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By diversifying, cells in a clonal population can together overcome the limits of individuals. Di-
versity in single-cell growth rates allows the population to survive environmental stresses, such as
antibiotics, and grow faster than undiversified population. These functional cell-cell variations can
arise stochastically, from noise in biochemical reactions, or deterministically, by asymmetrically dis-
tributing damaged components. While each of the mechanism is well understood, the effect of the
combined mechanisms is unclear. To evaluate the contribution of the deterministic component we
mapped the growing population to the Ising model. Model results, confirmed by simulations and ex-
perimental data, show that cell-cell variations increase near-linearly with stress. As a consequence,
we predict that the entropic gain — the gain in population doubling time compared to an “average”
cell — is primarily stochastic at low stress but crosses over to deterministic at higher stresses. Fur-
thermore, we find that while the deterministic component minimizes population damage, stochastic
variations antagonize this effect. Together our results may help identifying stress-tolerant pathogenic
cells and thus inspire novel antibiotic strategies.

PACS numbers: Asymmetric damage segregation (ADS) — Population dynamics — Statistical physics —
Biophysics

INTRODUCTION

Despite identical genetic makeup, cells in a population
are never the same. This phenotypic diversity is func-
tional and allows clonal populations to outperform indi-
vidual cells. As an example, just variations in E. Coli
doubling times alone has been found to be sufficient for
a population to grow faster than individual cells, a phe-
nomenon referred to as entropic gain [1]. Variations in
doubling times are also beneficial for dealing with sudden
changes in the environment – stress – with slowly growing
cells tending to be more stress-resilient [2] and by diversi-
fying into fast-growing stress-sensitive and slow-growing
stress-tolerant cells [3] populations can both grow fast
in stress-free environment and survive sudden stresses
(e.g. antibiotics). Other well-established functional out-
comes of phenotypic diversity include improved multicel-
lular migration [4] and functional roles in gene circuits
[5].
In case of phenotypic diversity in E. Coli single-cell

growth rates, the continuum of states is typically as-
sumed to be generated by stochastic fluctuations in pro-
tein numbers [1, 6] or metabolism [7]. There is, however,
also a deterministic component: Cells diversify through
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an ongoing process of asymmetrically redistributing dam-
aged proteins at division known as Asymmetric Damage
Segregation (ADS) (Fig. 1A) [4, 8, 9]. As cells with more
damaged proteins grow slower [10–16], the cell-cell differ-
ences in damaged proteins result in differences in growth
rates. This difference is amplified at every division along
the lineages that consistently avoid or inherit the dam-
age (illustrated by the green-shaded and top lineage in
Fig. 1A, respectively). Between these extremes lie the
lineages with all the other combinations of damage inher-
itance (Fig. 1B). Thus, ADS generates a structured pop-
ulation tree with correlated lineages (Fig. 1B) while in-
creasing the population growth and decreasing the mean
damage in the population [8, 11, 17].

Under physiological conditions cells experience both
random and deterministic effects [1, 8, 11]. However,
it remains unclear how the stochastic and deterministic
components interact and together contribute to popu-
lation fitness. Do the two sources of diversity interact
positively by adding together or perhaps even amplify-
ing the effects of each other? Or do they antagonize
each other? In addition to their conceptual importance,
answering these questions could help identifying stress-
tolerant cells and thus inspire novel antibiotic strategies.

In pursuing these questions we combined experimental
data on 39,221 cells, theoretical modeling and numerical
simulations and arrived at three novel results. First, we
find that despite noise dominating the experimental dis-



2

FIG. 1. A. Schematic illustration of damage redistribution in a population of dividing cells. The doubling time T of the cell
is slowed down by the accumulated damage [10, 11] (Eq. (2)), and all cells acquire environmental damage (each red star in the
schematic corresponds to λ amount of damage). At division, the damage is inherited asymmetrically resulting in difference in
doubling time of the two sisters (Eq. (3)). Green shading marks the lineage where cells consequently evade damage. (Model
parameters in the schematic: a = 1, tmin = 0, µλ = 1). B. Damage-history scores H across a population tree generated by the
ADS model (Eqs. (2) and (3)) with each cell (horizontal line) color-coded by its damage-history score. Low (blue) and high
(red) scores correspond to low and high levels of damage. C. Distribution of doubling times from Stewart et al. [10]. Cells
with similar doubling times are grouped together (bin size of 1 min). The color shows the average damage-history score in
each bin H. In line with ADS model, cells with higher damage-history score grow slower (see also SI Fig. S1). D. Bootstrap
distributions of mean damage-history score illustrate that these results are statistically significant across bins with many cells
(see also SI Fig. S2). E–F. The distribution of ADS doubling times (E) and noise (variations from average doubling time, F)
extracted from the raw distribution in C via noise-filtering (Eq. (1)).

tribution of the cells’ doubling times, the contributions
from ADS and noise are statistically independent, so that
the diversity from ADS creates a “scaffold” on top of
which the diversity from random noise is added. Second,
we show that the deterministic contribution from ADS
can be described analytically by mapping the growing
population of cells to the Ising model [18, 19]. Analytical
results, confirmed by simulations and experimental data,
suggest the nearly-linear relationship between population
diversity and stress. Furthermore, we predict that the
entropic gain crosses over from stochastic at low stress
to deterministic at higher stresses. Third, we find that
while stochastic and deterministic effects add together in
reducing population doubling time, they antagonize each
other in reducing population damage levels.

