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Abstract 7 

Background 8 

Clustering of observations is a common phenomenon in epidemiological and clinical research. 9 

Previous studies have highlighted the importance of using multilevel analysis to account for such 10 

clustering, but in practice, methods ignoring clustering are often used. We used simulated data to 11 

explore the circumstances in which failure to account for clustering in linear regression analysis could 12 

lead to importantly erroneous conclusions.   13 

Methods 14 

We simulated data following the random-intercept model specification under different scenarios of 15 

clustering of a continuous outcome and a single continuous or binary explanatory variable. We fitted 16 

random-intercept (RI) and cluster-unadjusted ordinary least squares (OLS) models and compared the 17 

derived estimates of effect, as quantified by regression coefficients, and their estimated precision. We 18 

also assessed the extent to which coverage by 95% confidence intervals and rates of Type I error were 19 

appropriate.    20 

Results 21 

We found that effects estimated from OLS linear regression models that ignored clustering were on 22 

average unbiased. The precision of effect estimates from the OLS model was overestimated when 23 

both the outcome and explanatory variable were continuous. By contrast, in linear regression with a 24 
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binary explanatory variable, in most circumstances, the precision of effects was somewhat 25 

underestimated by the OLS model. The magnitude of bias, both in point estimates and their precision, 26 

increased with greater clustering of the outcome variable, and was influenced also by the amount of 27 

clustering in the explanatory variable. The cluster-unadjusted model resulted in poor coverage rates 28 

by 95% confidence intervals and high rates of Type I error especially when the explanatory variable 29 

was continuous.   30 

Conclusions 31 

In this study we identified situations in which an OLS regression model is more likely to affect 32 

statistical inference, namely when the explanatory variable is continuous, and its intraclass correlation 33 

coefficient is higher than 0.01. Situations in which statistical inference is less likely to be affected 34 

have also been identified.   35 

Keywords: Clustering, linear regression, random intercept model, consequences, simulation, 36 

comparison, bias   37 



3 

 

Introduction 38 

Clinical and epidemiological research often uses some form of regression analysis to explore the 39 

relationship of an outcome variable to one or more explanatory variables.  In many cases, the study 40 

design is such that participants can be grouped into discrete, non-overlapping subsets (clusters), such 41 

that the outcome and/or explanatory variables vary less within than between clusters.  This might 42 

occur, for example, in cluster-randomised controlled trials (with the units of randomisation defining 43 

clusters), or in a multi-centre observational study (the participants from each centre constituting a 44 

cluster).  The extent to which a variable is “clustered” can be quantified by the intra-class correlation 45 

coefficient (ICC), which is defined as the ratio of its variance between clusters to its total variance 46 

(both between and within clusters) (1). 47 

Clustering has implications for statistical inference from regression analysis if the outcome variable is 48 

clustered after the effects of all measured explanatory variables are taken into account.  If allowance is 49 

not made for such clustering as part of the analysis, parameter estimates and/or their precision may be 50 

biased. This possibility can be demonstrated by a hypothetical study of hearing impairment and noise 51 

exposure, in which observations are made in four different cities (clusters), as illustrated in Figure 1. 52 

In this example, the effect of cumulative noise exposure on hearing impairment is the same within 53 

each city (i.e. the regression coefficient for hearing impairment on noise exposure is the same in each 54 

cluster) (Figure 1a).  However, after allowance for noise exposure, hearing impairment differs by city, 55 

such that it varies more between the clusters than within them.  An analysis that ignored this 56 

clustering would give a misleading estimate for the regression coefficient of hearing loss on noise 57 

exposure (Figure 1b).  Moreover, even if the distribution of noise exposures in each city was similar, 58 

so that the regression coefficient was unbiased, its precision would be underestimated as it would 59 

have made no allowance for the differences between clusters (at the intercept) (Figure 1c).    60 

Where, as in the example above, the number of clusters is small relative to the total number of 61 

participants in the study sample, a categorical variable that distinguishes clusters can be treated as an 62 

additional explanatory variable in the regression model (2). However, when the number of clusters is 63 
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larger, use of the cluster variable as an additional explanatory variable in the regression model can 64 

seriously reduce the precision with which effects are estimated.  In such circumstances, an alternative 65 

approach is to assume that cluster effects are randomly distributed with a mean and variance that can 66 

be estimated from the data in the study sample. Random intercept models assume that the effects of 67 

explanatory variables are the same across all clusters, but that the intercepts of regression lines differ 68 

with a mean and variance which can be estimated from the study data, along with the effect estimates 69 

of primary interest.  Random slope models assume that the effects of explanatory variables also differ 70 

between clusters, with a mean and variance that can be estimated.  71 

In recognition of the potential implications of clustering for statistical inference, there has been a 72 

growth over recent years in the use of statistical techniques that allow for clustering (3). Nevertheless, 73 

many studies still ignore clustering of observations (4-8). Recent systematic reviews have reported 74 

that clustering was taken into account in only 21.5% of multicentre trials (9) and 47% of cluster 75 

randomised trials (10). This may in part reflect computational challenges and statistical complexities 76 

