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Abstract10

The thermal edge flow is a gas flow typically induced near a sharp edge (or a tip) of a uniformly11

heated flat plate. This flow has potential applicability as a nonmechanical flow controller in micro-12

electromechanical systems (MEMS). However, it has a shortcoming: the thermal edge flows from13

each edge cancel out, resulting in no net flow. In this study, to circumvent this difficulty, the use14

of a U-shaped body is proposed and is examined numerically. More specifically, a rarefied gas flow15

over an array of U-shaped bodies, periodically arranged in a straight channel, is investigated using16

the direct simulation Monte-Carlo (DSMC) method. The U-shaped bodies are kept at a uniform17

temperature different from that of the channel. Two types of U-shaped bodies are considered,18

namely, a square-U shape and a round-U shape. It is demonstrated that a steady one-way flow19

is induced in the channel for both types. The mass flow rate is obtained for a wide range of the20

Knudsen numbers, i.e., the ratio of the molecular mean free path to the characteristic size of the21

U-shape body. For the square-U type, the direction of the overall mass flow is in the same direction22

for the entire range of the Knudsen numbers investigated. For the round-U type, the direction of23

the total mass flux is reversed when the Knudsen number is moderate or larger. This reversal of24

the mass flow rate is attributed to a kind of thermal edge flow induced over the curved part of the25

round-U-shaped body, which overwhelms the thermal edge flow induced near the tip. The force26

acting on each of the bodies is also investigated.27

I. INTRODUCTION28

In a gas in which the molecular mean free path is not vanishingly small compared to the29

system characteristic length, that is, in a rarefied gas, a steady flow is induced thermally in30

the absence of external forces (e.g., gravity). Examples of thermally induced flow, peculiar31

to a rarefied gas, include the thermal stress slip flow [1, 2], the nonlinear thermal stress flow32

[2, 3], and the thermal edge flow [4–6] in addition to the classical thermal creep flow (or the33

thermal transpiration) [7–11]. In this paper, we are concerned with the application of the34

thermal edge flow with an emphasis on the possibility to induce a one-way flow, which is35

potentially significant for, e.g., microelectromechanical systems (MEMS) [12, 13].36
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The thermal edge flow is, typically, induced near the edges of a uniformly heated (or37

cooled) flat plate. Though localized near the edge, the magnitude of the flow velocity is38

proportional to the square-root of the mean free path when the Knudsen number is small39

[5, 6], which is stronger than the thermal creep flow. Here, the Knudsen number is the ratio40

between the molecular mean free path and the system characteristic length, namely, the41

size of the plate. Moreover, unlike the thermal creep flow, there is no need to maintain the42

temperature gradient of the plate, making it easy to use in practice [13, 14]. A prototypical43

thermal edge pump has been fabricated in [15], in which heated and unheated arrays of plates44

are arranged cleverly so that a net flow is produced. Later, the use of structured channels45

with ratchet-like topography was proposed with numerical verification, e.g., [16–18].46

In the original thermal edge flow, a single flat plate is insufficient to induce a net mass47

flow in a particular direction because forward and backward thermal edge flows from each48

end cancel out each other. Now, suppose that a flat plate is bent so that it forms a U-49

shaped body. Then, the two tips are aligned, and the other side of the object is of a round50

(or curved) shape. In this situation, each tip will induce a thermal edge flow toward the51

curved side when heated, but the curved face is unlikely to induce a counter flow. Thus, we52

expect a net flow to occur from the tips toward the curved side, or a one-way flow to occur if53

the U-shaped bodies are arranged repeatedly in a channel. Motivated by this consideration,54

in this study, we investigate a rarefied gas flow over periodically arranged U-shaped bodies55

using the direct simulation Monte-Carlo (DSMC) method.56

As we will see, each U-shaped body in the array is subject to a force. The situation is57

similar to the radiometric force exerted on a heated plate [6, 19, 20]. Thus, if the array is58

freely movable along the channel, a motion of the array will be induced upon being heated.59

In this connection, it would be worth mentioning a Crookes radiometer with cup-shaped60

vanes [7]. The present analysis can be viewed as a model of a cup-shaped-vane radiometer.61

II. FORMULATION62

A. Problem63

Let us consider a two-dimensional straight channel between two parallel plates at x2 = L64

and x2 = −L kept at a uniform temperature T0 filled with a rarefied gas (xi, i = 1, 2, 3,65
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are Cartesian coordinates). The parallel plates are separated by the distance 2L (the width66

of the channel is 2L). Inside the channel, infinitely many U-shaped bodies are arranged67

periodically along the x1-axis with period H, as shown in Fig. 1. In this paper, we consider68

two types of (two-dimensional) U-shaped bodies.69

• Type I (square-U type): Type I (also called the square-U type) consists of two hori-70

zontal line segments with length D joined by a vertical line segment (length D) (see71

Fig. 1(a)).72

• Type II (round-U type): Type II (also called the round-U type) consists of two hor-73

izontal line segments with length D/2 joined by a semicircle with radius D/2 (see74

Fig. 1(b)).75

The U-shaped bodies are kept at a uniform temperature T1(> T0). There is no external76

force acting on the gas. In this situation, a flow is induced thermally around each body. We77

investigate the steady behavior of the gas in the channel under the following assumptions:78

1. The behavior of the gas is described by the Boltzmann equation for a hard sphere gas.79

2. The gas molecules impinging on the plates or the bodies leave the boundary according80

to the corresponding part of the stationary Maxwellian distribution with temperature81

and density given by the temperature of the wall and by the impermeability condi-82

tion across the surface, respectively. In other words, we impose the diffuse reflection83

boundary conditions [14] on the plates and on the bodies.84

In the present study, we assume that the state of the gas is uniform in the x3 direction (i.e.,85