RESULTS

History of damage reveals the impact of ADS in data

The doubling times of E. Coli cells exhibit significant
variation, and the shape of the distribution has been pro-
posed to result from stochastic intracellular optimization
of self-replication [6]. To quantify the contribution of de-
terministic ADS to shaping the distribution of doubling
times, we first re-analysed experimental data by Stewart
et al. [10] sampled over 35,049 individual cells (Fig. 1C).

If the contribution of deterministic ADS is significant,
we would expect the cell’s doubling time to correlate with
its history of damage accumulation events [11]. To quan-
tify the history of damage, we labeled each accumula-
tion/evasion event by +1/ − 1(Fig. 1B) and defined the
damage-history score H to be the sum of these labels
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along each lineage (Fig. 1B; see Methods for details). Us-
ing pole-ages as a proxy of damage accumulation/evasion
[11] – with older pole counting as +1, and newer pole as
−1 – we assigned a damage-history score to each cell in
the experimental dataset by Stewart et al.. Remarkably,
this simple metric is sufficient to shed light on the under-
lying ADS-induced structure in the entire distribution of
doubling times (Fig. 1C, D and Fig. S1). Confirming our
hypothesis, the damage-history score, averaged over cells
with similar doubling times, H, indeed correlates with
the cell’s doubling time (Fig. 1D and Fig. S2). The trend
in the average damage-history H furthermore reflects a
typical pattern for individual damage-history scores, with
the fraction of cells with positive H increasing with grow-
ing doubling times (Fig. S1B), and the opposite trend for
cells with negative H.
History scores provide an illustrative heuristic for

demonstrating the influence of ADS, but they do not
account for the order of inheritance events. However,
inheriting the old-pole sibling in the first and in last gen-
erations does not yield the same impact on the doubling
time of the cell [11, 16]. Thus, to further characterize the
nature of the deterministic and stochastic effects, we sep-
arated the stochastic contributions of noise from deter-
ministic contribution of ADS using an extended version
of our previously published method which accounts for
the order of inheritance events [11] (Methods). In short,
this method extends the history scores by grouping cells
with the same lineage history ℓ (e.g. ℓ = ONNN for the
lineage highlighted in green in Fig. 1A, while another
group would have ℓ = NNON, where O and N corre-
spond to the inherited old and new pole, respectively;
these groups have different lineage histories but identi-
cal history scores). The median doubling time of each
group is used as an estimate of the ADS contribution to
the doubling time of cell i from group ℓ, TADS

ℓ,i (Fig. 1E).
The variation in doubling times within a group is then
assumed to be caused by an ADS-independent stochas-

tic noise T ξ
ℓ,i, such that the doubling time of cell i from

group ℓ, Tℓ,i can be represented as a sum of deterministic
and stochastic components:

Tℓ,i = TADS
ℓ,i + T ξ

ℓ,i. (1)

We found that the noise distribution (Fig. 1F) is sta-
tistically independent from the ADS distribution (con-
tingency table; Fig. S4, Table S1 and Methods). In
line with our previous results, we found that the dis-
tribution of TADS in dataset by Stewart et al.(Fig. 1E)
is substantially more narrow than the full distribution
(Fig. 1B), but – in accordance with ADS model [11]
– remains right-skewed. We also confirmed that the
damage-history scores go from low to high as the TADS

increases (Fig. S3). Taken together, these results from
full-population analyses indicate a significant impact
of the damage segregation in shaping the population-
distribution of doubling times by providing a determin-
istic“backbone” distribution which is widened further
by random noise. This corroborates recent results by

Proenca et al. showing that noise acts “on top of” ADS
[8].

Analytical model for deterministic ADS population dynamics

To better understand the interaction of stochastic di-
versity and ADS we developed an analytical model for the
deterministic model of ADS [11]. Most previous analyti-
cal treatments of growing populations focus on effects of
stochastic dynamics either along lineages or the environ-
ment [20–25] and converge on entropy of lineages for in-
creasing population growth, yet no comparable model ex-
ists for deterministic population processes such as ADS.
In our model we sought to describe how single-cell ADS
inheritance dynamics shape the growth of the population
and variations in single-cell doubling time and damage.
We considered the simplest possible model for ADS

which describes a clonal population growing in an envi-
ronment with constant (sub-lethal) stress (Fig. 1A, [11]).
In each generation n, each cell accumulates an amount
of damage λ in response to the environmental stress, and
in addition inherits Dinh(n) amount of damage from its
mother that together add up to the total damage D(n).
The doubling time of the cell T (n) is slowed down by the
accumulated damage, resulting in the following single-cell
model

D(n) = λ+Dinh(n),

T (n) = tmin + µD(n),
(2)

where tmin (a constant) is a shortest-possible cell dou-
bling time set by basal, non-ADS processes and µ is the
proportionality constant between damage and doubling
time. At division, the amount of inherited damage is
determined by

