛAr® = 0, 

2(1 + 𝛼)Arr − (1 − 𝛼C)A:EArC −	4A θrC 	+ 4AE:U	Λθr = 0. 

(21)  

The integration constant could be put to zero from the symmetry considerations:	𝜗(0) = 0. The solution 𝜗(𝑥) 
of the second equation (21) with respect to 𝜃(𝑥) reads: 

𝜗 = U:E
C Λ∫ 𝐴:U(𝑧)0

% 𝑑𝑧. (22)  

 

Substitution of 𝜗(𝑥) instead of 𝜃(𝑥)	into the firs equation (21) leads to an equation in terms of 𝐴	only: 

(1 − 𝛼)ArC 	− 2𝐴	𝐴rr + ΛC(𝛼 − 1)𝐴C:CU = 0. (23)  

For solution the dependent and independent variables in (25) must be exchanged: 

¶�0
·/� = E:U

C/ ¸ΛC𝐴C:CU ¹¶0·/º
C − 1» ¶0·/. (24)  

The above equation (26) is the equation of the second order with missing  𝑥(𝐴) and allows the order reduction 

to an equation of the first order.  

𝑥 = ∫ �¼
Z½��¼¾�:¿���𝑑𝑎 + 𝐶C	

/
%  for 0 < 𝐴 < 1, right half 

(25)  

𝑥 = −∫ �¼
Z½��¼¾�:¿���𝑑𝑎 + 𝐶C	

/
%  for 0 < 𝐴 < 1, left half 
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The solution 𝐴(𝑥) is an even function of x. According to the symmetry of the solution, 𝑑𝐴/𝑑𝑥 must vanish in 

the point 𝑥 = 0.  The integral Eq. (25) is summable, if   𝐶E = ΛC.  The resulting equation of the first order is 

solvable in quadrature:  

𝑥 = ∫ �¼Á�
¿√E:=¼Á�𝑑𝑎	

/
%  for 0 < 𝐴 < 1, right half 

(26)  

𝑥 = −∫ �¼Á�
¿ZE:�¼Á�𝑑𝑎	

/
%  for 0 < 𝐴 < 1, left half 

The function 𝐴(𝑥), as parametrically specified by Eq. (26), is an even function of variable −𝐿 ≤ 𝑥 ≤ 𝐿  .  Re-

markably, that the singular integral (26) expresses in terms of the higher functions (Gradstein, Ryzhik, 2014):  

𝑥 = 	/¼
¿U 𝐹2 2 ¹Ã12 , U

U:EÄ , ÃCU:EU:E Ä ,𝐴U:Eº ,											𝛼 > 1.	 (27)  

𝑥 = 1
ΛÅ

	𝜋
𝛼 − 1¸1 − 𝑒𝑟𝑓 ¹Z−𝑙𝑛(𝐴)º» + 𝑜(𝛼 − 1),											𝛼 → 1,𝛼 > 1. (28)  

𝑥 = C
\¿ w2 − 2√1 − 𝐴 − 𝐴√1 − 𝐴x + 𝑜(𝛼 − 2),											𝛼 → 2. (29)  

𝑥 = E
C¿ ¹𝑎𝑟𝑐𝑠𝑖𝑛(𝐴) − 𝐴Z(𝐴 + 1)(𝐴 − 1)º + 𝑜(𝛼 − 3),											𝛼 → 3. (30)  

The functions in Eqs. (27)..(30) are the real functions of 0 < 𝐴 < 1. The limit in Eq. (28) is the right-hand limit 

𝛼 → 1 +. 

The area of the optimal cross-sections vanishes in the end points of the rod, where the bending moment disap-

pears: 

 𝑥(𝐴 = 0) = 𝐿 .  

Substitution of the condition A(0) = 1 into (26) leads to: 

𝐿 = ∫ �¼Á�
¿ZE:�¼Á�𝑑𝑎

E
% . (31)  

The integral (31) another time evaluates in terms of beta-function (Gradstein, Ryzhik, 2014), (Abramovitz, 

Stegun, 1983): 

𝐿 = √k
¿	(U:E)

Γ¹ ¼
¼Á�º

Γ¹Ê¼Á��¼Á�º
. (32)  

For volume evaluation the integrand in Eq. (31) must be multiplied by area 𝑎  (Gradstein, Ryzhik, 2014):  

𝑣 = ∫ �¼
¿√E:=¼Á�𝑑𝑎

E
% = √k

¿	(U:E)
Γ¹¼¾�¼Á�º
Γ¹Ê¼¾Ê�¼Á�º

. (33)  

For estimation of elastic energy  ℰ  the integrand in Eq. (28) must be multiplied by area 𝑎U  (Gradstein, Ryzhik, 