∂
∂x3

= 0).86

B. Basic equations87

Let ρav be the average density of the gas in the domain −H/2 < x1 < H/2 and −L <88

x2 < L and let p0 = ρavRT0 be the reference pressure, where R = kB/m is the specific gas89

constant with kB the Boltzmann constant and m the mass of a gas molecule. Besides the90

notation introduced in Sec. IIA, we denote the molecular velocity by ξ = (ξ1, ξ2, ξ3), the91

velocity distribution function of the gas molecules by f(x1, x2, ξ), the mass density of the92

gas by ρ, the flow velocity by vi (i = 1, 2, 3), the temperature of the gas by T , the pressure93
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FIG. 1. Schematics of the problem: (a) type I and (b) type II. In panel (a) [or (b)], infinitely many

square-U (or round-U) bodies are arranged periodically along the x1-axis with period H between

two parallel plates. The U-shaped bodies, located at nH − D
2 ≤ x1 ≤ nH + D

2 (n = 0, ±1, ±2,

. . .), are uniformly heated at a constant temperature T1, while the plates are kept at a uniform

temperature T0 (T1 > T0). In both type I and type II, the part −H
2 < x1 < H

2 and −L < x2 < L

forms a basic unit.

of the gas by p, and the stress tensor by pij (i, j = 1, 2, 3). The steady Boltzmann equation94

for a hard sphere gas in the present spatially two-dimensional problem is written as95

ξ1
∂f

∂x1

+ ξ2
∂f

∂x2

=
d2m
2m

∫

(f ′f ′

∗ − ff∗) |αj(ξ∗j − ξj)| dΩ(α)dξ∗1dξ∗2dξ∗3, (1a)96

f = f(ξi), f ′ = f(ξ′i), f ′

∗ = f(ξ′∗i), f∗ = f(ξ∗i), (1b)97

ξ′i = ξi + (ξ∗j − ξj)αjαi, ξ′∗i = ξ∗i − (ξ∗j − ξj)αjαi, (1c)98

99

where dm is the molecular diameter, α = (α1, α2, α3) denotes unit vectors, and dΩ(α)100

denotes the solid angle element in the direction of α; the integral in (1a) is carried out over101

the whole space for ξ∗ = (ξ∗1, ξ∗2, ξ∗3) and all directions for α. Note that the functional102
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dependency of f on (x1, x2) is omitted in (1b).103

The diffuse reflection boundary conditions on the two parallel plates are written as104

f =
σw0

(2πRT0)3/2
exp

(

− |ξ|2
2RT0

)

, ξ2 ≶ 0 (−∞ < x1 < ∞, x2 = ±L), (2a)105

σw0 =



















√

2π

RT0

∫

ξ2>0

ξ2fdξ (−∞ < x1 < ∞, x2 = L),

−
√

2π

RT0

∫

ξ2<0

ξ2fdξ (−∞ < x1 < ∞, x2 = −L),

(2b)106

107

where dξ = dξ1dξ2dξ3. Here and in what follows, the upper and lower signs go together.108

The diffuse reflection boundary condition on the U-shaped body in the basic unit −H/2 <109

x1 < H/2 and −L < x2 < L is described as follows. Let the U-shaped bodies of type I and110

II be denoted by DI and DII, respectively, that is,111

DI =

{

(x1, x2)
∣

∣

∣
− D

2
< x1 <

D

2
, x2 = ±D

2

}

112

⋃

{

(x1, x2)
∣

∣

∣
x1 =

D

2
, −D

2
< x2 <

D

2

}

, (3a)113

DII =

{

(x1, x2)
∣

∣

∣
− D

2
< x1 < 0, x2 = ±D

2

}

114

⋃







(x1, x2)
∣

∣

∣
− D

2
< x2 <

D

2
, x1 =

√

(

D

2

)2

− x2
2







. (3b)115

116

We also denote byDJ+ andDJ−, J = I or II, the convex and concave sides ofDJ , respectively117

(see Fig. 2). Then, the unit normal vector n+
i (or n−

i ) on DJ+ (or DJ−) pointing to the gas118

are given by119

(Type I)120

n±

i (x1, x2) =































(0,±1, 0), −D

2
< x1 <

D

2
, x2 =

D

2
± 0,

(0,∓1, 0), −D

2
< x1 <

D

2
, x2 = −D

2
∓ 0,

(±1, 0, 0), x1 =
D

2
± 0, −D

2
< x2 <

D

2
,

(4a)121

122

(Type II)123

n±

i (x1, x2) =



































(0,±1, 0), −D

2
< x1 < 0, x2 =

D

2
± 0,

(0,∓1, 0), −D

2
< x1 < 0, x2 = −D

2
∓ 0,

±(x1, x2, 0)
√

x2
1 + x2

2

, −D

2
< x2 <

D

2
, x1 =

√

(

D

2

)2

− x2
2 ± 0,

(4b)124
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where the upper (or lower) sign corresponds to DJ+ (or DJ−). In the sequel, ni represents125

either n+
i of n−

i . With this preparation, the boundary conditions on the U-shaped bodies in126

the basic unit are summarized as127

f(x1, x2, ξi) =
σ±

w1(x1, x2)

(2πRT1)3/2
exp

(

− |ξ|2
2RT1

)