Dinh(n+ 1) =
1 + sna

2
D(n), (3)

where sn = 1(−1) indicates whether a cell in genera-
tion n accumulates (evades) damage relative to its sib-
ling (Fig. 2A, top panel). The amount of asymmetry is
described by the parameter a (0 ≤ a ≤ 1).
Despite the simplicity of this single-cell model, deriv-

ing expressions for the emergent population dynamics
is not straight forward because of the non-trivial cou-
pling between cell-generations and time: Cells from dif-
ferent generations may be present at the same time, e.g.
cells dividing at time tk+3 in Fig. 1A are in genera-
tions n + 2 and n + 3. We overcame this challenge by
drawing on an unexpected connection between the non-
equilibrium process of growing populations with ADS
and equilibrium statistical physics of ferromagnetic par-
ticles (Ising model). In brief, the increment in popula-
tion size dNcells(t) = Ncells(t)−Ncells(t− dt) at time t is
given by the number of lineages dividing exactly at time
t. Thus, the the population growth rate can be obtained
as the rate of growth of the total number of lineages ΩL(t)
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FIG. 2. Mapping of population with asymmetric damage segregation to statistical physics. A. Schematic illustration of the
analogy between lineages in a growing population and 1D Ising model (illustrated lineage is the same highlighted in green in
Fig. 1A). For a lineage, the history of damage inheritance corresponds to an unique configuration of spins on an Ising chain.
The damage accumulation/evasion events shown above each cell (their fraction of inheritance of ancestor damage via Eq. (3))
correspond to the values of the spins (±1, red arrows) in the analogous Ising chain. B. Each lineage in a population tree maps
to a microstate in an Ising model. Select lineages are marked with the corresponding spin states as in panel A (note conceptual
similarity to damage-history scores across population in Fig. 1B). C. Population growth rate as predicted by the theory (lines,
Eq. (4)) agrees with numerical simulations (circles), as illustrated for a = 0.3 (blue) and a = 1 (black). Results for the reported
damage-dependent asymmetry, a(D) ([11], red) overlap with those for a = 1. Both tmin = 22 min and µλ are in relevant ranges
for E. Coli under experimental conditions [11]. D. The population growth gain from ADS increases with stress. The growth
gain is quantified by the difference of mean population doubling times 〈T 〉 with and without ADS.

dividing at time t, which are the lineages where the total
accumulated lineage time Ttot(n, {s}) =

∑n
i=1 T (i, {s})

is equal to the elapsed time t, i.e. lineages satisfying
Ttot(n, {s}) =

∑n
i=1 T (i, {s}) = t. Mathematically, de-

termining the number of dividing lineages ΩL(t) is equiv-
alent to the well-described problem of determining the
number of states Ω with a given energy for a 1D system
of ferromagnetic particles (Ising model) in equilibrium
statistical physics (Fig. 2A), i.e. the number of possible
ways the Hamiltonian H of the system evaluates to the
energy level E, H = E (Fig. 2B and Table S2). In ef-
fect this maps each lineage to a particular microstate in
the Ising model (Fig. 2B) and the total time for a lin-
eage {s} to reach n generations, Ttot(n, {s}) =

∑n
i=1 Ti

plays the role of Hamiltonian H. The full derivation is

given in SI Sec. S1, including summary of all simplifying
assumptions (Table S3) and assessment of their impact
(Sec. S1.4.1).
To characterize the emergent population dynamics

from deterministic ADS, we derived expressions for the
population growth rate GADS, the mean single-cell dou-
bling time 〈T 〉ADS and the standard deviation of dou-
bling times σT,ADS (Eq. 4, see SI Sec. S1 for derivation).
It is important to note that we aimed to characterize the
properties of the “active” part of the population. Thus
only dividing cells are included when calculating popula-
tion averages (see Sec. S4.5 for detailed argumentation).
In other words, the properties of the growing cells, those
that are between the division cycles, do not contribute
to the averages.
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GADS(a, λ, µ, tmin) = S̃(a, λ, µ, tmin) ≈
8λµ+ 4tmin − 2ϕ(a, λ, µ, tmin)

a2(9 + 2a2)λ2µ2
,

〈T 〉ADS(a, λ, µ, tmin) ≈ tmin + µλ

[

2− S̃
a2λµ

4

(

a2 + 9
)

+ S̃2a4λ2µ2 27

8

]

,

σT,ADS(a, λ, µ, tmin) ≈
λµa

4

√

20 + a2
(

4 + S̃λµ
[

−44− 45S̃λµ+ a2
{

2 + 9S̃λµ
}])

,

ϕ(a, λ, µ, tmin) =
√
2
√

8λµtmin + 2t2min − λ2µ2 [9a2 ln 2− 8 + a4 ln 4],

(4)

where S̃ = S/(kBt) is the normalized entropy of divid-
ing lineages expressed in terms of the thermodynamic
entropy S and the elapsed time t (SI Sec. S1.7) which
is a measure of lineage diversity. Furthermore, to ob-
tain a simpler expression for σT,ADS we assumed in the
expression above tmin & 15 min. An approximate ex-
pression valid for all values of tmin is given in Eq. (S53).

We furthermore use the short-hand notation S̃ instead of
S̃(a, λ, µ, tmin) on the right hand-side.

Interestingly, all these population characteristics can
be expressed in terms of the entropy of dividing lineages
S̃ (population diversity), with the population growth rate

GADS being mathematically identical to S̃ (SI Sec. S1.7).
Thus, the entropic gain in the population growth rate by
ADS alone (the increase in population growth rate driven
by lineage entropy) ∆GADS = GADS(a) − GADS(a = 0)
is equal to the increase in lineage entropy from ADS
∆GADS = S̃(a) − S̃(a = 0) (where S̃(a = 0) is given
by SI Eq. (S58)). The reason is that growth of the pop-
ulation is determined by the number of dividing lineages
(number of states Ω in the equivalent system), and so the
rate of growth G is simply 1

t
lnΩ(n, t) (n is the number

of generations/particles), which is also the very definition

of the normalized entropy S̃. This deep connection be-
tween population diversity and population growth, which
is conceptually similar to the effects from stochastic vari-
ations presented by Wakamoto et al. [1, 22], establishes
that population growth is driven by entropy of lineages.

