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Abstract: Geometric error is an important error source of machine tools. Quick, accurate and convenient measurement 
of machine tool geometric errors is an urgent need to improve the accuracy of machine tools. Based on the ballbar's circular 
trajectory test principle, this paper proposes a machine tool error identification method based on a collection of sine 
functions. Based on the multi-body system theory and the homogeneous coordinate transformation method, a mathematical 
model of the circular path error and geometric error of the machine tool with 3 axes is established. Using a collection of 
sine functions to fit geometric errors has a higher fitting accuracy than traditional polynomial function fitting methods. By 
designing five circular motion trajectories of the same radius with different centers in the test area, and assuming that each 
geometric error is a collection of sine functions, a parametric model identification model for machine tool geometric errors 
based on the circular trajectory is derived. The particle swarm algorithm is used to search and solve the various parameters 
of the sine function collection, and finally 9 linear errors and 5 angular errors of the machine tool are obtained. In order to 
verify the effectiveness of the method, simulation and test comparison experiments were carried out. The experimental 
results show that 4 linear errors and 1 angular error of the machine toolscan be effectively obtained. The verification 
experiment results show that, compared with the measurement results of the laser interferometer, the maximum deviation 
of the measurement and identification results proposed in this paper is within 2.5 μm. 
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1 Introduction 

Geometric errors, as an important factor influencing the accuracy of a machine tool in a machining center, exert 
important influences on the machining quality of workpieces. According to the characteristics of position dependence, 
geometric errors can be classified into position-dependent geometric errors (PDGEs) and position independent geometric 
error (PIGEs), both of which can be compensated accurately by using a software compensation method [1]. The premise of 
compensation is to measure geometric errors with accuracy. 

The measurements of a traditional laser interferometer for the detection of geometric errors are highly accurate, 
however, the detection process is accompanied by complex dimming and replacement of different lenses, resulting in low 
efficiency and difficulty in mastering the technique quickly [2]. As a detection instrument for diagnosing errors of a machine 
tool based on an arc trajectory, a ballbar has been widely used to evaluate the accuracy of machine tools [3, 4]. Compared 
with a laser interferomer, the ballbar is several times cheaper, and allows simpler, faster operation. Therefore, many scholars 
have studied the relationships between errors based on a circular trajectory of the ballbar and geometric errors, attempting 
to detect corresponding PDGEs from the arc trajectory of the ballbar. 

Through arc detection at a total of 19 positions on three planes, Florussen et al. [5] identified 21 geometric errors of a 
three-axis machine tool. By using the method for prefitting errors based on polynomials, Zhang et al. [6] prefitted positioning 
errors, linear errors, and errors in rolling angles using polynomials with parameters and obtained deflection angle and swing 
angle errors through partial differentiation of the corresponding linear errors. The arc measurement was conducted on three 
vertical planes under each installation, thus identifying 21 geometric errors; however, there are still two problems with this 
method: the conversion between linearity and partial differential of angles is inaccurate; the other is that when the order is 
too high, linear correlation arises in the coefficient matrix to be solved, resulting in no solution being possible. Tian et al. 
[7] solved error terms based on ridge regression by removing some polynomials. In view of linear correlation during 
prefitting error terms with high-order polynomials, Xu et al. [8] increased the order of polynomials for prefitting errors by 
using a non-integer exponential polynomial. At present, the problem of detecting PDGEs with the ballbar is shown as 
follows: 

For the method that separates geometric errors from the comprehensive error on the circular trajectory, it is easy to 
obtain inaccurate solutions owing to linear correlation of independent variables during calculation by prefitting with the 
polynomial. Whether the identification results are true geometric error terms of the machine tool, whether error 
identification results match measurements of the laser interferometer and whether these results can be directly used for 
compensating errors are foci of research into separation of geometric errors by the ballbar. 



 

 

In the present study, a method based on a set of sine functions for parametric modeling of geometric errors of machine 
tools, which can accurately describe PDGEs, was proposed. In the process of solving geometric errors based on the circular 
trajectory, the phenomenon of no solution to geometric errors does not occur because the expression of the set of sine 
functions does not incur linear correlation of independent variables, compared with the traditional polynomial, combining 
with the particle swarm optimization (PSO), the coefficient(s) of a sinusoidal function can be found, thus identifying 
geometric errors. 