, ξin
±

i > 0, (x1, x2) ∈ DJ±, (5a)128

σ±

w1(x1, x2) = −
√

2π

RT1

∫

ξin
±

i
<0

ξin
±

i f(x1, x2, ξi)dξ. (5b)129

130

Since the U-shaped bodies are periodically arranged with the uniform interval H in the131

current setting, we look for a periodic solution with period H, that is,132

f(x1, x2, ξi) = f(x1 +H, x2, ξi). (6)133

134

In other words, we restrict ourselves to the basic unit −H/2 < x1 < H/2 and −L < x2 < L135

and impose the periodic boundary conditions at x1 = ±H/2 (see Fig. 2). Moreover, since136

x2 = 0 is the symmetry plane, we shall analyze the problem in the upper half domain by137

imposing the following specular reflection at x2 = 0:138

f(x1, 0, ξ1, ξ2, ξ3) = f(x1, 0, ξ1,−ξ2, ξ3), ξ2 > 0. (7)139

140

The solution in the lower half domain is obtained by the mirror image of that in the upper141

half domain, that is, f(x1, x2, ξ1, ξ2, ξ3) = f(x1,−x2, ξ1,−ξ2, ξ3) for −L < x2 < 0.142

Once the velocity distribution function f is obtained by solving the boundary-value prob-143

lem (1), (2), and (5), the macroscopic quantities are given as the moments of f :144

ρ =

∫

fdξ, vi =
1

ρ

∫

ξifdξ, RT =
1

3ρ

∫

(ξi − vi)
2fdξ,

p = ρRT, pij =

∫

(ξi − vi)(ξj − vj)fdξ,

(8)145

where the range of integration is the whole space of ξ. To evaluate the pumping performance,146

the mass flow rate per unit length in the x3 direction is introduced as Mf , i.e.,147

Mf =

∫ L

−L

ρv1dx2. (9)148

149

Furthermore, we introduce the force Fi acting on each of the U-shaped body per unit length150

in the x3 direction:151

Fi = −
∫

Σ

pijnjdS, (10)152

153
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Symmetry plane

(b) Type II(a) Type I

Computational domain

Periodic condition

FIG. 2. The computational domains in the basic unit for (a) type I and (b) type II.

where dS is the surface element and the integration is carried out on the surface Σ =154

DI+∪DI− (or Σ = DII+∪DII−) for type I (or type II); see the sentence below Eq. (3). Note155

that the geometrical symmetry leads to F2 = F3 = 0 for both type I and II.156

Finally, we list the physical parameters that characterize the problem. They are summa-157

rized as158

T1

T0

, Kn =
ℓ0
D

(

ℓ0 =
1√

2πd2m(ρav/m)

)

,
H

D
,

L

D
, (11)159

160

where we have introduced the Knudsen number Kn with ℓ0 being the mean free path of the161

gas molecules at the reference equilibrium state at rest. The DSMC simulation is carried out162

for various sets of these parameters. Further details of the simulation are given in Method.163

III. RESULTS AND DISCUSSION164

In the present paper, the geometric parameters are fixed to H/D = 2 and L/D = 1.165

There should be some optimal parameter set (L/D,H/D) for given T1/T0 and Kn that166

maximizes Mf . Nonetheless, in this paper, we focus on the effects of Kn and T1/T0, and, in167

particular, the impact of the difference between the square and round-U types.168

A. Case of a single body169

Before presenting the main results, we first consider the case in which a single U-shaped170

body is confined in a two-dimensional rectangular vessel filled with a rarefied gas and in-171

vestigate the flow induced thermally in the vessel as a preliminary. To be more specific, we172
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consider a U-shaped body (type I or II) placed in a vessel enclosed by planes x1 = ±H/2173

and x2 = ±L kept at uniform temperature T0. The U-shaped body is located in the region174

−D/2 ≤ x1 ≤ D/2 and −D/2 ≤ x2 ≤ D/2 and is kept at a uniform temperature T1(> T0)175

as in Sec. II. We investigate the steady behavior of the gas induced in the vessel under176

the same assumptions as in Sec. II, that is, the molecules make diffuse reflections on the177

sidewalls of the vessel as well as on the upper and lower walls. This situation is appropriate178

for investigating the qualitative behavior of the gas flow induced by the uniformly heated179

U-shaped body because there is no interaction between neighboring bodies inherent in the180

original problem. The parameters are the same as those shown in Eq. (11), and we will show181

the results for the case H/D = 2, L/D = 1, and T1/T0 = 2.182

Figure 3 shows the flow velocity vector (v1, v2) and the contour curves of the temper-183

ature T for the square-U body case, in which (a) Kn = 0.01, (b) 0.05, (c) 0.1, (d) 0.5,184

(e) 1, and (f) 5. Note that the magnitude of the reference vector is smaller in panels (a),185

(e), and (f). It is seen from the figure that a significant flow is induced near the edge186

(x1/D, x2/D) = (−0.5, 0.5) in the rightward direction when Kn . 0.5. The magnitude of187

this flow becomes relatively large when Kn ≈ 0.1 and decreases as Kn is further increased.188

There is another relatively strong flow near the right corner (x1/D, x2/D) = (0.5, 0.5) along189

the top and side plates when Kn & 0.1. The corner flow is attributed to the same mech-190

anism as the thermal edge flow, and its flow direction over the top side is opposite to the191

edge flow near the edge (x1/D, x2/D) = (−0.5, 0.5). This leftward corner flow is weaker192

than the thermal edge flow when Kn is small, but it competes well against the rightward193

edge flow when Kn & 0.5. Consequently, we observe four circulating flow patterns when194

0.1 . Kn . 1, whose centers are located near (x1/D, x2/D) ≈ (−0.5, 0.25) (clockwise),195

(x1/D, x2/D) ≈ (−0.5, 0.75) (counter clockwise), (x1/D, x2/D) ≈ (0.5, 0.75) (clockwise),196

and (x1/D, x2/D) ≈ (0.75, 0.25) (counter clockwise). These rolls are most significant for (c)197