We confirmed our theoretical predictions by comparing
to an agent-based numerical simulation we introduced
in Vedel et al. [11] (Fig. 2C, D and Fig. 3A). (See SI
Sec. S3 for the details of the simulation algorithm and
its numerical implementation). Simulations are in good
numerical agreement with the analytical results, also for
the reported case of damage-dependent asymmetry a =

a(D) ≈ D6

D6+constant
[11].

Our theoretical results (Eq. (4), Fig. 2C, D) con-
firm the previous findings in Vedel et al. [11] that while
the growth is reduced under higher stresses, asymmet-
ric damage segregation (a > 0) ensures faster growth
than symmetric (a = 0). Furthermore, the positive im-
pact of ADS grows with stress λµ (Fig. 2D), resulting
in a dynamic, emergent population-benefit [11] endowing
the population with an antifragile stress behavior [26].

This antifragility comes as a result of increased diversi-
fication under stress; cells can diversify more when they
have more damage to redistribute. Here our analytical
results predict that this diversity, measured as the width
of the distribution of doubling times, increases linearly
with stress σT,ADS ∼ λ when a = 1 (Fig. 3A) and approx-
imately linear for damage-dependent asymmetry a(D),
Fig. S5.

Experimental verification of ADS population dynamics

We verified this emergent behaviour by analyzing pub-
lished data for 39,221 cells by Stewart et al. [10] and
ourselves [11] for the stress-dependence of σT,ADS across
three different stresses and three different strains . Us-
ing the ADS-filtered data, we fitted the determinis-
tic ADS model to each experimental condition and ob-
tained the experienced stress λµ (Methods). Plotting
the experimental values of σT,ADS against these expe-
rienced stresses, we found that the data across condi-
tions was well-described by our theoretical predictions
(Fig. 3B). The significantly lower levels of perceived
stress in data by Stewart et al. [10], compared to our wild
type strain [11], both grown at 37 ◦C, may reflect dif-
ferences between growing cells in rich (Luria broth [10])
versus minimal (M63 [11]) media. In calculating the ex-
perimental values of σT,ADS we used all recorded cells
in the growing population since this ensemble gives the
same moments but higher cell count than using dividing
cells at the last time point (see Methods, SI Sec. 4.5).
This experimental validation of stress-induced determin-
istic diversification (Fig. 3B) together with the damage-
structured population (Fig. 1C-E) strongly support the
impact of the ADS on the population distribution and
improved conditions for growth.

Synergistic contributions of stochastic and deterministic

diversities to population growth

Having established and validated our population-level
approach to ADS, we next focused on the central ques-
tion of the interaction between the deterministic diver-
sity and random noise. To investigate this we analyzed
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FIG. 3. The interplay of stochastic and deterministic sources of diversity under stress. A. Analytical predictions of linear
increase of the effects of ADS with stress, as illustrated by 〈T 〉ADS − tmin and σT,ADS (Eq. (4)). Dashed lines are analytical
results, circles mark simulation results. Errorbars show sample error of the means from the simulations (Methods). The same
trends hold for damage-dependent asymmetry, although exact linearity is not satisfied, see Fig. S5. B Comparison of model
predictions for σT,ADS with experimental results across all stresses. Squares mark heat-stress, triangles antibiotic (kanamycin)
stress and circle marks low UV stress (Stewart et al. [10]). Perceived experimental stress levels µλ are inferred by fitting the
model to the ADS-filtered data (Methods). Each mark represents the average over all cells with those particular experimental
conditions, while the red line is the simulation results from 100 repeat simulations of a(D)-model (line indicates 50th percentile,
with shaded region indicating 25th−75th percentile). C Synergistic contributions of noise and ADS to population growth rate.
Points mark simulation results, while lines are the analytical results (Eq. (5)). The gain in population growth from noise
alone,∆G(a = 0, ξ), is in green (Eq. (S65)); from ADS alone, ∆G(a = 1, ξ = 0), is in red (Eq. (S70)) and from combined noise
and ADS, ∆G(a = 1, ξ), is in blue (Eq. (5). Errorbars mark 95 % confidence interval on fitting exponential growth to the
number of cells across 10 repeat simulations (SI Sec. S3.4.2.). D–E Benefits of doubling time, B〈T 〉, and damage, B〈D〉, defined
in Eq. (6), under various combinations of noise and ADS in a case of low (D) and medium (E) damage induced by heat stress
[11]. While population benefits from both noise and ADS in reducing population doubling time (compare results for B〈T 〉),
noise antagonizes the beneficial effects of ADS in decreasing population damage (compare results for B〈D〉). For simulations
with noise we show the mean across 10 realizations. Here the asymmetry is set to be damage-dependent, a(D), however results
are similar for a = 1. Asterisks indicate statistically significant differences with p < 5.0× 10−8 (bootstrap, t-test).