(11), but, perhaps because of a lack of clarity about the effects of ignoring clustering, authors have 77 

omitted to discuss the limitations of their chosen analytical techniques.    78 

Several studies have investigated implications of ignoring clustering in statistical inference, most 79 

being based on analysis of real data (1, 12-19). To date, no study has systematically investigated the 80 

extent to which bias can occur in effect estimates when clustering is ignored, the determinants of that 81 

bias, or the exact consequences for the precision of estimates according to different distributions of 82 

the explanatory variable and, in particular, the extent to which the explanatory variable varies within 83 

as compared with between clusters.  84 

The first aim of the research described in this paper was to assess in detail the implications for effect 85 

estimates (regression coefficients), and their precision (characterised by standard errors (SEs)), when 86 

a linear regression analysis exploring the relation of a continuous outcome variable to an explanatory 87 

variable fails to account for clustering. The second aim was to describe rates of Type I error and 88 
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coverage by 95% confidence intervals in the same setting. These research questions were explored 89 

through simulation studies.  90 

INSERT FIGURE 1 HERE 91 

Figure 1. Hypothetical relationship of hearing impairment to cumulative noise exposure in four cities.  Units for 92 

noise exposure and hearing impairment have been specified arbitrarily for ease of presentation.  Data for each 93 

city are distinguished by the shading of data points.  Cluster-specific regression lines are indicated, along with 94 

the regression line for the full dataset when clustering is ignored (dotted red line), and that when adjustment is 95 

made for cluster (solid blue line) 96 

Methods 97 

In the simplest case, in which there is a single explanatory variable, the ordinary least squares (OLS) 98 

linear regression is specified by a model of the form: 99 

𝑦𝑖 = 𝛽0 + 𝛽1𝑥𝑖 + 𝑒𝑖 -1- 

 100 

For a continuous outcome and a single explanatory variable, the random intercept (RI) multi-level 101 

model can be viewed as an extension of the OLS model, and is specified as: 102 

𝑦𝑖𝑗 = 𝛽0𝑗 + 𝛽1𝑥𝑖𝑗 + 𝑒𝑖𝑗 
                                                         = 𝛽0 + 𝛽1𝑥𝑖𝑗 + 𝑒𝑖𝑗 + 𝑢𝑗 -2- 

where the index 𝑖 refers to the individual and the index 𝑗 to the cluster, and 𝛽0𝑗 = 𝛽0 + 𝑢𝑗, the 103 

estimate of the intercept for cluster 𝑗. The term 𝑢𝑗 represents the error for cluster 𝑗 around the fixed 104 

intercept value of 𝛽0, and is assumed to be normally distributed with 𝑢𝑗|𝑥𝑖𝑗~𝑁(0, 𝑆𝐷𝑢2). The term 𝑒𝑖𝑗 105 

represents the additional error within the cluster, also referred to as the individual level error term, 106 

with 𝑒𝑖𝑗|𝑥𝑖𝑗 , 𝑢𝑗~𝑁(0, 𝑆𝐷𝑒2). 107 

As described in the introduction, ICC is a measure which characterises the extent to which the 108 

outcome variable 𝑦𝑖𝑗 is similar within clusters, given the distribution of the explanatory variable 𝑥𝑖𝑗 109 
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(20). For a continuous outcome variable, and with the nomenclature used above, the ICC is defined as 110 ICC = 𝑆𝐷𝑢2𝑆𝐷𝑢2+𝑆𝐷𝑒2 (21). 111 

To explore the study questions, simulated datasets were generated according to the assumptions of the 112 

RI model. For each Monte Carlo simulation, both the number of clusters and the number of 113 

observations per cluster were set to 100. For simplicity, the size of the effect of 𝑥𝑖𝑗 on 𝑦𝑖𝑗 was 114 

arbitrarily set to 1 (𝛽1 = 1), and the average value of 𝑦𝑖𝑗 when 𝑥𝑖𝑗= 0 was arbitrarily set to 0 (𝛽0 =115 0).  116 