Kn = 0.1 and (d) Kn = 0.5 and tend to vanish with a further increase of Kn.198

The contour curves of the temperature T are concentrated near the edge when Kn is small,199

as pointed out in [4, 6], indicating a steep temperature variation there. As Kn increases,200

the deviation of the gas temperature from that of the body becomes large, and it is more201

prominent outside the body than inside. The gas is hotter inside the U shape than outside202

because the molecules inside have more chances to hit the heated wall and to encounter203

faster molecules. For high Kn cases (e.g., Kn = 5), the contour curves are bent near the204
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edge and the corner. The mechanism of such bending of isolines is discussed in the case of205

a free molecular gas in [21].206

Now, to compare the flow field between the cases of square and round-U bodies, we show207

in Fig. 4 the corresponding figure for the round-U body. First, we notice that the overall208

flow structures are similar for the square and round-U types in the left half region, i.e.,209

x1 < 0. A difference in the flow field is observed around the outer face of the curved part,210

i.e., x2
1 + x2

2 & (D/2)2 with x1 > 0. When Kn ≤ 0.1, we hardly see the flow in this right211

half region. With the increase of Kn (≥ 0.5), a flow in the negative x1 direction becomes212

noticeable along the outer face of the curved part. This flow is caused by the geometry of213

the round-U shape (called the blunt-edge effect), as discussed later. As we will see later in214

Sec. III C, the flow in the negative x1 direction overwhelms the flow near the left edge and215

results in a negative pumping. The temperature isolines around the round-U type exhibit a216

similar bending in the left half domain, as seen in Fig. 3, and a milder bending in the right217

half domain for high Kn (= 5) compared with the square-U type [cf. Fig. 3(f) and Fig. 4(f)].218

Incidentally, the flow vanishes when Kn → ∞ in both square and round-U cases, as219

proved by a general theory for the free molecular flow [22, 23] (see [14], Chap. 2).220

B. Flows over a periodic array of U-shaped bodies221

In this section, we examine the behavior of the macroscopic quantities of the main problem222

(Sec. II). The values of the physical parameters (Kn and T1/T0) are the same as those in223

Sec. IIIA.224

First, we show the flow velocity and the temperature field in Fig. 5 for the square-U body225

array. For relatively small Knudsen numbers Kn ≤ 0.1 (panels (a–c)), we see the onset of a226

thermal edge flow at (x1/D, x2/D) ≈ (−0.5, 0.5) as in the case of a closed vessel (see Fig. 3).227

We also observe a weaker corner flow near (x1/D, x2/D) = (0.5, 0.5). This leftward corner228

flow is overwhelmed by the rightward thermal edge flow in the region 0 < x1/D < 0.5 and229

0.5 < x2/D < 1. Since the mass flow rate Mf across x1 = const should be independent230

of x1, this means that a net mass flow in the positive x1 direction occurs in the channel.231

Note that
∫ D/2

0
ρv1dx2 = 0 at any cross section x1 = const inside the U-shaped body (i.e.,232

−0.5 < x1/D < 0.5 and 0 ≤ x2/D < 0.5). The magnitude of the flow tends to decrease with233

the decrease of Kn, as seen from panels (c)→(b)→(a). On the contrary, for relatively large234
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1 1.5 2

(a) Kn = 0.01

1 1.5 2

(b) Kn = 0.05

1 1.5 2

(c) Kn = 0.1

1 1.5 2

(d) Kn = 0.5

1 1.5 2

(e) Kn = 1

1 1.5 2

(f) Kn = 5

FIG. 3. Flow velocity vector (v1, v2) and contour map T in the case of a single square-U body in a

closed vessel (T1/T0 = 2, H/D = 2, and L/D = 1) for typical Knudsen numbers Kn = (a) 0.01, (b)

0.05, (c) 0.1, (d) 0.5, (e) 1, and (f) 5. Note that the magnitude of the reference vector is different

in panels (a), (e) and (f).

Knudsen numbers Kn ≥ 0.5 (panels (d–f)), the flow patterns near the corner are similar235

between Figs. 3 and 5; there are two rolls near the corner. In particular, the appearance of236

two rolls near the left edge and the right corner in Fig. 5(d–f) suggests that the pumping237
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1 1.5 2

(a) Kn = 0.01

1 1.5 2

(b) Kn = 0.05

1 1.5 2

(c) Kn = 0.1

1 1.5 2

(d) Kn = 0.5

1 1.5 2

(e) Kn = 1

1 1.5 2

(f) Kn = 5

FIG. 4. Flow velocity vector (v1, v2) and contour map T in the case of a single round-U body in

a closed vessel (T1/T0 = 2, H/D = 2, and L/D = 1) for typical Knudsen numbers Kn = (a) 0.01,

(b) 0.05, (c) 0.1, (d) 0.5, (e) 1, and (f) 5. See the caption of Fig. 3.

effect, if exists, is weak for these Kn (≥ 0.5). It is also seen that the magnitude of the flow238

decreases as Kn becomes large (see, panels (d)→(e)→(f)).239

The temperature field exhibits the same feature as in the case of a single body discussed240

in Sec. III A. However, since the heated bodies repeatedly appear in the current periodic241

case, the overall temperature inside the channel is higher.242
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1 1.5 2

(a) Kn = 0.01

1 1.5 2

(b) Kn = 0.05

1 1.5 2

(c) Kn = 0.1

1 1.5 2

(d) Kn = 0.5

1 1.5 2

(e) Kn = 1

1 1.5 2

(f) Kn = 5

FIG. 5. Flow velocity vector (v1, v2) and contour map T in the case of an array of square-U bodies

(T1/T0 = 2, H/D = 2, and L/D = 1) for typical Knudsen numbers Kn = (a) 0.01, (b) 0.05, (c)

0.1, (d) 0.5, (e) 1, and (f) 5. See the caption of Fig. 3.