the entropic gain for the population growth rate, i.e. the
changes in population growth rate to modulations in lin-
eage diversity S̃. In other words, we consider the in-
crease in population growth rate ∆G̃ = G(a, ξ)−G(a =
0, ξ = 0), where ξ denotes noise, and where lineage en-
tropy is controlled via noise level ξ and asymmetry a.
Using the Euler–Lotka model of population growth, we
related the population diversity resulting from the com-
bined existence of ADS and noise (with the probability
density of doubling times ffull(TADS, Tξ)) to population
growth G(a, ξ) [27–29]. Since the distributions of noise
and ADS-induced doubling times are statistically inde-
pendent (Table S1) we found a simplified expression for
G(a, ξ) by expanding each of these distributions in sta-
tistical cumulants and applying series inversion [30, 31]
(SI Sec. S2.2). To account for the fact that noise am-
plitudes scale with stress (variance-to-mean ratio CV of

single-cell growth rates is conserved across stresses[32]),
we furthermore scaled the noise amplitude relative to the
mean doubling time 〈T 〉ADS (SI Sec. S2.1), resulting in
the final expression

∆G̃ = G(a, ξ)−G(a = 0, ξ = 0)

≈ ln 2

〈T 〉ADS

+
1

2

[

σ2
T,ADS

〈T 〉ADS

+ C2
V 〈T 〉ADS

]

(

ln 2

〈T 〉ADS

)2

− ln 2

tmin + 2µλ
, (5)

where 〈T 〉ADS, σ
2
T,ADS are given by Eq. (4), G(a = 0, ξ =

0) = ln 2
tmin+2µλ

(SI Sec. S1.8) and CV = 0.23 is inferred

from the experimental data [11]. These analytical results
(Eq. (5), Fig. 3C, blue line) capture the general trend of
the simulated results (Fig. 3C, blue and magenta dots).
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With all parameters constrained by the data, our ana-
lytical and simulation results show that the relative im-
portance of the deterministic and stochastic processes in
shaping the population growth changes with stress (green
and red lines in Fig. 3C). At low stresses, the benefit
from ADS (green) is small and noise (red) dominates,
while ADS dominates for large stresses. The experi-
mental estimates of the perceived stress µλ (Fig. 3B) all
fall below the cross-over point, µλc ≈ 4, suggesting that
noise dominates in the tested conditions. Furthermore,
the estimates of the perceived stress allow us to read off
the relative contributions of deterministic and stochastic
components (Fig. 3C) for each of the experimental con-
ditions. Thus for example, in mutant cells experiencing
kanamycin stress with µλ ∼ 2, ADS accounts for about
24 % of the gain in growth rate, ∆S̃. Recently, Proenca
et al. [8] estimated that in a stress-free environment de-
terministic sources contribute 22 % to the variance of the
doubling times. Although the numbers are not directly
comparable, our results agree on that noise dominates
distribution of doubling times and as a consequence has
a major contribution to the entropic gain in population
growth rate. While the contribution from ADS is mi-
nor, it is significant (Fig. 3C-E) and may dominate under
the experimental conditions where perceived stresses are
higher.

Stochastic and deterministic effects antagonize each other in

reducing population damage levels

We have previously shown that by concentrating dam-
age in a few slowly growing cells, ADS decreases the av-
erage damage in a population [11]. We then asked how
the measured levels of noise impact the ADS-induced re-
duction in population damage and mean doubling time.
To quantify the effects we considered how the popula-

tion benefit from the diversity generated by either noise
alone, ADS alone, or both ADS and noise combined. We
use the case with a = 0 and “no noise” (ξ = 0) as a ref-
erence point and define benefits as the decrease in popu-
lation damage and mean doubling times relative to their
reference values:

B〈T 〉 = 1− 〈T 〉(a, ξ)
〈T 〉(a = 0, ξ = 0)

(6)

B〈D〉 = 1− 〈D〉(a, ξ)
〈D〉(a = 0, ξ = 0)

,

here B〈T 〉 and B〈D〉 are the benefits from the diversity
in the population-mean doubling time 〈T 〉 and damage
〈D〉.
The results (Fig. 3D and E) for E. Coli doubling times

mirrored our results for the entropic gain in population
growth rate (Fig. 3C). The benefit in doubling time is
dominated by noise B〈T 〉 ∼ 0.04 and ADS provides a mi-
nor but statistically significant increase of ∼ 0.01. The
roles of ADS and noise are, however, distinctly different

in reducing population damage. While ADS alone signif-
icantly reduces population damage, with B〈D〉 ∼ 0.05 at
higher stress, noise antagonizes this effect decreasing the
benefit by ∼ 0.01 (Fig. 3D, E).
To understand these seemingly contradictory outcomes

of noise, consider the dynamics along a single lineage.
Noise interferes with the ordered chains of damage inher-
itance through the lineages so that it is no longer cells
with the lowest amounts of damage which have shortest
doubling times; even though the average noise contribu-
tion along each lineage is zero, the fastest-dividing cells
— those which drive the population growth — will on
average have more damage when noise is present. Con-
sequently the average damage 〈D〉 is higher when noise
is present, leading to lower benefits B〈D〉.