Separate simulation studies were generated for a continuous and a binary explanatory variable 𝑥𝑖𝑗. To 117 

set values 𝑥𝑖𝑗 for the continuous explanatory variable in a cluster 𝑗, an individual level variable was 118 

generated as 𝑥0𝑖𝑗~𝑁(0,1), and a cluster-specific variable as 𝑠ℎ𝑖𝑓𝑡𝑗~𝑁(0, 𝑆𝐷𝑠ℎ𝑖𝑓𝑡2). The individual 119 

level variable was then added to the cluster-specific shift, so that 𝑥𝑖𝑗 = 𝑥0𝑖𝑗 + 𝑠ℎ𝑖𝑓𝑡𝑗. For a binary 120 

explanatory variable 𝑥𝑖𝑗, we set the prevalence in each cluster to be the sum of a constant (the same in 121 

all clusters) set to 0.05, 0.1, 0.2 and 0.4 and a cluster-specific variable 𝑠ℎ𝑖𝑓𝑡𝑗~𝑁(0, 𝑆𝐷𝑠ℎ𝑖𝑓𝑡2). In both 122 

cases, the corresponding values for the outcome variable 𝑦𝑖𝑗 were generated according to equation -2-. 123 

For this purpose, the individual-level error terms were drawn from a random standard normal 124 

distribution (𝑁(0,1)), and the cluster-level error terms were drawn from a random normal distribution 125 

with mean zero and variance 𝑆𝐷𝑢𝑗2 . Simulated data were generated for various different values for 126 𝑆𝐷𝑢𝑗 (0.0316, 0.05485, 0.1005, 0.1759, 0.3333 and 0.6547) chosen to give expected values for the 127 𝐼𝐶𝐶 of 0.001, 0.003, 0.01, 0.03, 0.1 and 0.3 respectively, while 𝑆𝐷𝑠ℎ𝑖𝑓𝑡~𝑈[𝑎, 𝑏], with the parameters 128 𝑎 and 𝑏 being arbitrarily chosen to be 0 and 15, in the case of a continuous 𝑥𝑖𝑗, and 0 and 0.05 in the 129 

case of a binary 𝑥𝑖𝑗.  130 

For each simulated dataset, two linear regression models were fitted; an OLS model which ignored 131 

the clustering (equation -1-), and a RI multi-level model which allowed for clustering effects 132 

(equation -2-). For each of the models, the regression coefficient and its standard error (SE) were 133 
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estimated. To compare results from the two models, the difference between the estimated regression 134 

coefficients (𝛽1𝑅𝐼 − 𝛽1𝑂𝐿𝑆), and the ratio of their SEs (𝑆𝐸𝑅𝐼/𝑆𝐸𝑂𝐿𝑆) were calculated.  135 

To assess how the comparison between the two models was affected by the distribution of 𝑥𝑖𝑗 within 136 

and between clusters, these two measures were plotted against the dispersion (expressed as standard 137 

deviation) of the mean values of 𝑥𝑖𝑗 (�̅�𝑗) between clusters (dispersion of 𝑠ℎ𝑖𝑓𝑡𝑗), for the case of 138 

continuous 𝑥𝑖𝑗, and dispersion of prevalence of 𝑥𝑖𝑗, for the case of binary 𝑥𝑖𝑗. In addition, descriptive 139 

statistics were produced for the distributions of the two measures across simulated samples, according 140 

to values for expected ICC and overall prevalence of 𝑥𝑖𝑗, in the case of a binary explanatory variable.  141 

The accuracy of the 95% confidence intervals for the regression coefficient 𝛽1 from the two methods 142 

was assessed by calculating the proportion of the estimated confidence intervals that included the true 143 

value that had been used in the simulations. A method was considered to have appropriate coverage if 144 

95% of the 95% confidence intervals included the value of the effect 𝛽1 (i.e. the value 1) used in the 145 

simulations. Deviations from this ideal could reflect bias in the estimates of effect, unsatisfactory 146 

standard errors (22), or both. 147 

To assess impacts on type I error, the simulations were repeated assuming no association between 𝑥𝑖𝑗 148 

and 𝑦𝑖𝑗 (i.e. 𝛽1 = 0), and the proportions of datasets for which the null hypothesis was rejected at a 149 

5% significance level in OLS and RI modelling were compared according to ICC.  150 

For each expected ICC, and each value of 𝑠ℎ𝑖𝑓𝑡𝑗, 100 simulated datasets were produced with a 151 

continuous 𝑥𝑖𝑗, and another 100 for each of the four overall prevalence rates of a binary 𝑥𝑖𝑗.  152 