Now, let us move on to the results for the array of round-U bodies, which are shown in243

Fig. 6. In the region 0 < x1/D < 0.5 and 0.5 < x2/D < 1, we observe a net mass flow in the244

positive x1 direction for relatively small Kn ≤ 0.1, as in the case of the array of square-U245

bodies. However, the case of round-U bodies leads to more x1-aligned flow patterns, and the246

magnitude of the flow in Fig. 6 is more significant than in Fig. 5. For relatively larger Kn247
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1 1.5 2

(a) Kn = 0.01

1 1.5 2

(b) Kn = 0.05

1 1.5 2

(c) Kn = 0.1

1 1.5 2

(d) Kn = 0.5

1 1.5 2

(e) Kn = 1

1 1.5 2

(f) Kn = 5

FIG. 6. Flow velocity vector (v1, v2) and contour map T in the case of an array of round-U bodies

(T1/T0 = 2, H/D = 2, and L/D = 1) for typical Knudsen numbers Kn = (a) 0.01, (b) 0.05, (c)

0.1, (d) 0.5, (e) 1, and (f) 5. See the caption of Fig. 3.

(≥ 0.5), the flow along the curved part, directed in the negative x1 direction, is apparent.248

We have also observed such a flow in the closed case (see Fig. 4). If we look at the flow249

velocity across a particular plane perpendicular to the channel, e.g., x1 = H/2 (= D), we250

notice that the mass flow rate across the plane seems to be reduced due to this backward251

flow. The magnitude of the backflow is the largest around Kn ≈ 1 and decreases when Kn252
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(a) Type I (b) Type II

FIG. 7. Mass flow rate Mf in the x1 direction per unit length in x3 as a function of the Knudsen

number Kn in the cases of T1/T0 = 1.2, 1.5, and 2 (HD = 2, L/D = 1). (a) Square-U type, (b)

round-U type. The symbols represent the numerical results, which are joined by the line segments.

TABLE I. Maximum values of Mf with respect to Knudsen number Kn for various T1/T0 in the

case of H/D = 2 and L/D = 1.

Type T1/T0 Kn Maximum of Mf/ρavD
√
2RT0

Type I (Square-U) 1.2 0.15 0.42× 10−3

1.5 0.1 0.95× 10−3

2.0 0.15 1.67× 10−3

Type II (Round-U) 1.2 0.15 0.69× 10−3

1.5 0.15 1.51× 10−3

2.0 0.15 2.70× 10−3

is further increased.253
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C. Mass flow rate254

We now show the results for the mass flow rate as a measure of pumping performance.255

We show in Fig. 7 the mass flow rate Mf in the x1 direction per unit length in x3 for various256

Kn and T1/T0 (Kn = 0.1, 0.15, . . . , 20; T1/T0 = 1.2, 1.5, and 2). The results for even smaller257

Knudsen numbers, Kn = 0.01, 0.015, . . . , 0.07, are also included for the case of T1/T0 = 2.258

First, let us look at the mass flow rate in the case of type I body, i.e., the square-U shape.259

When T1/T0 = 2, the mass flow rate increases (or decreases) with Kn when the Knudsen260

number is small (or large). There is a Knudsen number (Kn ≈ 0.1) at which Mf reaches261

its maximum for given T1/T0. Although our results for small Kn are missing, we expect262

the same tendency for T1/T0 = 1.5 and 1.2. Note that Mf takes positive values for all Kn263

(except possibly noise effects). In other words, the mass flow rate is always in the positive264

x1 direction in the case of a square-U type.265

In the case of type II body, i.e., a round-U shape, the mass flow rate is also increasing in266

Kn when Kn is small. This trend is observed in the range Kn . 0.1, as in type I body. Note267

that the values of Mf are considerably larger than those for type I body. We can understand268

the reason from a difference in the flow pattern observed in Fig. 5 (type I) and Fig. 6 (type269

II). That is, the leftward (blunter) thermal edge flow induced near the corner partly cancels270

the rightward thermal edge flow in the case of type I, while there is no such a (backward)271

thermal edge flow in the case of type II body, when Kn is small.272

When Kn is large, the behavior of Mf for type II is qualitatively different from that for273

type I. In the case of type II, Mf decreases first, becomes negative, and then increases again274

to zero as Kn increases. In other words, a backward one-way flow occurs when Kn is large275

for type II. This negative Mf is caused by a “blunter” thermal edge flow induced along the276

round face as seen in Fig. 6 (d-f). More precisely, as Kn becomes large, the round face277

roughly acts as a (blunt) edge in the scale of the mean free path and induces a leftward278

flow along the heated surface. Moreover, the numerical result shows that this leftward flow279

dominates the rightward flow. We note that a similar blunt edge flow is also observed around280

an oval shape body [24]. We also mention that switching between positive and negative mass281

flow rates for large Kn has also been reported in the case of a structured channel [18]. In282

general, the behavior of Mf for large Kn is affected by the geometrical configuration of the283

boundary, and the flow feature is highly problem-dependent.284
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(a) Type I (b) Type II

FIG. 8. Semi-logarithmic plot of the force (F1, 0, 0) acting on each of the U-shape bodies as a

function of the Knudsen number Kn for T1/T0 = 1.2, 1.5, and 2 in the case of H/D = 2 and

L/D = 1 (T1/T0 = 1.2, 1.5, and 2). (a) Type I (square-U shape) and (b) Type II (round-U shape).

See the caption of Fig. 7.