DISCUSSION

Single-cell studies on drug-tolerance suggest that there
is a common theme across drugs and organisms: A small
fraction of the population in a dormant state — cells
growing slowly or completely arresting their growth —
survive exposure to drugs [33, 34]. Several mechanisms
have been proposed to explain the emergence of the tol-
erance: from diversity in lag times and growth rates
to toxin-antitoxin regulatory networks [34, 35]. Sim-
ilar studies in cancer cells are slowly emerging [33].
While these “executive” mechanisms are different, most
are assumed to be a result of bet-hedging—initiated by
stochastic fluctuations in protein numbers [3]. Alter-
nate to random bet-hedging, the dormant cells (and thus
drug-tolerance) may be generated by the deterministic
processes such as asymmetric damage segregation [8, 11]
or asymmetric partitioning of the multidrug efflux pump
(AcrAB-TolC) towards the old pole [36].
Understanding the interplay between the stochastic

and deterministic sources of diversity (of which tolerance-
associated dormancy is a specific case) can influence the
development of the novel antibiotic strategies. If the ori-
gin of the diversity is stochastic we can estimate how
many but not which cells become tolerant, whereas if it is
deterministic, we can, in principle, predict both how many
and which cells are likely to become tolerant. Thus, for
example, in the cases of asymmetric damage or AcrAB-
TolC partitioning the pole-age, the size of protein ag-
gregates may serve as a marker for dormancy and thus
tolerance. In line with this, recent findings show that
cells with aggregates are more likely to tolerate lethal
stresses [37]. In this context, the uncovered correlation
between damage-history score and doubling time suggest
that slow growth in several consecutive generations may
serve as another marker for old-pole and dormancy. Ex-
perimentally, this possible link between damage-history,
dormancy and antibiotic tolerance can be assessed by flu-
orescent pulse-labeling of the cell wall [38].
Although simplistic at the levels of individual cells and

lineages, the mathematical model describing the dynamic
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interactions between the deterministic asymmetric dam-
age segregation (ADS) and noise presented in this paper
revealed intricate emergent population properties. To-
gether with experimental validation across a large and
diverse dataset (Fig. 3B), our modeling results suggest
the following key results.
First, we analytically show that stress induces deter-

ministic cell-cell variability through ADS which, in turn,
results in deterministic changes to population growth
(depends explicitly on the entropy of lineages S̃, Eq. (4)).
Compared to most other studies, this variability is deter-
ministic and correlated through generations, yet the ef-
fects on population growth are similar to those endowed
by noise alone [1, 22].
Second, our analyses show that while operating on

different time-scales, both the deterministic (ADS) and
stochastic (noise) sources of diversity accelerate popula-
tion growth (as compared to a non-diversified popula-
tion) and their effects add up. It furthermore suggests
that the “speed limit” on population growth proposed
by Hashimoto et al. [1] can be circumvented if multiple
sources of diversity are present.
Under varying stresses, the additive effect provides the

population with the best of both contributions: under
low stress the growth-benefit from diversity is dominated
by the noise, while the benefits of ADS become more
prevalent under higher stresses yet retaining the baseline
growth benefit from noise. We find that in all the in-
vestigated experimental conditions the stress is not high
enough for the deterministic component to dominate,
however, even under the lowest perceived stress (low-level
UV stress by Stewart et al.), the contribution of ADS is
nonetheless significant (Fig 1C, D).
Third, while the deterministic and stochastic compo-

nents both accelerate population growth, they have the
opposing effects on population damage. Deterministic
ADS reduces population damage because it effectively
limits damage to a few slowly growing cells. Stochastic
variations in cell’s growth rates counteract this effect be-
cause they disrupt the coupling between cell’s doubling
times and damage levels (stochastically, cells with dam-
age may grow fast and generate more damage-containing
progenitors). This interplay between stochastic and de-
terministic variations suggest that to minimize both pop-
ulation doubling time and mean damage, there should be
an optimal level of stochastic variations.
As our results are based on a generally applicable

mathematical framework, we anticipate that these three
key results will persist when other independent sources of
variability (stochastic and deterministic) are at play (e.g.
multivariate noise or other types of cellular damage, not
limited to protein aggregates).
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METHODS

Experimental data

Previously published time-lapse experimental datasets
of E. Coli with single-cell resolution containing single-
cell growth rates and population pedigree were further
analyzed for this paper [10, 11]. This data consisted of
one dataset of more than 30,000 MG1655 cells from more
than 90 different colonies [10], and 6 smaller datasets
(each of 8-10 colonies, ∼ 2000 cells per dataset) of two
different cell lines (MC4100∆ClpB with ClpB–YFP on a
medium copy-number plasmid with lacIq and expressed
by added IPTG, and MC4100 with lacIq (wild-type))
each exposed to both heat stress (37 ◦C to 42 ◦C) and
antibiotic shock (0.0 µg/mL kanamycin to 0.5 µg/mL
kanamycin, both at 37 ◦C) [11]. MG1655 cells were ge-
netically modified to express yellow fluorescence and were
excited every 2 or 4 minutes, while both MC4100 cell lines
were imaged in brightfield channel every 3-4 min (and
some cells also in fluorescent channel every 15 min).

Simulations

We extended our previously published agent-based
simulation method for all results presented in this pa-
per [11]. We present a more detailed description of the
simulation method including convergence study and the
use of low-amplitude noise to speed up convergence in SI
Sec. S3. Briefly, the simulation method builds out the
full population tree up to Ngens generations, and calcu-
lates the amount of accumulated damage and the dou-
bling time for each cell by iteratively applying Eq. (2)
(using either constant or damage-dependent asymmetry
a(D)). From this we can obtain for each cell k in genera-
tion n the birth time τbirthk (n), the death time τdeathk (n)
and the damage Dk(n). For simulations including ran-
dom noise, this is added during the iterative application
of Eq. (2) using T (n) = tmin + µD(n) + ξn with ξn being
drawn at random from the experimental noise distribu-
tion (Fig. 1F) using Matlab’s built-in random number
generator. We ran simulations to at least 22 generations
unless explicitly stated otherwise, and ensured conver-
gence for all results presented.
Statistical moments of population distributions — To

