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MACLAURIN’S SERIES EXPANSIONS OF REAL POWERS OF INVERSE

(HYPERBOLIC) COSINE AND SINE FUNCTIONS WITH APPLICATIONS

FENG QI

Dedicated to people facing and battling COVID-19

ABSTRACT. In the paper, by means of the Faa di Bruno formula, with the help of explicit formulas
for special values of the Bell polynomials of the second kind with respect to a specific sequence, and
by virtue of two combinatorial identities containing the Stirling numbers of the first kind, the author
establishes Maclaurin’s series expansions for real powers of the inverse cosine (sine) function and the
inverse hyperbolic cosine (sine) function. By applying different series expansions for the square of the
inverse cosine function, the author not only finds infinite series representations of the circular constant
Pi and its square, but also derives two combinatorial identities involving central binomial coefficients.
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1. MOTIVATIONS

The classical Euler gamma function I'(z) can be defined [26] Chapter 3] by
mlm?

T(2)= lim —0 " eC\{0,-1,-2,...}.

SRS NCETRERAL }

The modified Bessel function of the first kind I,,(z) can be represented [Il, p. 375, 9.6.10] by

) 1 P 2n+v
I, (z) = —_— (= , C.
(2) 7Z%n!lﬂ(u—i—n—i—l)(2) €
The rising factorial, or say, the Pochhammer symbol, of « € C is defined [12] p. 7497] by

n—1

ala+1)--(a+n—-1), n>1;
(a)n:H(a+k): 1 _
o , n = 0.

In [27 p. 377, (3.5)] and [28, pp. 109-110, Lemma 1], it was obtained that

oo

_ 1 (ntv+n+1), ()"
I(x)1,(z) = T(u+1)T(v +1) Z nl(p+ v+ 1), <2> .

n=0
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2 F. QI

In [4, p. 310], there exists the power series expansion
TE e g — ST EV
v = Pv+k+1))? k 2 '

More generally, the series expansions of the functions [, (2)]" for v € C\ {—1,—2,...} and r, z € C have
been surveyed and investigated in [3| [4] T3] T4l 16]. One of the reasons why ones 1nvestigated the series
expansions of the functions [I,(z)]" is that the products of the (modified) Bessel functions of the first
kind appear occasionally in problems of statistical mechanics and plasma physics [2, 17, [18].

In the articles [5l [6 1T [12] 20}, 24, 25], Maclaurin’s series expansions of the powers

sin™z, cos™z, tan™z, cot™z, sec™z, cscz, (arctanz)™, (arctanhz)™

arcsinz\"  (arcsinz)™ arcsinh 2\  (arcsinh z)™
P 9 /71 — 2,’2 ) e ) /71 + Z2
for m > 2 and their history were reviewed, established, discussed, and applied. Now we recite several
nice series expansions as follows.

Theorem 1.1 ([II, Theorem 2.1]). For m € N and |z| < 1, the function (“Cb%)m, whose value at
x =0 is defined to be 1, has the nice Maclaurin series expansion

R )

k=1 m =0

where s(n, k) denotes the first kind Stirling numbers which can be analytically computed by

£1—1 lm—2—1 Zm,lfll
1, —n! — >m>1. 1.3
s pi=n 3 LS L 7 o "Mz -

li=m Z2 m—1 Lm—1=2 L =1

Theorem 1.2 ([II, Theorem 5.1]). For m € N and |x| < oo, the function (@)m, whose value at
x = 0 is defined to be 1, has the nice Maclaurin series expansion

(2) =2 E g3 (0 e (252 T

£=0

where s(n, k) stands for the first kind Stirling numbers generated by (1.5)). where s(n,m) denotes the
Stirling numbers of the first kind which can be analytically generated by

In{ + =)™ _ i s(n,m)fl 2| < 1. (1.5)

m! 1’

In [IT, 12], the series expansion ([1.2)) was applied to

(1) derive closed-form formulas for special values of the Bell polynomials of the second kind, these
closed-form formulas were asked in [19] when studying Grothendieck’s inequality and completely
correlation preserving functions;

(2) establish series representations of the generalized logsine function, these series representations
were considered in [9] [T5].