 

2 Geometric errors model based on the circular trajectory of machine tools with 3 axes  

Vertical machining center is a typical mahine tools with 3 axes, and is discussed in following of the paper, which 
generally composed of components, three linear axes (X, Y, and Z-axes) a column, and the spindle of a tool; the linear axes 
can result in errors in six degrees of freedom in space due to their manufacturing errors and assembly errors during actual 
motion (Fig. 1). The composition of the 21 geometric errors of the machine tool in the machining center is listed in Table 
1. 

 

Fig. 1 Geometric meanings of six errors on the X-axis 

Table 1 Evaluation and comparison of fitting with the polynomial and the set of sinusoidal functions for Z-axis 
positioning errors 

Axis of 
motion 

Linear error Angle error Perpendicularity 
error 

X 
𝛿𝑥(𝑥), 𝛿𝑦(𝑥), 𝛿𝑧(𝑥) 𝜀𝑥(𝑥), 𝜀𝑦(𝑥), 𝜀𝑧(𝑥) 𝑆𝑥𝑦 , 𝑆𝑥𝑧 , 𝑆𝑦𝑧 

Y 
𝛿𝑥(𝑦), 𝛿𝑦(𝑦), 𝛿𝑧(𝑦) 𝜀𝑥(𝑦), 𝜀𝑦(𝑦), 𝜀𝑧(𝑦) 

Z 
𝛿𝑥(𝑧), 𝛿𝑦(𝑧), 𝛿𝑧(𝑧) 𝜀𝑥(𝑧), 𝜀𝑦(𝑧), 𝜀𝑧(𝑧) 

These error terms constitute 21 geometric errors used to describe the numerically controlled machine tool. The 
geometric error model is employed to describe the mapping relationship between geometric errors of parts and 
comprehensive errors of the tool end. Its essence is the functional expression between the posture error of the tool end and 
the spatial posture of each axis of motion of the machine tool. According to the modeling method for changes of 
homogeneous coordinate of a multi-body system [9], the spatial errors of the tool cutting point relative to corresponding 
points of the workpiece in the X, Y, and Z-directions are given by Formula (1) by taking the commonly seen XYFZ vertical 
machining center as an example: 
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where, 𝛥𝑥, 𝛥𝑦 and 𝛥𝑧 separately indicate the deviation errors of tool cutting points relative to corresponding points of 



 

 

the workpiece in the X, Y, and Z-directions. 

For the arc trajectory on the XOY-plane at the center of the circle, only the X and Y-axes are involved in the motion, 
so PDGEs for the X and Y-axes and perpendicularity errors between the X and Y-axes can only be introduced. Formula (1) 
is simplified as follows: 
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Similarly, according to axes of motion involved in the motion of the circular trajectory, the expressions of errors based 
on circular trajectories in the YOZ and XOZ-planes at the center of the circle can be obtained as follows: 
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3 Parametric modeling method for geometric errors based on the set of sinusoidal functions 

Due to characteristics of position dependence of geometric errors, the model of these errors is generally constructed 
based on the polynomial [10]. At present, there are also improved modeling methods based on the polynomial [11, 12]. During 
modeling with the polynomial, it is always difficult to determine the order of fitting polynomials. The low-order polynomial 
is of low accuracy, while the high-order polynomial incurs the risk of overfitting, resulting in the distortion of error 
expressions. Based on empirical mode decomposition (EMD) theory, the intrinsic mode functions (IMFs) decomposed 
according to geometric errors have the characteristics of sinusoidal functions. Therefore, parametric modeling of geometric 
errors based on the set of sine functions was proposed. By taking the Z-axis positioning errors as examples, the parametric 
modeling based on the set of sine functions is expressed as follows: 

  
1
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where, 𝑎𝑖, 𝑏𝑖, and 𝑐𝑖  represent the frequency, amplitude, and phase of a sinusoid, respectively; n denotes the number of 
sets of sinusoidal functions. 