infer population distribution moments (〈T 〉ADS, σT,ADS,
〈D〉), the simulated population is interrogated at fixed
times ti, including only cells present at time ti defined
by τbirthk (n) ≤ ti < τdeathk (n). Since the simulation starts
from a single cell and therefore is strongly affected by low-
count statistics to begin with, we waited for population
moments to converge to stable values before sampling
(details in SI Sec. S3). The instantaneous values of the
moments at time ti were obtained as the mean of all sam-
pled values in the window τbirthk (n) ≤ ti < τdeathk (n) and
the standard error of the mean calculated using the same
part of the simulated output (see details in SI Sec. S3).
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Presented results in Figs. 2 and 3 were averaged over all
sampling times after the equilibration period.
Benefits B〈T 〉 and B〈D〉 — The benefits (Eq. (6)) are

calculated using the estimates for the moments 〈T 〉 and
〈D〉 described above. Statistical significance of increase
in benefit (Fig. 3D, E) was calculated using two-sample
t-tests.
Population growth rate and entropy of lineages — The

population growth rate G was estimated by a linear fit to
the logarithm of the simulated Ncells as a function of sim-
ulated time t assuming a first-order polynomial. As for
the population moments the initial phase was ignored to
allow for equilibration before fitting to obtain parameter
values and their standard errors. For repeat simulations
(Fig. 3C), average results were obtained by leveraging the
Gaussian nature of inferred parameters from linear fits,
see SI Sec. S3.4 for details.
Since the normalized entropy S̃ = S

kBt
is equal to the

population growth rate for both ADS and noise (see SI
Eq. (S34)), we obtain this from the simulations as de-
scribed for the population growth rate, and the standard
error for differences in S̃ in Fig. 3C were estimated using
error propagation.

Theoretical modeling

Deterministic model for ADS — Full derivation of the
ADS model is presented in SI Sec. S1 including derivation
of the explicit yet surprising connection between the en-
tropy of dividing lineages S̃ and population growth rate
GADS.
Euler–Lotka model, cumulant expansion and noise

model — Derivation of Eq. (5), detailed introduction and
validity assessment of cumulant expansion for random
noise and description of noise scaling across stress lev-
els to satisfy single-cell constant growth rate variation to
mean (as reported by [32]) are presented in SI Sec. S2.
We used CV = 0.23 obtained from the experimental data
[11] in all results with the Euler–Lotka model involving
noise.

Experimental data analysis

Further analysis details are presented in SI Sec. S4.
History scores — For each lineage, we analyzed the

cell divisions i and assigned a value of si = +1 for each
old-pole inheritance and si = −1 for each new-pole inher-
itance. The damage-history score H is the defined along
each lineage as the sum of the sis, H =

∑

i si.
Noise filtering: Splitting experimental single-cell dou-

bling times into noise and ADS contributions — To es-
timate the effect of ADS we extended our previously
published method [11] to take into account the entire
sequence of inheritance events (i.e. entire lineage his-
tory ℓ) and thus only group the cells from repeat ex-
periments that have exactly the same lineage history.

Formally, each group forms a set of single-cell doubling
times Lℓ = {Tℓ,i|i among sampled populations} for cells
with a specified inheritance or lineage history sequence ℓ
(e.g. ℓ = ONNN for a cell whose lineage history sequence
starts with an old-pole inheritance in the first generation
followed by new-pole inheritances in the last three inher-
itances; this lineage is highlighted in green in Figs. 1A
and 2A). Notice that the lineage history ℓ and the exper-
iment number i uniquely index the cell. Since the lineage
history (inheritance history) ℓ for all cells in the group,
Lℓ, is the same, we estimate the ADS contribution to
doubling time TADS

ℓ to be the median of Lℓ; the vari-
ations about TADS

ℓ at the single-cell level are taken as
noise. From this we obtain the contributions to the cell
from experiment i from ADS (TADS

ℓ,i ) and noise (T ξ
ℓ,i),

TADS
ℓ,i = TADS

ℓ = median (Lℓ) ,

T ξ
ℓ,i = Tℓ,i − TADS

ℓ . (7)

This results in the noise filtering indicated by Eq. (1).
In the original version of this method published in [11]
we grouped cells only based on the last two generations
(i.e. the pole-age of the mother and the pole-age of the
cell itself), whereas in the current version we are using
the entire lineage inheritance history ℓ as basis for the
grouping.
Inferring perceived stress in experiments and noise

— Perceived stress µλ of experiments were inferred
by fitting the agent-based ADS simulation model to
noise-filtered experimental doubling times (filtered using
Eq. (1)). The model was fitted at all generations along all
lineages using the noise-free simulations to obtain values
for µ and λ. The residuals between the fit and actuals
for each cell are the noise. At each point in the popula-
tion tree, the median single-cell doubling time was used
(Eq. (1)) as fitting target. For data from [10] we fixed
tmin (cannot be inferred independently) and fitted µ and
λ; for data from [11] we fixed µ for pairs of experiments
with same stressor but different stress levels and allowed
λ to take different values at each settings. More details
given in SI Sec. S4.6.
Statistical independence of noise and ADS — We used

a contingency table test to assess whether distributions
of doubling times from ADS doubling and noise (Fig. 1E,
F) are statistically independent. The null hypothesis is
that the distributions are statistically independent and
the alternative hypothesis that they are not. Briefly the
test has been implemented as follows (see SI Sec. S4.4
for details): Following the filtering of Eq. (1), each of the
two resulting distributions of doubling times for ADS and
noise (fADS(T