The formula (1.3) is a reformulation of [21I, Corollary 2.3] and the generating function (1.5) can be
found in [26] p. 20, (1.30)].
The series expansions (1.2)) and (1.4)) in Theorems and [1.2| were also recovered in [23] Section 3].

Theorem 1.3 ([23] Theorem 4.1]). For |z| < 1, we have

(arccosz)? i m! (1—z)mt! (1.6)
2! A mED! mtd '
and
(arccoshx i (1 —x)mtt (1.7)
— 2m+ DIl m+1 '
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For k> 2 and |z| < 1, we have

et 5y |35 (T2 e 2h 1, 2 | 2=
ZO Lz:;( oh 1 ) (2m+2k — 1,0+ 2k — 1)(m + k 1)] S )

and

(arccoshx > ym 249k — 1 2(1 — )™ +k

— e ZO tk [;( ok _ 1 )s(2m+2k—1,£—|—2k—1)(m+k—1)£] W (1.9)

The series expansions , 7 , and in Theorem are Taylor’s series expansions around
the point x = 1 of even powers of the inverse cosine function arccosz and the inverse hyperbolic cosine
function arccoshz in terms of the Stirling numbers of the first kind s(n, m).

What are Maclaurin’s series expansions around the point = 0 for the power functions (arccos z)®
and (arccosh z)® with o € R? In Section |3| of this paper, we will answer this interesting and significant
question. Besides this, we also

(1) establish explicit formulas for special values of the Bell polynomials of the second kind with
respect to the specific sequence 1,0,1,0,9,0,225,...; see Theorem below;

(2) apply two different series expansions of the square function (arccosz)?, including Taylor’s series
expansion in Theorem to find infinite series representations of 7 and 72 respectively;
see Theorem below;

(3) apply two different series expansions of (arccos z)? to derive two combinatorial identities involving
central binomial coefficients, see Theorem below.

2. EXPLICIT FORMULAS FOR SPECIAL VALUES OF BELL POLYNOMIALS OF SECOND KIND

In [7, Definition 11.2] and [8, p. 134, Theorem A], the Bell polynomials of the second kind, denoted
by Bpk(x1,22,...,&n_k+1) for n >k > 0, are defined by

| 'Il—k‘-‘rl é,
n! Ty
B k(21,225 s Tnoki1) = E , W H <Zl) :

1<i<n—k+1 i=1
2;€{0}UN
Zn k+1 zfl_n
En7 k+1 2=k

The Faa di Bruno formula [7, Theorem 11.4] and [8, p. 139, Theorem C] can be described in terms of
Bk7g($1, Zo, ... ,Z‘k_g_;,_l) by

k
d < fon( Zf“) 2)) Bio(W (@), b (@), ... ,h*D(2)), ke N. (2.1)

To establish Maclaurin’s series expansions around the point x = 0 for real powers of the inverse cosine
function arccosz and the inverse hyperbolic cosine function arccoshz, we need the following explicit
formulas for special values of the Bell polynomials of the second kind with respect to the sequence

1,0,1,0,9,0,225,0,...,0,[(2r — 3)!!]2, 0,[(2r — 1)!!]2, . (2.2)
for r > 0.

Theorem 2.1. For r,k € N, we have

Boytk(1,0,1,0,9,0,225,0,...,[(2r — 3)11%,0,[(2r — 1)!1]?)

2r 4
= (-2 (k Zf; 1)s(k +2r —1,k+£—1) (’HQQH) (2.3)

£=0
and
Borik-14(1,0,1,0,9,0,225,0,...,[(2r — 3)11%,0) = 0, (2.4)
where (=)l =0l = 1.