Due to random sampling variation the estimated ICC values were within given ranges of the target 153 

levels of ICC. For target levels of 0.001, 0.003, 0.01, 0.03, 0.1 and 0.3, these ranges were 0.0005-154 

0.0014, 0.0025-0.0034, 0.005-0.014, 0.025-0.034, 0.05-0.14, and 0.25-0.34 respectively. Simulations 155 

resulting in estimated ICC values outside of these ranges were discarded and not used further. In the 156 

description of the results that follows ICC values are labelled according to the target levels. 157 

All simulations and analysis were conducted using Stata software v12.1.   158 
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Results  159 

Difference in regression coefficients 160 

Differences in regression coefficients (𝛽1𝑅𝐼 − 𝛽1𝑂𝐿𝑆) estimated from the two linear models are 161 

illustrated in Figure 2. The two different subplots of the figure (A and B) correspond to the two 162 

different distributions of the explanatory variable (continuous and binary respectively), and the 163 

different shades of grey correspond to different ICC levels with darker shades corresponding to 164 

simulated results for higher ICCs.  165 

INSERT FIGURE 2 HERE 166 

Figure 2. Difference between regression coefficients estimated from RI and OLS models (𝛽1𝑅𝐼 − 𝛽1𝑂𝐿𝑆) plotted 167 

against dispersion (expressed as SD) of mean value/prevalence of 𝑥𝑖𝑗 , for different levels of intraclass 168 

correlation (shades of grey as indicated in the legend). Figure A: Continuous 𝑥𝑖𝑗 . Figure B: Binary 𝑥𝑖𝑗  169 

 170 

In all cases, differences in regression coefficients were on average zero, with 𝛽1𝑅𝐼 and 𝛽1𝑂𝐿𝑆 being on 171 

average ≅ 1. For both continuous and binary distributions of 𝑥𝑖𝑗, differences were on average more 172 

narrowly spread for small ICCs and more widely spread for large ICCs. For a continuous explanatory 173 

variable 𝑥𝑖𝑗 (Figure 2A), and for each value of ICC, increasing the dispersion of �̅�𝑗 across clusters 174 

resulted in larger differences in regression coefficients up to a dispersion of �̅�𝑗 = 1 (i.e. same 175 

dispersion of 𝑥𝑖𝑗 between and within clusters). Beyond that point, further increase in the dispersion of 176 �̅�𝑗 resulted in smaller differences in regression coefficients from the two methods, approaching a 177 

difference of zero.    178 

For a binary explanatory variable 𝑥𝑖𝑗, and for each value of ICC, small dispersion of cluster-specific 179 

prevalence of 𝑥𝑖𝑗 resulted in small differences between the regression coefficients. However, 180 

increasing the dispersion of cluster-specific prevalence of 𝑥𝑖𝑗, resulted in larger differences between 181 

the regression coefficients from the two methods. Comparing the different subplots of Error! 182 



9 

 

Reference source not found. (note the different scales on the y-axes), higher overall prevalence of 183 𝑥𝑖𝑗 resulted in regression coefficients from the two models being more similar even for large 184 

dispersion of the prevalence of 𝑥𝑖𝑗 across clusters; for ICC=0.3, differences ranged from -0.2 to 0.2, 185 

corresponding to a 20% difference in the regression coefficients from the two methods, when the 186 

overall prevalence of 𝑥𝑖𝑗 was 0.05, and this range decreased to approximately -0.05 to 0.05 for an 187 

overall prevalence of 𝑥𝑖𝑗 of 0.4.  188 

Ratio of standard errors 189 

The ratios of SEs derived from the RI and OLS models (𝑆𝐸𝛽1𝑅𝐼 𝑆𝐸𝛽1𝑂𝐿𝑆⁄ ) were examined in relation to 190 

the dispersion across clusters of the mean value/prevalence of the continuous/binary explanatory 191 

variable 𝑥𝑖𝑗, and are presented in Figure 3. As in Figure 2, the different levels of ICCs are represented 192 

by different shades of grey, with lighter shades corresponding to lower ICCs and darker shades to 193 

higher ICCs. Subplots A and B correspond to the ratios of SEs when 𝑥𝑖𝑗 was continuous and binary, 194 

respectively.  195 

For a continuous variable 𝑥𝑖𝑗, the ratio took its minimum value for the smallest dispersion of �̅�𝑗 and 196 

increased as dispersion of �̅�𝑗 increased, tending asymptotically to a maximum value. The minimum 197 

and maximum values of the ratio of the SEs (the latter also corresponding to its asymptote) were ICC-198 

dependent, higher ICCs resulting in lower minimum and higher maximum values for the ratio. The 199 

dispersion of �̅�𝑗 at which the ratio of SEs approached its asymptote was also ICC-dependent, being 200 

higher for larger ICCs. For very small values of dispersion of �̅�𝑗, the minimum value of the ratio of 201 

the SEs was approximately one for small levels of ICC and was less than one for higher ICCs. 202 