To verify the accuracy of the set of sine functions in parametric modeling of geometric errors, this study compared 
the modeling based on the set of sinusoidal functions with that based on the traditional polynomial for Z-axis positioning 
errors of an actual machine tool. After EMD analysis of Z-axis positioning errors, three sets of sinusoidal functions are 
used: 
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By referring to the modeling method based on the traditional polynomial [13], the optimal expression of the polynomial 
is obtained according to the following method. The highest order of the error expression based on the polynomial is defined 
as a half of the number of measured data points and no more than eight orders. The fitting accuracy is measured by an F 
test. The F values of polynomials of different orders are compared, and the corresponding order of the polynomials is 



 

 

determined by the maximum F value, expressed as follows: 
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(7) 

where, 𝑦𝑖 , �̅�, and �̃�𝑖 represent the measured value, average measured value, and that predicted by the model, respectively; 𝑘 and 𝑛 indicate the order of the current polynomial and the sample size, respectively. 

The optimal polynomial expression of 𝑑𝑧(𝑧) obtained by the above method is a sixth-order polynomial, expressed 
as follows. The comparison of two parametric modeling methods for Z-axis positioning errors is demonstrated in Fig. 2. 
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(a) Fitting of Z-axis positioning errors based on the set of 
sinusoidal functions 

(b) Fitting of Z-axis positioning errors based on the 
polynomial 

 

(c) Comparison of fitting residuals between the set of sinusoidal functions and polynomial 

Fig. 2 Comparison between the set of sinusoidal functions and polynomial. 



 

 

To determine the effects of the two parametric modeling methods, the mean absolute error (MAE) and root mean 
square error (RMSE) were selected. The coefficient of determination R2 can be used to measure the proximity between the 
predicted value and measured value and lies on [0, 1]. The closer the value to 1 is, the more accurate the prediction. 𝑒𝑚𝑎𝑥 
represents the absolute value of the maximum residual error. The comparison of each index is shown in Table 2. 

Table 2 Evaluation and comparison of fitting of Z-axis positioning errors based on the polynomial and set of sinusoidal 
functions 

Z-axis 
𝑀𝐸𝐴 

/μm 

𝑅𝑀𝑆𝐸 

/μm 
𝑅2 

𝑒𝑚𝑎𝑥 

/μm 

Modeling based on the 
polynomial 0.671 0.849 0.887 1.363 

Modeling based on the 
set of sinusoidal 

functions 

0.458 0.630 0.945 0.973 

By combining the data in Table 2 and Fig. 2, although high accuracy can also be achieved by using the sixth-order 
polynomial for fitting, the obtained maximum residual can be controlled within [-1.363, 1.241] μm. After calculating 
various fitting and evaluation parameters, the overall accuracy, however, is still not as good as that fitting achieved using 
sinusoidal functions. This indicates that the parametric modeling method based on the set of sinusoidal functions can 
accurately describe geometric errors. 

 

4 Identification of key errors based on the arc trajectory 

4.1 Identification of geometric errors 

Based on detection principle of the ballbar, in the detection of the circular trajectory, when the center of the circle is 
taken as the origin of the static coordinate system of each part, the actual position of any ideal point (𝑥, 𝑦) on the arc 
deviates due to the presence of errors according to Formula (1). Assuming deviations on X, Y, and Z-axes are 𝛥𝑥, 𝛥𝑦,and 𝛥𝑧, which cause a minor change 𝛥𝑟 in the detection radius. According to the formula for distance between two points 
on the plane, the basic measurement principle in the detection of the ballbar is given by: 
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Combined with the static state of the Z-axis and Formula (2), after ignoring high-order small quantities, the 
approximate expression of changes of the ballbar radius on the XOY-plane is 

 
0 0 0

0

0

( ) ( ) ( )

( ) ( )

x x z xy

y y

r r x x y y

x x y y x yS

y x y

  

 

     

     
   

 (10) 

Therefore, the relationship between change of the rod length on the XOY-plane and geometric errors is given by: 

 ( ( ) ( ) ( ) ) ( ( ) ( ))x x z xy y yr r x x y y x yS y x y              (11) 