4 F. QI

Proof. In [10, p. 60, 1.641], there is the series expansion

T el || p2t+1
ArccosT = o — ;) ' CER |z < 1. (2.5)
The series expansion (2.5) means that
(arccos x)(%)|x=0 =0 and (arccosz)®~V ’x o =20 - 3)112 (2.6)
for £ € N.
At the end of [8, p. 133], there is the formula
k
1t — tr
Pl Z Tm oy | = Z B k(71,72,. .. ,xn_kﬂ)a (2.7)
m=1 n=~k
for k > 0. Making use of the formula (2.7)) yields
k
= — —_— >k >0. .
Brtk (21,22, ..., Tny1) ( i )tlgl(l) I LZ_O m+ 1)!t , n>k>0 (2.8)

Taking x,, = (arccos z )™ weg for m > 1in (2.8), employing the values in (2.6)), and utilizing the series
expansion (1.2)) in Theorem give

Btk i ((arccos z)'| _ , (arccosz)”| (arccos )Y |.—o)

—0'

1— (_l)n—i-l 9
=By —1,0,-1,0,-9,0,-225,..., —————[(n — 1)!]

o m k
= ntk il Z arccosx)( +1)‘z Otm
k t*)O dn (m+1)!

k
n+k\,, d" |1 < (arcsinz)(™)| o
lim — | - E==¢m
k t = ml!

E
"
l»—-
[en}
o
5| A
3
7N
o
=
o)
~| g
=
~
N~

(
("4
(") Y ((z;?q(; [iq: (55 st ke (B2 gﬂ i
"+ uni e 3 (’“;ﬁ;l)s<k+zq1,““)(“22(1—2)[] 0
k+
¢

¢
-1 2r — 2
¢ )s(k—&—Qr—l,k—l—Z—l)(kj—’—;)’ n=2r

0, n=2r—1

k—1
2(z—=1)---(z—k+1), k>1;
A = zZ — E = 2.9
=160 {17 . 29)
Further employing the identity
Bk (abxl, ab’zs, .. ., ab"_k+1xn_k+1) = aFp” Bnk(z1,22, ..y Tp_ky1) (2.10)

forn > k > 0 and a,b € C in [7, p. 412] and [8, p. 135] and simplifying result in the formulas (2.3)
and ([2.4). The proof of Theorem is complete. O
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3. MACLAURIN’S SERIES EXPANSIONS FOR REAL POWERS OF INVERSE COSINE FUNCTION

In his section, by means of the Faa di Bruno formula (2.1]), with the help of explicit formulas (2.3)
and ([2.4) in Theorem and by virtue of two combinatorial identities in [23, Lemmas 2.1 and 2.2], we
establish Maclaurin’s series expansions at the point z = 0 for (arccos z)* and (arccosh ) with « € R.

Theorem 3.1. For a € R and |z| < 1, we have

(2arccosx)a . lad (20

o0 T a)o 2r—2¢ _ - o

s , - (3.1)

o . r (@)t 2r—2¢0 2€+ _9 o — 3 q 9y or 1
+;(—1) l;(l)z 1<7TZ/;1 q; ( s )5(2r2,2£+q2)< . ) M%)—l)!’

where (@), for a € R and r € N stands for the falling factorials defined by (2.9) and s(n,m) forn >m >0
denotes the Stirling numbers of the first kind generated in (1.5)).

Proof. Let u = u(x) = arccos x. It is clear that v = u(r) = arccosz — 7§ as  — 0. By means of the Faa
di Bruno formula (2.1)) and the values in (2.6)), we obtain

d*[(arccos z)?] k d‘(u®) .
- By ¢((arccos z)', (arccos x)”, .. ., (arccos B K +1))
% 7 , , .
dz pot du
k
= Z<0<>Mafe By.¢((arccos x)', (arccos x)”, . . ., (arccos ) F=¢+1)
=1
- ot k—t+1
1-(-1
— Z<a>e <72T> Bi,e (—170, -1,0,-9,..., _%[(k‘ i 1)!”2>
=1

asx — 0 for k € N.
When k = 2r and r > 2, it follows that

fig & [(arecos )] i<a>g<”)a£ BM(LO, ~1,0,-9, ..., —ﬂ[@r - 1)!!}2>

z—0 da?r 2 2
=1

r a—2/0
= Z(am (g) Bo,2¢(1,0,1,0,9,0,225,...,0,[(2r — 2¢ — 1)!1]?)
=1

r 2r—2¢ (32)

r—~0 a—20o2r—a 20+ q-— 1 q

= (1) a)am 2 > o0 1 s(2r — 1,204 q — 1)(r — 1)1,

(=1 q=0
where we used the identity (2.10) and Theorem
It is easy to see that
_ d?[(arccos z)® ™\

ili%[mz}:(a‘”“@) ' (3:3)