Particularly for small values of the dispersion of �̅�𝑗 and ICC ≅ 0.10 or 0.30, the ratio of SEs was <1, 203 

meaning that SEs from RI models were smaller than from OLS models.   204 

INSERT FIGURE 3 HERE 205 
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Figure 3. Ratios of standard errors estimated from RI and OLS models (SEβ1RI/SEβ1OLS) plotted against relative 206 

between- to within-clusters dispersion (expressed as SD) of explanatory variable 𝑥𝑖𝑗 . Figure A: Continuous 𝑥𝑖𝑗 . 207 

Figure B: Binary 𝑥𝑖𝑗   208 

When 𝑥𝑖𝑗 was binary, the ratios of the SEs were below one for most of the situations examined, 209 

indicating that the SEs of the regression coefficients estimated from the RI model were smaller than 210 

those under the OLS model in most circumstances. The ratio of the SEs achieved its minimum value 211 

for the smallest dispersion of the prevalence of 𝑥𝑖𝑗 across the clusters, and increased progressively 212 

with increasing dispersion of 𝑥𝑖𝑗 across clusters. For small ICCs (<0.1), the SEs from the two models 213 

were very similar.  However, increasing the ICC to 0.1 or higher led to the ratio of the SEs decreasing 214 

to values much lower than 1. For constant ICC, comparison of subplots of Figure 3B, shows that the 215 

rate of increase of the ratio of the SEs was higher for lower underlying prevalence rates of the 𝑥𝑖𝑗. 216 

Coverage of 95% confidence intervals 217 

Table 1 shows the extent to which 95% confidence intervals covered the simulated effect of the 218 

explanatory continuous variable on the outcome (𝛽1=1), when derived from the two statistical models, 219 

for different levels of ICC, and for fifths of the distribution of the dispersion of �̅�𝑗.  220 

Irrespective of ICC and type of explanatory variable, coverage with the RI model was approximately 221 

95%. For a continuous 𝑥𝑖𝑗, coverage for the OLS model was close to 95% for very low ICC and 222 

decreased for increasing levels of ICC. For the highest ICC level examined (ICC=0.3), OLS showed a 223 

notably poor coverage of 30%. For a given ICC, coverage of 95% confidence intervals did not vary 224 

much by dispersion of �̅�𝑗, although it was somewhat higher in the bottom fifth as compared to the 2nd, 225 

3rd, 4th, and 5th fifth of the distribution of dispersion of �̅�𝑗.   226 

 227 

 228 
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Table 1. Coverage (%) by 95% confidence intervals of simulated effect 𝛽1=1 under the RI and OLS models 229 

according to fifths of the distribution of dispersion (expressed as SD) of the continuous �̅�𝑗  230 

ICC Bottom fifth=1 2 3 4 Top fifth=5 Total 

 RI OLS RI OLS RI OLS RI OLS RI OLS RI OLS 

0.001 95.04 94.37 95.00 94.09 95.33 94.10 95.15 93.99 94.92 93.84 95.08 94.08 

0.003 95.14 93.14 95.37 92.33 95.20 91.83 95.53 92.25 95.42 91.99 95.33 92.30 

0.01 94.99 88.47 94.64 83.95 94.75 83.65 94.74 83.72 94.90 84.07 94.80 84.75 

0.03 94.59 76.21 95.11 68.79 94.80 67.62 95.06 67.57 94.74 67.15 94.87 69.39 

0.1 94.68 59.58 94.80 45.45 94.86 44.83 94.39 44.73 95.04 44.37 94.76 47.80 

0.3 94.84 41.32 94.53 28.06 94.95 28.24 94.64 26.98 94.79 27.41 94.75 30.36 

 231 

For a binary 𝑥𝑖𝑗, coverage for the OLS model was close to 95% but only for ICC≤0.03. As ICC 232 

increased, coverage from the OLS model deviated from the nominal value of 95%. As shown in 233 