2014):  
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𝜀 = ∫ �¼¾�
¿√E:=¼Á�𝑑𝑎

E
% = ¹C¼ ¼Á�Î º�

C¿	(U:E)
Γ¹ ¼
¼Á�ºΓ¹Ê¼Á��¼Á�º
Γ¹Ï¼Á��¼Á�º

. (1)  

We the normalize coordinate: 𝑋 = 𝑥/𝐿 . Finally, the shape of the right side is given by the implicit function of 

the normalized coordinate  −1 ≤ 𝑋 ≤ 1 : 

𝑋 = 	(U:E)Γ¹Ê¼Á��¼Á�º
U√kΓ¹ ¼

¼Á�º
∙ 𝐹2 2 ¹Ã12 , U

U:EÄ , ÃCU:EU:E Ä ,𝐴U:Eº 	𝐴U. (34)  

For volume of the half of the rod with the unit length we get the expression:  

𝑉 = Ò
9 =

Γ¹¼Á�¼¾�ºΓ¹Ê¼Á��¼Á�º
Γ¹Ê¼¾��¼ÁÊºΓ¹

¼
¼Á�º

. (35)  

For assessment of elastic energy  ℰ  in the normalized coordinates the formula is valid:  

ℰ = Ó
9 = w2U U:EÎ xC E

C√k
Γ2¹Ê¼Á��¼Á�º
Γ¹Ï¼Á��¼Á�º

. (36)  

For practically interesting cases the shape reduces to the elementary functions, as shown in Table 1. 
Table 1 Normalized cross-sectional area along the span of the twisted rod, the normalized volume and normalized elastic 

energy  

 Cross-sectional area  Normalized volume Normalized elastic energy 

 −1 ≤ 𝑋 ≤ 1, 0 ≤ 𝐴 ≤ 1 𝑉 = 𝑣
𝐿 ℰ = Ó

9. 

𝛼 = 1 𝑋 = 1 − 𝑒𝑟𝑓w−𝑙𝑛(𝐴)x 𝑉 = 1
√2 ℰ = 1

√3 

𝛼 = 2 𝑋 = 1 − √1 − 𝐴 − 𝐴√1− 𝐴2  𝑉 = 4
5 ℰ = 24

35 

𝛼 = 3 𝑋 = 2
𝜋 ¹𝑎𝑟𝑐𝑠𝑖𝑛(𝐴) − 𝐴Z1 − 𝐴Cº 𝑉 = 8

3𝜋 ℰ = 3
4 

The expression  erf 𝑥 is the Gauss error function.  

The buckling shape of the twisted column with the simply supported (hinged) ends is demonstrated on Figure 

1 for 𝛼 = 2. For the other values of parameter 𝛼 the buckling shapes are similar. Figure 2 displays the areas of 

cross-sections of the optimal twisted columns for  𝛼 = 1,2,3. Second moments of inertia of the cross-sections of 

the optimal twisted columns are shown for  𝛼 = 1,2,3 on Figure 3.  
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4. Effectiveness 

The influence of the exponent 𝛼 influences the estimations for the optimization effects. Another argument for 

the introduction of the invariant optimization factors is methodical. In the variational calculus is common to get 

one factor as the optimization objective and the others as the a-priori given constraints. To convert it into an 

unconstrained problem the method of Lagrange multipliers are commonly used. For the twisted rod the optimality 

expresses with the isoperimetric inequalities. The resulting unconstrained problem with Lagrange multiplies in-

creases number of variables. The new number of unknown variables is the original number of variables plus the 

original number of constraints. The constraints are usually solved for some of the variables in terms of the others, 

and the former can be substituted out of the objective function, leaving an unconstrained problem in a smaller 

number of variables. This method of solution of leads to the nonlinear algebraic equations for Lagrange multiplies. 

These nonlinear equations in the most cases do not possess the closed analytical solutions and are solvable only 

numerically. 

Instead of dealing with the Lagrange multipliers, we introduce the certain invariant factors. Consider the twisted 

rods with the same form of cross-sections, fixing the exponent 𝛼. For each fixed value of 𝛼 we introduce the two 

dimensionless factors: 

𝐹Ô = 𝛬 	9Õ�
ÒÕ� , 𝐹ℰ = 2𝛬 	ÒÕÊ

ÓÕÖ .	 (1)  

For some arbitrary powers 𝑝E, 𝑝C, 𝑝\, 𝑝m , the factors alter for any affine transformation of the rod. The affine 

transformation of the rod is the product of two elementary transformations, namely homothety and scaling. The 

homothety of ratio 𝜁 multiplies lengths by 		𝜁. Thus, 𝜁 is the ratio of magnification or dilation factor or scale factor 

or similitude ratio. The cross-section function 𝐴(𝜉) scales by another factor 𝜚, such that for the affine transformed 

twisted rod the cross-section function will be 𝜚𝐴(𝜉). Apparently, the eigenvalue 𝛬 alters in course of the affine 

transformation of the twisted rod.  