The perpendicularity error in the above formula can be directly obtained by the ballbar-based diagnosis software. The 
calculation of each PDGE in the formula is intended to prefit geometric errors based on the set of sinusoidal functions: 
because the detection radius of the circular trajectory is generally within 200 mm, each linear error is expressed by a third-
order sinusoidal function, which is substituted into Formula (11) to give the coefficient, and thus the error terms 𝑑𝑥(𝑥), 𝑑𝑥(𝑦), 𝑑𝑦(𝑥), 𝑑𝑦(𝑦), and 𝜀𝑧(𝑥). 

By taking the center of the circle in the first detection as the reference, the Z value of the current position is recorded 



 

 

as zero and the circular trajectory is taken for detection on the plane with Z = h, as shown in Fig. 3. According to Formula 
(1), the error based on the circular trajectory is given by: 

 

Fig. 3 Schematic diagram for two detections on the XOY-plane. 
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Since the Z-axis coordinates are different in the two detections, the influence of angle errors in the X and Y-axes may 
be introduced. By subtracting Formulae (12) and (10), the influence of the angle error on the change of rod length can be 
evaluated (Formula (13)). Similarly, angle errors are calculated to obtain error terms 𝜀𝑦(𝑥) , 𝜀𝑦(𝑦) , 𝜀𝑥(𝑥) , and 𝜀𝑥(𝑦) based on the set of sinusoidal functions. 

 
1 0( ) ( ( ) ( )) ( ( ) ( ))y y x xr r r x z x z y y z x z y              (13) 

A total of nine geometric errors can be obtained based on two circular trajectories of different heights on the XOY-
plane. The method for calculating geometric errors on the YOZ and XOZ-planes is consistent with that on the XOY-plane. 
In accordance with Formula (3), the error based on the circular trajectory on the YOZ-plane can be expressed, in 
conjunction with Formula (9), as follows: 

 ( ( ) ( ) ) ( ( ) ( ))y y yz z zr r y y z zS z y z            (14) 

Based on Formulae (4) and (9), the error based on the circular trajectory on the XOZ-plane is expressed as follows: 

 ( ( ) ( ) ) ( ( ) ( ))x x xz z zr r x x z zS z x z             (15) 

Similarly, Formulae (14) and (15) can be solved through use of the set of sinusoidal functions. 

4.2 Calculation of coefficients 

When errors are expressed with sinusoidal functions, nine unknowns are introduced by a single linear error. Therefore, 
a total of 45 error terms are introduced when substituting five geometric errors into a single circular trajectory. By 
combining this with the method assuming that the sampling frequency is unchanged, and the angle interval is evenly divided 
by sampling points during the detection of the ballbar, the number of data points detected using the ballbar is much larger 
than that of unknowns. For such non-linear equations, these are solved using the particle swarm optimization (PSO) method, 
specifically shown in Fig. 4. 



 

 

 

Fig. 4 Solution of the PSO algorithm. 

During calculation with the PSO algorithm, the optimal approximate solution can be deduced through continuous 
iteration and updating among particles. Considering that the approximate solution is not unique, the boundary conditions 
of particle search are defined to prevent the search results from being meaningless. By substituting the results of each 
particle search into the error expression, the calculated extreme value in the current detection range of the ballbar was 
compared with the preset maximum value. If it does not exceed the preset value, the current fitness value is recorded, and 
the iteration proceeds as normal. If it exceeds the preset value, the current fitness value is changed to infinity. Taking the 
calculation of errors based on five circular trajectories with a detection radius of 100 mm as examples, the linear error 
within the detection range [-100, 100] mm is defined within [-30, 30] μm, and the angle error is found within [-200, 200] 
μrad. 

The calculated coefficient is substituted into the parametric model of linear errors. If the maximum and minimum 
values of calculated geometric errors in the detection range [-100, 100] mm are within the preset reasonable range of errors, 
the identified errors are considered to have geometric meaning and the iteration based on PSO can continue; if the maximum 
and minimum values exceed the preset range of geometric errors, although particles have good fitness values, the identified 
errors are not meaningful, therefore, the PSO should be intervened to change the current fitness to 1010, thus terminating 
the iteration of particles in this direction and ensuring correctness of the search results. 