Figure 4, when ICC was 0.1 or 0.3, coverage was on average lower for lower prevalence of 𝑥𝑖𝑗; it fell 234 

below the nominal value of 95% for 0.05 prevalence of 𝑥𝑖𝑗 and it increased to values higher than 95% 235 

for 0.40 prevalence of 𝑥𝑖𝑗 (comparison of the four sub-plots of the figure). Also, for any given 236 

prevalence of 𝑥𝑖𝑗, coverage was lower for increasing dispersion of prevalence of 𝑥𝑖𝑗 across clusters. 237 

Variation of the average coverage by categories of prevalence rates of 𝑥𝑖𝑗 and overall prevalence of 238 𝑥𝑖𝑗 was higher when ICC was higher (ICC=0.3) than when it was lower (ICC=0.1). The smallest and 239 

the largest values of coverage were 87% and 98% and they were observed when overall prevalence of 240 𝑥𝑖𝑗 was 0.05, ICC=0.3, and in the bottom and top thirds respectively of the distribution of dispersion 241 

of prevalence of 𝑥𝑖𝑗 across clusters. Coverage as high as 98% was also seen in the bottom third of the 242 

distribution of dispersion of prevalence of 𝑥𝑖𝑗 across clusters for the other prevalence rates (0.10, 243 

0.20, and 0.40) explored when ICC was high (ICC=0.3).   244 
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INSERT FIGURE 4 HERE 245 

Figure 4. Coverage (%) by 95% confidence intervals from the OLS model for ICC=0.1 and 0.3, by overall 246 

prevalence rates of 𝑥 (A) 0.05, B) 0.10, C) 0.20, and D) 0.40), and thirds of the distribution of the dispersion 247 

(expressed as SD) of prevalence of across clusters  248 

Type I error 249 

To assess the frequency of type I error, defined as incorrect rejection of a true null hypothesis, under 250 

the OLS and the RI multi-level models, simulations were repeated assuming no association between 251 

the explanatory variable 𝑥𝑖𝑗 and the outcome variable 𝑦𝑖𝑗 (𝛽1𝑅𝐼 = 𝛽1𝑂𝐿𝑆 = 0).  252 

Figure 5 shows the proportion of datasets for which the null hypothesis was rejected at a 5% 253 

significance level for varying levels of ICC, when 𝑥𝑖𝑗 was continuous. Using the RI multi-level 254 

model, the association between 𝑥𝑖𝑗 and 𝑦𝑖𝑗 was statistically significant in approximately 5% of the 255 

datasets for all ICCs. However, using the OLS models, type I error varied with ICC. For a very small 256 

ICC, type I error was very close to that under the RI model (~6%) but increased rapidly as the ICC 257 

increased, reaching ~70% for ICC≅0.30. Type I error did not vary by dispersion of mean value of 𝑥𝑖𝑗 258 

(data not shown). 259 

INSERT FIGURE 5 HERE 260 

Figure 5. Proportion (%) of datasets for which the null hypothesis was rejected according to level of ICC when 261 𝛽1𝑅𝐼 = 0 and 𝑥𝑖𝑗  was continuous 262 

When the explanatory variable 𝑥𝑖𝑗 was binary, type I error rates varied very little around the nominal 263 

level of 5% when an OLS model was fitted instead of the RI model, when ICC values were less than 264 

0.1; the average value was 5% and varied from 4.8% to 5.3% for different ICC values (<0.1), overall 265 

prevalence rates of 𝑥𝑖𝑗, and dispersion of prevalence of 𝑥𝑖𝑗 across clusters. However, for ICC values 266 

of 0.1 and 0.3, type I error rates diverged from 5%. The variation of rates in those cases is illustrated 267 

in Figure 6 for the four prevalence rates of 𝑥𝑖𝑗 (subplots A, B, C, and D of the figure), and for thirds 268 
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of the distribution of dispersion of prevalence of 𝑥𝑖𝑗 across clusters. For small dispersion of 269 

prevalence rates of 𝑥𝑖𝑗 (bottom third of the distribution), type I error was lower than 5%, and it 270 

increased as dispersion increased. This trend was more prominent for lower values of overall 271 

prevalence of 𝑥𝑖𝑗, and for ICC=0.3 compared to ICC=0.1. The smallest and the largest values of type I 272 

error were 2% and 13% and they were observed when overall prevalence of 𝑥𝑖𝑗 was 0.05 and in the 273 

bottom and top thirds respectively of the distribution of dispersion of prevalence of 𝑥𝑖𝑗 across clusters.  274 