To summarize, Table I shows the maximum value of Mf for given T1/T0 along with the285

value of Kn at which the maximum occurs in our computation (H/D = 2, L/D = 1).286

D. Forces acting on U-shaped bodies287

Finally, we discuss the force acting on the U-shaped body. Figure 8 summarizes the288

(normalized) force in the x1 direction (per unit length in x3) acting on (a) a square-U type289

body (type I) and (b) a round-U type body (type II), i.e., F1 in Eq. (10), for various Kn290

and T1/T0. The values of Kn and T1/T0 are the same as those in Fig. 7.291

First, we observe that the force is in the direction of negative x1 for both square and292

round-U types, and its magnitude increases with T1/T0. Concerning the dependency on Kn,293

the magnitude of the force increases with Kn when Kn is small, attains its maximum at294

Kn ≈ 0.5, and then decreases with a further increase of Kn. Table II shows the maximum295

value of −F1 obtained in our numerical computations for various T1/T0, along with the value296
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of Kn at which the maximum is attained. The maximum force acting on the round-U-type297

body is nearly twice larger than that of the square-U-type body. Indeed, it is found that a298

more significant force acts on the round-U type for all the Knudsen numbers investigated,299

as seen from Fig. 8. For small Kn, the force likely decreases in proportion to Kn3/2 with the300

decrease of Kn for both types I and II.301

Let us focus our attention on the case of small Kn. The momentum conservation implies302

that the thermal edge flow near the tip (x1/D, x2/D) = (−0.5, 0.5) in the positive x1 direc-303

tion pulls the tips (and the body) in the negative x1 direction. Indeed, as we see below, the304

distribution of the (local) tangential force on the body is leftward (i.e., the negative x1 di-305

rection) on the whole horizontal part of the type II body (i.e., round-U type) and almost the306

entire horizontal part of the type I body (i.e., square-U type). Here, “almost” means that307

the local force is positive near the right corner located at (x1/D, x2/D) = (0.5, 0.5) when308

Kn is small (Kn . 0.1). Near the right corner, another (weaker) thermal edge flow occurs309

in the negative x1 direction. This counter-flow gives a contribution that partly cancels the310

negative force in the case of a type I shape.311

As shown in the previous subsection, the direction of mass flow rate is reversed when Kn312

becomes large in type II. However, we do not observe such an inversion of the force acting313

on the array of round-U-shaped bodies (the total force is always negative, irrespective of314

Kn).315

To provide a further insight into the force acting on the U-shaped body, we look at the316

distribution of the local stress p1jnj along the body. For this purpose, we introduce a new317

coordinate (arc length) along the surface of the body, denoted by s, as follows (see also the318

inset in Fig. 9):319

(Type I)320

s = s(x1, x2) =



















x1 +
D

2
, −D

2
≤ x1 ≤

D

2
, x2 =

D

2
,

D +

(

D

2
− x2

)

, x1 =
D

2
, 0 ≤ x2 ≤

D

2
,

(12a)321

(Type II)322

18



FIG. 9. Profiles of 〈p1jnj/p0〉 along a U-shape body as a function of the length s measured from

the edge (x1/D, x2/D) = (−0.5,−0.5) for Kn = 0.1, 0.4, 2, and 10 in the case of T1/T0 = 2,

L/D = 1, and H/D = 2. The symbols represent the numerical results, which are joined by the

line segments. The empty (or filled) symbols indicate the results of type I (or type II). The inset

shows the definition of the coordinate s.

s = s(x1, x2) =























x1 +
D

2
, −D

2
≤ x1 ≤ 0, x2 =

D

2
,

D

2
+

D

2

[

π

2
− arctan

(

x2

x1

)]

, 0 ≤ x1 ≤
D

2
, x2 =

√

(

D

2

)2

− x2
1.

(12b)

323

324

Then, the sum of the local stress over two faces DJ+ and DJ− (J = I, II), which we denote325

by 〈p1jnj〉, is defined as a function of s:326

〈p1jnj〉(s) = p1jn
+
j |(x1,x2)∈DJ+ + p1jn

−

j |(x1,x2)∈DJ− . (13)327

328

Note that the integration of 〈p1jnj〉(s) over the entire s (0 ≤ s/D ≤ 3/2 for type I and329

0 ≤ s/D ≤ (1 + π/2)/2 for type II) leads to half the force F1.330

We show in Fig. 9 the distribution of 〈p1jnj〉(s) for types I and II for Kn = 0.1, 0.4, 2,331

and 10 in the case of T1/T0 = 2. It is seen that the negative component is dominant for the332

part 0 ≤ s/D ≤ 0.5 for both types of I and II and for all Kn. In particular, the open symbols333

(type I) and closed symbols (type II) almost overlap when Kn is small (cf. Kn = 0.1) in334
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Type T1/T0 Kn Maximum of −F1/(p0D)

Type I (Square-U) 1.2 0.4 1.16× 10−3

1.5 0.4 2.90× 10−3

2.0 0.4 5.58× 10−3

Type II (Round-U) 1.2 0.4 2.49× 10−3

1.5 0.5 6.10× 10−3

2.0 0.5 11.47× 10−3

TABLE II. Maximum values of −F1 with respect to the Knudsen number Kn for various T1/T0 in

the case of H/D = 2 and L/D = 1.

the same range, indicating that the local flow structures near the tips are the same for both335

types I and II in the near continuum regime: a thermal edge flow prevails there for both336

cases. A difference between type I and type II becomes apparent in the region s/D > 0.5.337

For type II, 〈p1jnj〉 increases with s and changes the sign from negative to positive at some338

value of s. If we magnify the figure (not shown here), we see that the coordinate s at which339