When k = 2r — 1 for r > 2, it follows that

2r—1 a 2r—1 a—/{ _(_1\¢
limg 3 l{arecos o)) Z(-l)%ﬂ(”) Bgr_l,@<1,o,1,o,9,...,1(21)[(2r—12—2)!!]2>

z—0 dx2r—1 2
=1
r T a—20+1
== (a2 <2> Bo,—1,20-1(1,0,1,0,9,....,[(2r —2¢ — 1)I1]?)
(=1
r 2r—24 (34)

o _ o 20+q—2 2r — 3\ ?
— -1 r—0—1 _ @ 254»1227" a—1 U — 2.9/ —92
421( ) (@)2p—1m q;) 2 9 s(2r—2,20+q-2) 5 .

where we used the identity (2.10) and Theorem




6 F. QI

It is easy to see that

. d[(arccosz)*] N\
= —\3) - (3:5)
Combining these four limits (3.2), (3.3)), (3.4)), and (3.5)) and simplifying yield the series expansion (3.1)).
The proof of Theorem is complete. (I
Corollary 3.1. For |z| < 1, we have
2arccos 7\ 2 4 & -1 8 %
) =1-— 2r — 312 — ) [(2r —2)1? : 3.6
(B5) —- e gy e -y 69)

Proof. Setting o = 2 in the series expansion (3.1]) in Theorem [3.1] arrives at

2r—2

(2&1‘00089&) :1_’_%(223:!) +Z(_1)r+1 l; Z(q+1)5(2r—1,q+1)(r—1)q (?;2):

q=0

s(2r —2,9) <2T2 3)1 gf):)lv

r=1

Further using the identities

2k
D L+ 1)s(2k+ 1,04+ )k = (~1)¥(k!)*, keN (3.7)
=0
and
2k ¢ 2
> s(2k,0) <k; - ;) = (—1)* {@k;kl)”] , keN (3.8)
=0

in [23] Lemmas 2.1 and 2.2], we acquire
2 00 [e ] 2
2 arccos T 2 ( x)? 2 o2 (2r — (2z)%r—1
ZATCORTN 14 2 il 1) 2 .
( T ) +7r2 QZ " ! WZ|: 2r—1 } (2r —1)!

The series expansion (3.6)) follows. The proof of Corollary is complete. O

Corollary 3.2. For k € N and |z| < 1, we have

2arccoshz ) > r-t 8 — oy T
_ = — — H - _
< - ) 14— Z [(2r 1"—1) — Z:: [(2r @ (3.9)
and
2 ha\ 2 2%)y (21)>
(—1)k arccosh - (2k)2 (22)
T w2 2!
g<2k’>2£ 2r—24 20+ q— 1 ) Lo ) 1) (23:)2’"
+Z Z ) 2t Z 2 — 1 S(T_ ’ +q— )(T— ) (27")'
=1 q=0
(2K)ap1 22 (2 + g — 2 2r — 3\ 7] (22)2r ! (310
-1 20—1 - —
—_— 2r — 2,20 -2
+Z LZ: DT ;( 202 )S(T 2+ )< 2 )1(%-1)!’
where the falling factorials (2k), for k,r € N are defined by (2.9).
Proof. This follows from substituting the relation arccos x = — iarccosh x into the series expansions (3.6]

and (3.1)) for a = 2k. O
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4. MACLAURIN’S SERIES EXPANSIONS FOR REAL POWERS OF INVERSE SINE FUNCTION