INSERT FIGURE 6 HERE 275 

Figure 6. Type I error rates (%) from the OLS model for ICC=0.1 and 0.3, by overall prevalence rates of 𝑥𝑖𝑗  (A) 276 

0.05, B) 0.10, C) 0.20, and D) 0.40), and thirds of the distribution of the dispersion (expressed as SD) of 277 

prevalence of 𝑥 across clusters 278 

Discussion 279 

In this paper we focused on the implications of ignoring clustering in statistical inference regarding 280 

the relationship between a continuous outcome and a single explanatory variable 𝑥𝑖𝑗. Two different 281 

types of 𝑥𝑖𝑗 were considered – continuous and binary. For each of the two categories of 𝑥𝑖𝑗, the 282 

implications for statistical inference of failing to account for clustering were explored by comparison 283 

of effect estimates and their precision, assessment of the coverage by 95% confidence intervals, and 284 

estimation of the frequency of type I error. In the cases of both a continuous and a binary 𝑥𝑖𝑗, where 285 

the true slope of the regression line was non-zero, we found that the cluster-unadjusted OLS and RI 286 

models gave on average very similar estimates of effect for any level of ICC. However, despite the 287 

average value of difference in point estimates from the two methods being zero, differences occurred 288 

in both directions and varied more when the level of ICC increased. The largest differences in 289 

estimates of effect between OLS and multi-level RI regression modelling were only about 20% of the 290 

true value and they occurred when the ICC was high (0.3). For a continuous 𝑥𝑖𝑗, the largest errors in 291 

the differences of estimated effects occurred when the dispersion of the 𝑥𝑖𝑗 within clusters was 292 

approximately the same as that between clusters, while, for a binary explanatory variable, differences 293 

increased with increasing dispersion of prevalence of 𝑥𝑖𝑗 across clusters. 294 
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Conclusions drawn from comparison of SEs estimated from cluster-unadjusted OLS and RI models 295 

are somewhat different for continuous as compared with binary 𝑥𝑖𝑗. When 𝑥𝑖𝑗 was continuous, the 296 

SEs of regression coefficients were generally larger for the multi-level RI model than for the cluster-297 

unadjusted OLS model, their ratio being highest (>4) for a high ICC (0.3) and where the dispersion of 298 

the mean value of 𝑥𝑖𝑗 was large.  However, contrary to what is widely stated, the spuriously greater 299 

precision of OLS method was not universal.  When dispersion of mean values of 𝑥𝑖𝑗<1, OLS 300 

regression gave larger SEs than multi-level modelling. When 𝑥𝑖𝑗 was binary, SEs estimated from the 301 

RI model, were higher than those from the cluster-unadjusted OLS model for lower ICCs (<0.03) and 302 

larger dispersion of prevalence of 𝑥𝑖𝑗 across clusters, and lower than those from the cluster-unadjusted 303 

OLS model for smaller dispersion of prevalence of 𝑥𝑖𝑗 across clusters. The SEs differed by up to 15% 304 

for the highest ICC value (ICC=0.3). 305 

The rates of coverage of 95% confidence intervals for estimates of effect, whether of a continuous or 306 

a binary 𝑥𝑖𝑗, when derived from a RI model were at the nominal level of 95%, irrespective of other 307 

parameters (i.e. ICC, dispersion across clusters of the mean value of a continuous 𝑥𝑖𝑗, or dispersion of 308 

the prevalence of the binary 𝑥𝑖𝑗 across clusters). When 𝑥𝑖𝑗 was binary, the cluster-unadjusted OLS 309 

model also resulted in an appropriate coverage of the 95% confidence intervals when ICC was low (≤310 0.01). However, for higher values of ICC, coverage varied slightly (range: 87% - 98%) around the 311 

nominal value of 95% depending on the overall prevalence and the dispersion of the cluster-specific 312 

prevalence rates of 𝑥𝑖𝑗. In contrast, when 𝑥𝑖𝑗 was continuous, the model that failed to account for 313 

clustering resulted in poor coverage rates, especially as ICC increased, reaching a rate as low as 30% 314 

for ICC=0.3. 315 

Setting the effect of 𝑥𝑖𝑗 on the outcome variable to zero allowed exploration of the frequency of type I 316 

error. With the RI model, in all of the scenarios explored, type I error was very close to 5%. When 𝑥𝑖𝑗 317 

was continuous, we found that failure to allow for clustering increased rates of Type I error, and that 318 

the inflation of type I error was particularly pronounced (up to 70%) when the degree of clustering 319 

was high (ICC=0.3). In contrast to this, when 𝑥𝑖𝑗 was binary, type I error under the OLS model was 320 
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close to the expected value of 5% for low levels of clustering (ICC<0.1). However, when ICC was 321 

high (0.1 or 0.3), type I error rates varied more widely around 5%, with values as low as 2% (for low 322 

overall prevalence of 𝑥𝑖𝑗 and small dispersion of its prevalence across clusters) and as high as 13% 323 