We use the factors 𝐹Ô , 𝐹ℰ 	for the comparisons of different designs. The critical buckling moment 	𝑀Û = 𝑘W𝐸𝛬 in-

herits the factor 𝑘W and is proportional to this value. Evidently, that the ratios of the buckling loads for different 

designs with the same form of the cross-sections do not depend on the constants 𝑘W . For different cross-sections 

the actual value of 𝑘W have to be used. 

With the methods of dimensional analysis, we can immediately determine the distinctive choice of powers 

𝑝E = 1+ α, 𝑝C = 𝛼,𝑝\ = 2 + α, 𝑝m = 1+ 𝛼.	 (2)  

Using the expressions (32) and (33) the factors result to:   

𝐹Ô = 9�¾¼
Ò¼ , 𝐹ℰ = 2 Ò�¾¼Ó�¾¼.	 (3)  

 

The factors 𝐹Ô , 𝐹ℰ		do not alter for any affine transformation of the twisted rod. Thus, the factors 𝐹Ô , 𝐹ℰ	 are the 

invariants to the affine transformation of the twisted rod and provide a natural basis for the comparison of different 

designs.  

With the above factor, the estimation of the effect of mass optimization turns out to be trivial. For this purpose, 

we consider the reference design with the constant cross-section along the span. The invariant factors for the ref-

erence design is 𝐹ÜÔ.	The factor equals for all exponents 𝛼 and for the boundary conditions with both hinged ends 

reads: 

𝐹ÜÔ = E
C.	 (4)  

The greater the factor is, the higher the buckling moment for the given length and volume of the twisted rod. 

For example, the buckling force of the reference clamped twisted rod is four times the buckling force of the refer-

ence twisted rod with the hinged ends.  
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The dual formulations are typical the optimization of buckling twisted rod as well. For the dual formulations, 

the masses of the twisted rods for the fixed lengths and fixed buckling forces are compared. The volumes and 

masses of the optimal and reference twisted rods relate to each other as the inverse roots of the order 𝛼 of the 

factors 𝐹Ô: 

Ý
Ô�Þßà = ÅáÜâ

áâ
¼

,  	 (5)  

Specifically, the twisted rod with the higher value of the factor 𝐹Ô possesses the lower mass. We use systemat-

ically the method of dimensionless factors for the optimization analysis. The applied method for integration of the 

optimization criteria delivers different length and volumes of the optimal twisted rods. Instead of the seeking for 

the twisted rods of the fixed length and volume, we directly compare the twisted rods with the different lengths 

and cross-sections using the invariant factors. The results of the evaluation of the dimensionless volume factors 

and volumes for the fixed critical eigenvalue 𝛬 = 𝜋/2	and the half-length 𝐿 = 1 are presented in Table 2. The 

half-volumes of the optimal columns 	𝑉  and the volume optimization factor 𝐹Ô are shown as the functions 𝛼 of 

on Figure 4. Figure 5 demonstrates the half-volumes 𝑉 and elastic energy 	ℰ of the optimal columns.   
 
Table 2 Dimensionless volume factor and volume for the fixed critical eigenvalue 𝛬 = 𝜋/2 and the half-length 𝐿 = 1 

 𝐹Ô 𝑉(Λ = 𝜋/2, 𝐿 = 1) 
Constant cross section, reference 	

𝛼 = 0 
1 1 

𝛼 = 1 √2 √2/2 

𝛼 = 2 25/16 4/5 

𝛼 = 3 27𝜋\/512 8/3𝜋 

 

5. Conclusions 

In this article the solution of optimization problem for twisted rod is stated in closed form, involving the length 

of the rod, its volume and critical torque. The solution expresses in terms of the higher transcendental functions.  

Remarkable, that in the torsion stability problem the optimal shape of the rod is roughly parabolic along its length 

and the optimal shape of cross-section is the equilateral triangle. 
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Figures

Figure 1

The buckling shape of the twisted column with the simply supported (hinged) ends



Figure 2

Areas of cross-sections of the optimal twisted columns for α=1,2,3



Figure 3

Second moments of inertia of the cross-sections of the optimal twisted columns for α=1,2,3



Figure 4

The half-volumes of the optimal columns V and the volume optimization factor F_V



Figure 5

The half-volumes Vand elastic energy E of the optimal columns  