〈p1jnj〉 changes the sign is larger for smaller Kn. On the other hand, for type I, 〈p1jnj〉 is340

negative up to s/D = 1− for Kn = 0.4, 2, and 10, and suddenly changes to positive values341

at s/D = 1+ and remains positive for s/D > 1. In the case of Kn = 0.1, 〈p1jnj〉 becomes342

slightly positive in the region 0.9 . s/D < 1, jumps to a negative value at s/D = 1+, and343

then goes up to positive values as s increases. The decrease of 〈p1jnj〉 at s/D = 1+ when344

Kn = 0.1 is attributed to the thermal stress enhanced by the sharp corner. We will come345

back to this point below. The area of the positive part in Fig. 9 is larger for type I than for346

type II, and this excess positive contribution explains smaller |F1| for type I.347

Considering that the body’s surface area is smaller for the round-U type than for the348

square-U type, such an enhancement of the force is helpful in applications for microflows,349

for which a design for further miniaturization is essential.350

Finally, we discuss the cause of the negative jump of 〈p1jnj〉 at the right corner observed351

in the type I body when Kn is small. Figure 10 shows the profiles of the normal stress p11352

along the outer and inner sides of the vertical segment of the type I body (i.e., x1 = D/2±0353

and 0 ≤ x2 < D/2) for various Kn (T1/T0 = 2). It is seen that, with the decrease of Kn, a354

peak is formed near the corner x2 = D/2 on the outer side of the segment [see Fig. 10(a)].355
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Kn=10

(a)

Kn=10

(b)

FIG. 10. Normal stress p11 along the vertical part of the type I shape, i.e., x1 = D/2 ± 0 and

0 ≤ x2 < D/2, for various Kn in the case of T1/T0 = 2 (H/D = 2, L/D = 1). (a,b) Profiles of p11

along (a) x1 = D/2+0 and (b) x1 = D/2− 0 for various Kn. Filled symbols are used for Kn ≥ 0.1

and empty symbols for Kn < 0.1.

O

Temperature

Convex side

Concave side

FIG. 11. An infinite expanse of a gas separated by a sharp-cornered two dimensional body with a

uniform temperature T1. The temperature isolines around the body are schematically shown.
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FIG. 12. Double-log plot of ∆p11 ≡ sup0<x2<D/2(p11(x1 =
D
2 + 0, x2)− p11(x1 =

D
2 + 0, 0)) versus

Kn. The value of p11(x1 = D
2 + 0, 12D) is approximated by the node nearest to the corner (red

circle), the linear extrapolation using two points near the corner (green square), and the 2nd-order

extrapolation using 3 points near the corner (blue lower triangle). Extrapolation is based on the

Lagrange formula.

On the other hand, we observe no formation of such a peak on the inner side; the profile356

becomes more flattened as Kn decreases [see Fig. 10(b)]. Therefore, the negative jump in357

〈p1jnj〉 near s/D = 1 (see Fig. 9, open symbols ◦) is caused by the peak on the outer side358

near the corner. Here, we try to explain the origin of the peak using a crude estimate of the359

thermal stress near the corner, following the discussion of [6]. Consider an infinite expanse360

of a gas separated by a corner with a right angle as depicted in Fig. 11. Suppose that the361

temperature of the gas is described by the steady heat conduction equation (with a constant362

thermal conductivity for simplicity). Then, the temperature of the gas around the corner is363

given for the convex side by364

T = T1

[

1− a+ r2/3 sin

(

2

3
θ +

π

3

)]

, −π

2
< θ < π, (14)365

366

and for the concave side by367

T = T1[1− a− r2 sin(2θ)], π < θ <
3

2
π, (15)368

369
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where (r, θ) are polar coordinates with the origin on the corner, T1 is the uniform temperature370

of the body, and a+ and a− are constants (a+ and a− are positive when the body is heated).371

Now we consider a plane x1 = const in the vicinity of the corner and estimate the normal372

stress τ11 on the plane, which is roughly given by [6]373

τ11 ∼ T (x1 + ℓ, x2) + T (x1 − ℓ, x2) ∼ 2T |(x1,x2) +
∂2T

∂x2
1

∣

∣

∣

(x1,x2)
ℓ2. (16)374

375

Here, ℓ is the mean free path of the gas molecules. Thus, the normal component of the stress376

tensor is modulated by the term (∂2T/∂x2
1)ℓ

2 when a temperature inhomogeneity is present377

in the gas. This contribution, known as the thermal stress [14], is usually a small correction378

when ℓ is small. However, it can be large around a sharp edge, where the temperature379

field varies abruptly, as shown in [6]. In the present case with a sharp corner, a similar380

enhancement may be possible. In fact, if we take three points (x1, x2) = (0, 0), (ℓ, 0), and381

(2ℓ, 0) in the vicinity of the corner, and estimate ∂2T/∂x2
1 by the central finite difference382

formula, we have, using (14),383

∂2T

∂x2
1

ℓ2 ∼ T (0, 0)− 2T (ℓ, 0) + T (2ℓ, 0)

ℓ2
ℓ2 =

√
3(2− 22/3)

2
a+ℓ2/3. (17)384

385

Therefore, the thermal stress is proportional to ℓ2/3, which is more substantial than ℓ2 when386

ℓ is small. Note that a similar estimate applied to the inner side results in no enhancement387

of the thermal stress (due to the uniform temperature along the horizontal surface), which388

is also consistent with the behavior of the normal stress presented in Fig. 10(b).389

To support the above crude estimate, Fig. 12 shows a double-log plot of ∆p11 ≡390

sup0<x2<D/2(p11(x1 = D
2
+ 0, x2) − p11(x1 = D

2
+ 0, 0)) as a measure of the peak on the391

outer side of the vertical segment, as a function of Kn for type I (T1/T0 = 2). Since the392

DSMC method is a cell-based method, it is rather difficult to evaluate the value of p11 at393