To avoid the calculation reaching a local optimum, the detection arc is reprogrammed. Due to the convenience of the 
ballbar in plane detection, multiple circular trajectories are used (Fig. 5). A total of five circular trajectories are used to 
increase the constraint of linear errors, which increases the uniqueness under any search with the PSO algorithm. 



 

 

 

Fig. 5 Schematic diagram of five circular trajectories. (𝑥0, 𝑦0) is taken as the reference point and the center of the circle for circular detection to construct the first circular 
trajectory. Then, taking points with a certain horizontal and vertical distance from (𝑥0, 𝑦0) as centers of the circles, circular 
trajectories with the same radius as the first are obtained: because the reference point is selected as (𝑥0, 𝑦0), all geometric 
error terms on the plane are relative errors based on (𝑥0, 𝑦0). In the detection principle underpinning the use of the ballbar, 
all parameters are changes relative to the center of the circle for detection; because the reference point for detection of 
geometric errors is different from that in the approximate formula for the change of the rod length of the ballbar, it is 
necessary to convert the approximate formula on the XOY-planes in circles 1 to 4. The conversion formula is given by: 

 ( ) ( ) ( ) ( )i i i i ir r x x x x y y y y             
 

(16) 

where, 𝛥𝑥 and 𝛥𝑦 represent the comprehensive deviations in the X and Y-directions of any point (𝑥, 𝑦) relative to the 
reference point (𝑥0, 𝑦0) on the XOY-plane, respectively; 𝛥𝑥𝑖, 𝛥𝑦𝑖 , and 𝛥𝑟𝑖  (𝑖 = 1, 2, 3, 4) denote the comprehensive 
deviations of the center of the circle i where (𝑥, 𝑦) is located in the X and Y-directions and the change in rod length, 
respectively. 

Ideally, the obtained coefficients of error terms should be able to satisfy the errors of each circular trajectory on the 
plane, so the fitness function for calculating coefficients with the PSO is constructed based on the least squares method. 

 
 

4
2

0

11 11 11

( ) min ( ) ( ) ( ) ( )i i i i i

i

T

mp mp mp

f X r r x x x x y y y y

X a b c a b c



  
               

 
    



L
 

(17) 

where, 𝑎𝑚𝑝 , 𝑏𝑚𝑝  and 𝑐𝑚𝑝 ( 𝑚 = 1, 2, 3, 4;  𝑝 = 1, 2, 3 ) denote the amplitude, frequency and phase coefficient 
corresponding to the 𝑝th sine function in the mth linear error, respectively; error terms are ordered thus: 𝛿𝑥(𝑥), 𝛿𝑦(𝑥), 𝛿𝑦(𝑦), and 𝛿𝑥(𝑦). 

5 Simulation analysis and experiment 

5.1 Simulation analysis 

By taking the XOY-plane as an example, MATLAB™ was used to simulate the error identification method based on 
arc trajectory through least squares regression. The simulation process is as follows: 

(a) The geometric errors 𝛿𝑥(𝑥), 𝛿𝑦(𝑥), 𝛿𝑦(𝑦), 𝛿𝑥(𝑦), 𝜀𝑧(𝑥), 𝜀𝑦(𝑥), 𝜀𝑦(𝑦), 𝜀𝑥(𝑥), and 𝜀𝑥(𝑦) with the center of 
the circle as the reference are set on the XOY-plane. The linear errors relative to the centers of circles 1 to 4 on two planes 
of different heights in Fig. 3 can be obtained. 

(b) The corresponding actual point (𝑥′, 𝑦′) on the circular trajectory is determined by substituting the ideal point 



 

 

(𝑥, 𝑦) on the circle into the error model. 