Theorem 4.1. For k,n > 0 such that 2n+ 1> k > 0, we have

. 1 . " . (2n—k+2)
arcsin x arcsin x arcsin xr
B2n+1,k ’ PR
x x=0 T =0 x

For k,n € N such that 2n > k € N, we have

) ~0. (4.1)
=0

. / . 1 . (2n—k+1)
B arcsin x arcsin x arcsin x
ook << x ) m:O’ ( x > a::O7 o ( T > x_0>
k 0
(4n)!! 2n + k qg+¢—1 2n+q —2
= (=1)"tk 2 —1 (-1 ———= 4.2
U G ] D ol (it AP PRI (T S Y

=0
where s(n, k) denotes the first kind Stirling numbers generated by (1.5).

Proof. 1t is well-known that

' oo 2201
arcsinz = ;(% — 1)!!m7 |z| < 1.
Then
. (oo}
arcsin z (20 — DI 22
D N St 1.
z ;) 2v1 oy o<
Therefore, for £ € N, we have
. (©) 0, {=2m+1
(arcsmx) —J om 1)1
T =0 ( o ) £=2m
2m+1

for m > 0. Then it is easy to see that

. l . " . (n—k+1)
arcsin x arcsin x arcsimx
Bn,k ) PRI
€z z=0 €z =0 r =0

1 9 225 1+ (—1)"=F+1 [(n — k)12
:Bn sy D Y ) 51227 PR .
”C<03050 7 0,1225,0 2 n—k+2

Consequently, from [IT, Theorem 3.1 and [I2, Theorem 1.1], we can turn out the formulas (4.1)) and .
The proof of Theorem [4.1]is complete.

Theorem 4.2. For o € R and |z| < 1, we have

. « [e%s) 2n k
arcsmx) B Z l o2n+k
= " (4n)!! E:(f § (
( T — Pt 2n+k:'q:1 —q
2n 4 2n
qg+0—-1 2n+q—2 T
x€§_0< 01 )s(2n+q l,g+¢ 1)( 5 )](Qn)'

Proof. By the Faa di Bruno formula (2.1)), it follows that

d” arcsinz \ % ~ arcsinz \ ¢ F
1| (M5) | = en ()

k=0

. / . " . (n—k+1)
arcsim x arcsinx arcsim x
>< Bn’k < > ’ ( ) Y ( )
T T ZT

n . / . " . (n—k+1)
arcsin x arcsin x arcsim T
— E <a)an,k < ) ,( ) ,...,( )
T z=0 T =0 r

k=0

)
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as ¢ — 0. Consequently, we figure out that

arcsin T Z lim arcsin x2n
50 dxzn x (2n)!
oo . . " . (2n—k+1) on
arcsin arcsin T arcsin T x
=1+ k:B2'rLk ( ) 7( ) 7"'7( )
nz:l ; ( z =0 x =0 x w0/ | 2n)!
) 2n k 2n
_ e () 2n + k g+¢—1
=1 S et g e S e (U ) S (1
n=1 k=1 g=1 =0
L 2n
2n+q—2 T
><s(2n+q1,q+€1)< 5 )](Qn)'
The proof of Theorem [£.2] is complete. O

5. INFINITE SERIES REPRESENTATIONS RELATED TO PI AND ITS SQUARE

By means of comparing the series expansion (1.6) in Theorem with the series expansion ([3.6]) in
Corollary we can find the following infinite series representations of 7 and 2.

Theorem 5.1. For r € N, the constants © and % can be represented by

221 & 2m (3,)
T= —5—o — Tm (5.1)
L2 ()
and
>, om ]
71_2 =8 — - (52)
2w

Proof. Maclaurin’s series expansion (3.6)) can be reformulated as
(arccos x)? ——WZ [(2r — 3)1)? —1—22 [(2r — 2)11)? ( )|, |z < 1. (5.3)