(x1, x2) = (D
2
+0, D

2
) precisely. Therefore, we extrapolate p11 using the values on the nearest394

cells. As we can see from the figure, the peak decreases in proportion to Kn2/3 as Kn is395

reduced, which is consistent with the above estimate (the thermal stress ∼ ℓ2/3). In this396

way, the peak of the normal stress, and thus the sudden change in the local force at the397

corner, are explained by the enhancement of the thermal stress near the sharp corner when398

Kn is small.399
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IV. CONCLUDING REMARKS400

In this paper, we have investigated a rarefied gas flow over an array of uniformly heated401

U-shaped bodies. With tips aligned in the same direction, such an object is expected to402

drive a thermally induced flow around the body by the thermal edge effect. A comparison403

was made between two types of U-shaped bodies: a square-U type and a round-U type.404

Our computations using the DSMC method show that a one-way flow is induced in the405

channel for both types. Locally, the flow direction near the tips is such that the tips are406

facing the induced flow (i.e., the thermal edge flow). The direction of the overall mass flow407

rate is in the same direction as the thermal edge flow for type I for the entire range of Kn408

investigated. In type II shape, on the other hand, the mass flow rate is reversed when the409

Knudsen number becomes large (Kn & 1). A kind of thermal edge flow (or a blunt edge410

flow) induced along the outer face of the curved part causes this reversal of the mass flow411

rate, by dominating the rightward thermal edge flow. Thus, there is a threshold of the412

Knudsen number above which the mass flow rate is reversed for type II. The mass flow rate413

is generally more significant for type II than type I for the same Knudsen number when they414

are in the same direction (Fig. 7).415

Concerning the force acting on each of the bodies, the force direction is such that it tends416

to push the body with convex side trailing, irrespective of the value of Kn. The force is, in417

general, larger for the round-U shape than for the square-U shape for the same parameter418

set (Fig. 8). For type I body, the normal stress along the vertical side of the body exhibits419

a negative peak near the corner, which is explained by the thermal stress near the sharp420

corner.421

METHOD422

DSMC simulation423

The simulation is carried out based on a non-dimensional version of the Boltzmann equa-424

tion (1), in which all the quantities are scaled by suitable reference values. For instance, we425

use D and
√
2RT0 as the reference length and speed, respectively.426

The DSMC method solves the time-dependent Boltzmann equation and needs an initial427
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condition at time t = 0. We use the reference equilibrium distribution428

f =
ρav

(2πRT0)3/2
exp

(

− ξ2i
2RT0

)

, t = 0, (18)429

430

as the initial condition. The computational domain VJ
431

VJ =

{

(x1, x2)
∣

∣

∣
− H

2
< x1 <

H

2
, 0 < x2 < L

}

\DJ
∗ , J = I, II, (19)432

433

where DJ
∗ is the set obtained from DJ by restricting the range of x2 to x2 > 0, is divided into434

square cells with the area ∆x2, where ∆x/D = 2.5× 10−2, i.e., the number of cells is 3200435

for the square-U type. In the case of the round-U type, we need additional non-rectangular436

cells along the curved part. To be more precise, if a square cell has intersections with DII
∗437

at two points, the cell is divided into two portions, where the curve of DII
∗ is approximated438

by a segment that connects these two intersections. These two portions are either (i) two439

trapezoids or (ii) a triangle and a pentagon, depending on the position of the intersections.440

The collision process and the computations of moments are carried out using these new cells441

with areas smaller than ∆x2. On the other hand, the process of the free transport of the442

particles is done using the curve of DII
∗ . The difference between the curve and the segment443

is so small that it does not affect the discussion of the paper. For Kn ≤ 0.05, a smaller size444

of the basic cell with the length ∆x/D = 1.25× 10−2 is used.445

At the initial time, N test particles are distributed in each cell, where N = 102 is used.446

Time step of the simulation is ∆t/t0 = 10−3 (or 5 × 10−4) for ∆x/D = 2.5 × 10−2 (or447

1.25 × 10−2), where the reference time t0 is defined as t0 = D/
√
2RT0. We judge steady448

state at t/t0 = 2× 102 and start sampling at every time step. The number of samples is at449

least 2×107 for all the cases and increased up to 4×108 for the cases with small T1/T0. Note450

that the macroscopic quantities obtained by the DSMC method are cell-based quantities,451

that is, any function of (x1, x2) (e.g., ρ) represents the value in a cell with its center at452

(x1, x2).453

To compute the mass flow rate Mf and the force F1, we use the following procedures454

instead of the direct integration of (9) and (10). In a steady state, the impulse acting on a455

body over a period ∆t is written as F1∆t. This should be equal to the summation of the456

impulse given by a gas molecule that hit the body during the same interval ∆t. Since the457

impulse is computed from the momentum change between before and after the impact, we458
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have459

F1∆t = m∗

∑

j

(ξ
(j)
1 − ξ

′(j)
1 ), (20)460

461

where m∗ is a mass of a test particle, ξ
(j)
1 and ξ

′(j)
1 are the x1 component of the velocity of462

the j-th particle before and after the impact, respectively, and the summation in Eq. (20)463

runs over the index j for the molecules that hit the body during the interval ∆t. The mass464

flow rate Mf is obtained by counting the number of test particle that goes across a plane465

x1 = H/2 during the interval ∆t. To be more specific, let n
(j)
+ and n

(j)
− be the number of466

translocation from x1 < H/2 to x1 > H/2 and x1 > H/2 to x1 < H/2, respectively, of the467

j-th particle during the interval ∆t. Then, Mf is given by468

Mf∆t = m∗

∑

j

(n
(j)
+ − n

(j)
− ), (21)469

470

where j runs over whole particles intersecting the plane x1 = H/2.471
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