(c) According to the detection principle of the ballbar, the change of the rod length is simulated. Combined with the 
measurement diagram of the ballbar in Fig. 6, the ideal point (𝑥, 𝑦)  is at (𝑥′, 𝑦′)  due to errors, thus giving 𝛥𝑟 
corresponding to the actual point. 𝜃𝑎 represents the rotation at the actual point (𝑥′, 𝑦′) and 𝜃 indicates the rotation at 
the ideal point (𝑥, 𝑦), respectively. The deviation between the ideal point and actual point is caused by the micron-scale 
errors 𝛥𝑥 and 𝛥𝑦, so it is generally considered that 𝜃𝑎 and 𝜃 differ only slightly. Owing to geometric errors being 
unknown, (𝑥, 𝑦) is unknown when the ballbar is used to identify errors and can be replaced by (𝑥𝑎, 𝑦𝑎). Similarly, the 
simulation experiment of the ballbar for error identification is conducted taking (𝑥𝑎, 𝑦𝑎) and 𝛥𝑟 at this point as input. 

 

Fig. 6 Measurement diagram representing use of the ballbar. 

(d) The error expression based on the set of sine functions is constructed for the geometric error terms substituted into 
(a). By evenly selecting 360 points on each circle, (𝑥𝑎 , 𝑦𝑎) and 𝛥𝑟 are calculated using the above method. The coefficient 
is calculated by the PSO method and the resulting errors are compared with the input errors for verification.  

The results of each error identified according to simulation data are shown in Figs. 7 and 8. 

  

(a) X-axis positioning error            (b) Linear error on the X-axis in the Y-direction 

 



 

 

  

(c) Y-axis positioning error (d) Linear error on the Y-axis in the X-direction 

 

(e) X-axis deflection error 

Fig. 7 Comparison between input and identified linear errors on the XOY-plane. 

(a) X-axis rolling error (b) X-axis swing error 



 

 

(c) Y-axis rolling error (d) Y-axis yaw error 

Fig. 8 Comparison between input and identified angle errors on the XOY-plane. 

In the comparison of identified results in Figs. 7 and 8, the simulation results show that after testing circular trajectories 
on two planes, the identified values are consistent with input angle errors 𝜀𝑦(𝑥), 𝜀𝑦(𝑦), 𝜀𝑥(𝑥), and 𝜀𝑥(𝑦). This indicates 
that the expression for errors based on prefitting using sinusoidal functions does not induce linear correlation between 
independent variables as prefitting based on the polynomial did. It is thus proved that the method of calculating differences 
between trajectories on two planes can identify angle errors in theory. 

For geometric errors (𝛿𝑥(𝑥) , 𝛿𝑦(𝑥) , 𝛿𝑦(𝑦) , 𝛿𝑥(𝑦) , and 𝜀𝑧(𝑥) ), after prefitting based on the set of sinusoidal 
functions and identification with PSO, the identified errors have the same trend as the preset errors and the maximum 
deviations of each term separately are 1.032 μm, 2.510 μm, 1.462 μm, 0.828 μm, and 86.85 μrad. This suggests that the 
value identified by the current PSO is not the optimal solution. With the increase of error terms introduced, there are still 
some slight deviations in accuracy when a single linear error is expressed by three sets of sinusoidal functions. Meanwhile, 
nine unknown coefficients are introduced by a single error, which increases the difficulty in identifying particle swarm and 
leads to some deviations in identification results. 

 

5.2 Experiments for identifying key errors of the machine tool 

To verify the effectiveness of the identification method, the identification results based on the ballbar are compared 
with the measurement results based on the laser interferometer. A Renishaw QC-20 W wireless ballbar (with the resolution 
of 0.1 μm and measurement range of ± 1 mm) and an API XD-6D laser interferometer were used. Three linear errors and 
three angle errors of the linear axes of the machine tool can be obtained through each installation and measurement. 

The tests of circular trajectories were conducted on a Shenyang i5M1.4 machine tool with a trajectory radius of 100 
mm. On the XOY-plane, five circles with relative positions in Fig. 5 were used for the experiment. The centers of these 
circles are shown in Table 3, and measurment setup are displayed in Fig. 9. The detection results of the ballbar are 
demonstrated in Fig. 10 and the resulting identification results are illustrated in Fig. 11. 