The series expansion in Theorem n 1.3 can be rearranged as

(arccosz)? o+ Z m! mzél(—l)é m+1 2
2! @m + Dli(m + 1) & ¢

> m! = m! > m! " m+1
= — - 71 4+1 +1
mz_:o @m + D (m + 1) Lz_:o @m+ Il “m; @m+ D(m + 1) ;( ) <z+ 1 >“’
2m+1 1 m+1) ¢ (2m + 1N 2m —1m \ ¢
m:O m=0 = m=F¢
L e [Z asvl i
2m+2 3
=0 m + 1 m+1 ( m ) é
Accordingly, we obtain
om-+1 1 el om (? 11) xé
(arccos)? = 2 Z 5 g T2 Z [Z —. (5.4)
m=0 m+1) (7n+1) /=1 m:ém (m) é
Comparing the series expansion (5.4]) with the series expansion (5.3 produces
) i 2m+1 1 ,].1_2
T L 1\2 (2mE2 4
m=0 (m+ 1)2 <m+1) 4

> m—1 2r—1 2r—1

2<—1>2“[ > Z(Q;”;?)] o G L e

miza ™ G
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and

SRS Py =1 I (5.5)
= om ™y | 2r B 2! '

for r € N. The second equation can be rewritten as

O ) N (Ot ) L1 G iy
m§—1 w2 (2ro2)p el

for » € N. The series representations (5.1]) and (5.2]) follows. The proof of Theorem is complete. O

By taking the special value x = % on both sides of (3.1) in Theorem we can obtain the following
interesting series representation.

Theorem 5.2. For a € R, we have

“ > > r 2r—2¢ B o
(g) - 1+Z(—1)4{Z ((;i;' [3(274_1,2@—1” 3 <2€;x : 1)5(2r—1,2€+q—1)(7"—1)q1 } <7TZ/
=1 r=¢ : a=1
0o oo 'r 2r—2¢0 _ . . e
+Z(*1)£71 lz ) Z (%2—;f22)5(2r2,2€+q2)(2 5 3) (a)2e

20—1 °
™
{=1

(5.6)

2

Proof. This follows from taking the special value 2 = % on both sides of (3.1) in Theorem and
interchanging the orders of sums. The proof of Theorem [5.2]is complete. O

Corollary 5.1. The circular constant © can be represented as
[(2r —
= . 5.7
Z - 2 (5.7)
Proof. From taking o = 1 on both sides of (5.6) in Theorem m and simplifying, we doscover
7‘ 1 2r=2 q
2r —3
=2 oy X e 275

Further making use of the identity (3.8)) and snnphfymg, we conclude the series representation (5.7). The
proof of Corollary [5.1]is complete. O

Corollary 5.2 (|23, Theorem 5.1]). The constant m> satisﬁes

Z ’"‘1 . (5.8)

r=1

Proof. The series representation (5.9) comes from taking o = 2 on both sides of (5.6)) in Theorem
and simplifying give

ézl—%z(_l)T s(2r—1,1) + Z(q-l—l)s(Qr—l,q—f—l)(r—l)q}

q=1

s(2r — z,q)(%;gy.

Further using the formula s(r,1) = (=1)""(r — 1)! for r € N, employing the identities (3.7) and (3.8,
and simplifying, we acquire

- " = (=) r— 3172
=15 Sy - e+ 2y Sy (B2

2r—1

that is,



10 F. QI
Substituting (5.7) in Corollary [5.1]into (5.9) reveals
4 4 2 K(r—11?
—=1-==+ = _—
9 76 Z (2r)!
r=1
The series representation (5.8)) is thus obtained. The proof of Corollary is complete. (]

6. TWO COMBINATORIAL IDENTITIES

Squaring on both sides of the equation (2.5) and comparing with Maclaurin’s series expansion (3.6
in Corollary as well as rewriting the equation (5.5, we can derive the following two combinatorial
identities.