ADS) and fξ(Tξ)) are split into NADS and
Nξ bins, resulting in a NADS × Nξ table of the number
of noise counts (individual cells) Ni,j per ADS bin i and
noise bin j. Assuming that noise is statistically inde-
pendent of ADS we compared the expected number of
cells per bin to the actually recorded number using a χ2-
statistic, and evaluated the P -value of the null hypothesis
using the associated χ2 distribution.
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Ensembles for sampling: using all cells up to a time to
represent a time snapshot —The benefits from ADS arise
because cells with higher amounts of damage grow slower,
thus resulting in an effective up-concentration of faster-
growing cells with smaller amounts of damage at any
instance in time. To properly measure that experimen-
tally it is important that cells are sampled from a time
snapshot when calculating population moments. How-
ever, we have found that the same population moments
are found whether using the ensemble of all cells dividing
up to a time t instead of the ensemble of cells present in
a snaptshot taken at time t. We have used the larger
ensemble to calculate σT,ADS for experimental data in
Fig. 3B. More details on ensembles as well as a detailed
analyses of their impact on population moments is pro-

vided in SI Sec. S4.5.
Statistical significance of increase in σ under differ-

ent stresses — We used bootstrapping to assess statis-
tical significance of increase in σ across different exper-
imental conditions (Fig. 3B) since the underlying dis-
tributions are non-normal. Data was separately resam-
pled with replacement under each of the two condi-
tions to obtain estimates of means and calculate ∆σ =
σhigh stress − σlow stress. Repeating this 103 times we ob-
tained a normal distribution of differences which we com-
pared to the normal distribution of differences of the as-
sociated null distributions from each original distribution
(obtained by randomly shuffling cells across pole histo-
ries and calculating new ADS distributions using Eq. (1))
using a t-test. See SI Sec. S4.7 for more details.
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I. M. Tolić-Nørrelykke, Curr. Biol. 23, 1844 (2013).

[13] N. Erjavec, M. Cvijovic, E. Klipp, and T. Nyström, Proc.
Nat. Acad. Sci. USA 105, 18764 (2008).

[14] L. Chao, PLoS Genetics 6, e1001076 (2010).
[15] J. Winkler, A. Seybert, L. König, S. Pruggnaller,

U. Haselmann, V. Sourjik, M. Weiss, A. S. Frangakis,
A. Mogk, and B. Bukau, EMBO Journal 29, 910 (2010).

[16] A. B. Lindner, R. Madden, A. Demarez, E. J. Stewart,
and F. Taddei, Proc. Nat. Acad. Sci. USA 105, 3076
(2008).

[17] M. Ackermann, L. Chao, C. T. Bergstrom, and M. Doe-
beli, Aging Cell 6, 235 (2007).

[18] E. Ising, Z. Phys. 31, 253 (1925).
[19] J. M. Yeomans, Statistical mechanics of phase transitions

(Oxford, 1992).
[20] S. Leibler and E. Kussell, Proc. Nat. Acad. Sci. USA 107,

13183 (2010).
[21] E. Kussell and S. Leibler, Science 309, 2075 (2005).
[22] Y. Wakamoto, A. Y. Grosberg, and E. Kussell, Evolution

66, 115 (2011).
[23] A. Amir, Phys. Rev. Lett. 112, 208102 (2014).
[24] A. Marantan and A. Amir, Phys. Rev. E 94, 012405

(2016).
[25] J. Lin and A. Amir, Phys. Rev. E 101, 012401 (2020).
[26] N. N. Taleb, Antifragile: Things that gain from disorder

(Random House, 2012).
[27] B. Charlesworth, Genetics 156, 927 (2000).
[28] E. Levien, J. Kondev, and A. Amir, J. R. Soc. Interface

17, 20190827 (2020).
[29] E. Levien, T. GrandPre, and A. Amir, Phys. Rev. Lett.

125, 048102 (2020).
[30] M. Abramowitz and I. Stegun, Handbook of Mathemati-

cal Functions with Formulas, Graphs, and Mathematical

Tables (U.S. Department of Commerce, 1972).
[31] S. Schindler, S. Tuljapurkar, J.-M. Gaillard, and

T. Coulson, Theo. Popul. Biol. 82, 244 (2012).
[32] A. Bar-Even, J. Paulsson, N. Maheshri, M. Carmi,

E. O’Shea, Y. Pilpel, and N. Barkai, Nat. Genetics 38,
636 (2006).

[33] R. H. Chisholm, T. Lorenzi, A. Lorz, A. K. Larsen, L. N.
de Almeida, A. Escargueil, and J. Clairambault, Cancer
research 75, 930 (2015).

[34] A. Brauner, O. Fridman, O. Gefen, and N. Q. Balaban,
Nature Reviews Microbiology 14, 320 (2016).

[35] N. Q. Balaban, S. Helaine, K. Lewis, M. Ackermann,
B. Aldridge, D. I. Andersson, M. P. Brynildsen, D. Bu-
mann, A. Camilli, J. J. Collins, et al., Nature Reviews
Microbiology 17, 441 (2019).

[36] T. Bergmiller, A. M. Andersson, K. Tomasek, E. Balleza,
D. J. Kiviet, R. Hauschild, G. Tkačik, and C. C. Guet,
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