Table 3 Positions of centers of five circles with the radius of 100 mm 

Center of the circle Coordinates of center of the circle/ 
mm (𝑥0, 𝑦0) (354.477, −190.457, −286.673) (𝑥1, 𝑦1) (374.477, −170.457, −286.673) (𝑥2, 𝑦2) (334.477, −170.457, −286.673) (𝑥3, 𝑦3) (334.477, −210.457, −286.673) 



 

 

(𝑥4, 𝑦4) (374.477, −210.457, −286.673) 

 

  

(a) Measurment with a ballbar (b) Measurment with a laser interferometer 
Fig. 9 Measurement setup. 

  

(a) Position 1  (b) Position 2 

  

(c) Position 3 (d) Position 4 



 

 

 

(e) Position 0 

Fig. 10 Elongation in the test of five circular trajectories of the ballbar. 

In the PSO algorithm, the boundary condition of linear errors was set to [−30, 30] μm. The five geometric errors 
obtained through identification with the PSO were compared with the actual detection results from the API XD-6D laser 
interferometer, as shown in Fig. 11. 

  

(a) X-axis positioning error (b) Linear error on the X-axis in the Y-direction 

  

(c) Y-axis positioning error (d) Linear error on the Y-axis in the X-direction 



 

 

 

(e) X-axis deflection errors 

Fig. 11 Comparison between measured and predicted key errors on the XOY-plane. 

 

The identification results in Fig. 11 show that the above four identified linear errors (𝛿𝑥(𝑥) , 𝛿𝑦(𝑥) , 𝛿𝑦(𝑦),  and 𝛿𝑥(𝑦)) have a consistent trend with the errors measured by the API XD-6D laser interferometer. The absolute values of the 
maximum deviations of each term are 1.727, 2.322, 2.336, and 1.476 μm, that is, the maximum deviation of linear errors 
can be controlled within 3 μm. The identified angle error, however, differs significantly from that measured, because the 
angle error is very small and its maximum value relative to the center of the circle is only 26.79 μrad. According to the 
circular trajectory with the radius of 100 mm, the deviation on the circular trajectory will not exceed 2.679 μm. In fact, 
positions of each point on the circular trajectory and the corresponding angle errors are different, and the angle error 
accounts for a smaller proportion of errors based on the circular trajectory: however, in the identification of linear errors, 
the angle errors are greatly affected in the identification process due to the low accuracy in the expression of the third-order 
sinusoidal function and the limitations of PSO method in calculation. Therefore, in the separation of angle errors, other 
errors such as installation error and thermal error, are introduced in the measurement process. For this reason, the small 
difference between errors based on circular trajectory on the plane with Z = h and the reference plane cannot be completely 
attributed to angle errors considering the small overall angle error on the experimental platform. Therefore, the angle errors 
cannot be accurately identified. 

 

6 Conclusion 

Through parametric modeling based on the set of sinusoidal functions for geometric errors of the machine tool, this 
study proposed the method for identifying geometric errors based on circular trajectories. Through the spatial error model 
of the machine tool constructed based on the theory of a multi-body system and method of conversion for homogeneous 
coordinates, the identification methods for linear and angle errors of the machine tool were derived by combining circular 
trajectories on planes of different heights. Aiming at the linear correlation of error term coefficients during prefitting the 
polynomial in the traditional identification process based on the circular trajectory, the parametric modeling method based 
on the set of sinusoidal functions was proposed for error identification. The coefficient of the set of sinusoidal functions 
was calculated by detecting five circular trajectories on the plane and combining the data with that from the use of the PSO 
algorithm. The simulation analysis shows that this method does not incur the linear correlation of independent variables 
and can accurately find values of geometric errors according to errors based on the circular trajectory. In the actual 
experiment on the XOY-plane, the identification results were compared with the data measured by API. Due to the small 
order of magnitude of angle errors, there is a deviation in their identification. Except for angle errors, linear errors can be 
accurately identified and the maximum deviation can be effectively controlled to within 2.5 μm, proving the accuracy of 
the method, and offering a new idea for rapid detection and compensation of error. However, the uniqueness of the searched 
solution is not proved in the article, and the relevant research will be carried out in the follow-up research. 
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