Theorem 6.1. For r € N, we have

«— () (55 s

= 6.1
;2q+12r—2q—1 r2 () (6.1)

and

e om (;’;:i) 92r—2 1
LS e (6.2)
m;r (2m) 2r—1 (27“—12)

Proof. From the series expansion ([2.5) and Cauchy’s product, we conclude that

2 )1 2741

o0
2r — DI g2+t
(arccos )’ = [W g oyt

00 2

Z 27"—1 56'27'
(2r)! 2r+1

rT=

0 (2r — DN g2t 5
_() ”; @M 241"

_ o (2r = DN 22 NS (2¢ - 1! (2r —2g — ! S
- () ”;J 2! 2r+1+§[§ Qol(2q+ 1) (2r —2g)1(2r —2¢ + 1) | " "
o\ &3t S &S (2 - 1) (2r — 2¢ — 3)I! o
- (2) _”;(2r—2)!!2r—1 +Z;LZO 29)1'(2¢ + 1) (27"—2(1—2)!!(27"—2(1—1)]33 '

Comparing this with (5.3)), equating coefficients of the factors z%", and simplifying reveal the combinatorial

identity (6.1)).

The equation (5.5)) can be simplified as

= om (D)) [(2r—2)NE 222
Lo e weigy TN
The combinatorial identity is thus proved. The proof of Theorem is complete. ]
7. REMARKS
Finally, we give several remarks related to our main results.
Remark 7.1. Tt is trivial that By x(z) = 2% and Byy1,0(z1, 22, ..., 2k42) = 0 for k > 0. Consequently, we

considered in Theorem all nontrivial cases of By, (21,2, ...,Zn—g+1) for n > k > 0 with respect to
the sequence listed in (2.2]), which is equivalent to the sequence

(arcsin x)(k)’ —(arccos x)(k)‘xzo, ke N.

=0 =

Using the formulas (2.3) and (2.4) in Theorem we can compute Maclaurin’s series expansions at
2 = 0 for the kind of composite functions f(arccosz) and f(arcsinx), such as (arcsinz)® for « € R and
|z] < 1, if the derivatives of f is explicitly computable.
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Remark 7.2. In the series expansion (3.1]), if 0° is assumed to be 1, the term %% can be combined
into the first sum in Theorem Then the series expansion (3.1]) can be reformulated as

2arccosz\ " (a)ag =2 204+q—1 .| (22)%"
(W> 1+Z L}; (—1)" . q;) < ot >5(2r—1,2€+q—1)(r—1)] 2
i (a)aey P23 (204 g2 2r —3\ | (22)2~!
+Z LZ; (—1)! 1<ﬂ26f1 ; ( %32 >8(2r2,2£+q2)< . ”E%)—l)!

for o € R and |z| < 1. Similarly, the series expansion (3.10]) in Corollary can be reformulated as

(—1)F (2 arc;oshx) - Z [Z _1yt <2:2>£24

=1
2r—2¢
20 +qg—1 (2 )
> ( 21 >(2 12“@1—1)(7“—1)] 2
q=0
o0 r 2r—2¢
1\ et (2k)20—1 20+q—-2 B B QT_ (2)%—1
+;( 1) LZ:I( D qz_:o( ot )sr—220+q e

for k € N and |z| < 1.

Remark 7.3. Maclaurin’s series expansion (3.9) can be reformulated as

(arccoshx)2:——+7rz [(2r — 3)!1)? 22 [(2r —2)!1]?

)!7 z| < 1. (7.1)

The series expansions ({5.3)) and (| are more beautiful and concise in form.
Remark 7.4. The relations

1—z
arccos xr = 2arctan , —l<zx<1

1+

and .
arcsinz = 2arctan ———,  |z| <1

+v1—22’

can be utilized to derive series expansions of powers of the inverse tangent function arctan z from series

expansions (L.6)), (L.8), (3.1), (3.6), and (5.3) of powers of the inverse cosine function arccosz.

Remark 7.5. As for the infinite series representations (5.1)) and (5.2)) in Theorem and the series repre-
sentation ((5.7)) in Corollary we would like to mention the first unsolved problem posed by Herbert Wilf
on December 13, 2010 at https://www2.math.upenn.edu/~wilf/website/UnsolvedProblems.pdf, see
Figure [T}

Remark 7.6. This paper is a slightly revised version of the preprint [22].
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Some unsolved problems
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1 Series for 7

A great many rapidly converging series for 7 are known. Most often they are of the form
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