(for low overall prevalence of 𝑥𝑖𝑗 and large dispersion of its prevalence across clusters).  324 

The analysis for each specification of parameters (expected ICC, dispersion of 𝑥𝑖𝑗, overall prevalence 325 

or dispersion of prevalence rates across clusters of a binary 𝑥𝑖𝑗) was based on 1,000 simulated 326 

samples of 10,000 observations grouped in 100 clusters, each of 100 individuals. By using such a 327 

large sample size (larger than in most epidemiological investigations), we reduced random sampling 328 

variation, making it easier to characterise any systematic differences between the two methods of 329 

analysis. However, the approach may have led to underestimation of the maximum differences 330 

between estimates of effect that could arise from OLS as compared with multi-level modelling. 331 

Additionally, the number of observations per cluster was the same in all simulations, making it 332 

impossible to draw conclusions about effects of ignoring clustering for varying cluster sizes. Also, 333 

data were simulated following the specification of the RI regression model rather than that of the 334 

random-effects model described in section -2-. That was done because the RI model is more 335 

frequently used, especially when there is no a priori expectation of differential effects of the 336 

explanatory on the outcome variables across the different clusters. Simulating data following the 337 

specification of the random effects model would have added complexity to the algorithm used for 338 

simulation, and the computational time required.  339 

The effect of clustering when a cluster-unadjusted model is fitted could also have been assessed by 340 

calculating bias as [(estimated effect – true effect)/true effect], as defined in earlier studies (23). 341 

Instead, we defined bias by the difference in the effect estimates derived from the two analytical 342 

models. The data were simulated following the model specification of RI linear regression, which is 343 

one of the most well established and frequently chosen analytical approaches to account for 344 

clustering. As such, given that all resulting effect estimates were positive, deviations of the difference 345 

in regression coefficients from the value of zero can only represent deficiencies of the OLS model, 346 

provided that the assumptions of the RI model are met. Therefore, there is no reason to expect that the 347 
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conclusions one would draw from an alternative definition of bias would be more reliable, provided 348 

that the conditions under which data were simulated and the models fitted were the same.  349 

When multilevel RI modelling was applied to the simulated clustered datasets with a continuous or a 350 

binary explanatory variable, the rate of Type I error was 5%, and the coverage by 95% CIs was 95%, 351 

as would be expected, given the method by which the simulated samples were generated. In 352 

comparison, when cluster-unadjusted models were fitted to clustered data with a continuous 𝑥𝑖𝑗, rates 353 

of Type I error were higher, particularly when the ICC was high. For the highest level of ICC 354 

examined (0.3), type I errors were as frequent as 70%. However, even with an ICC of only 0.01, rates 355 

of Type 1 error were more than 10%. Consistent with this, coverage by 95% confidence intervals was 356 

considerably lower than the nominal value for higher ICC levels. The lowest coverage of 30% was for 357 

the highest ICC level. In contrast to these results Huang et al (24) have reported values of coverage 358 

very close to 95% from the OLS model for a continuous explanatory variable. Differences between 359 

findings presented in this study and those presented by Huang et al (24) can be explained by zero 360 

clustering in the explanatory variable assumed in the latter. Sensitivity analysis restricting the 361 

simulated datasets only to those in which clustering in the explanatory variable was not meaningful 362 

showed that interval coverage rates were very close to 95% independent of clustering in the outcome 363 

variable (results not shown). When 𝑥𝑖𝑗 was binary, both the interval coverage and Type I error rates 364 

varied little around the nominal values of 5% and 95%, and only for ICC values higher than 0.01. 365 

Overall coverage rates were higher for higher ICCs and decreased for increasing dispersion of the 366 

cluster-specific prevalence rates of 𝑥𝑖𝑗 across clusters and for decreasing overall prevalence of the 𝑥𝑖𝑗. 367 

A similar observation of small variation of interval coverage around 95% for higher ICC values has 368 

been made before (25). Type I error when 𝑥𝑖𝑗 was binary and its prevalence was low, varied around 369 

5% with values falling below 5% for small dispersion of prevalence of 𝑥𝑖𝑗, and above 5% for large 370 

dispersion. For larger overall prevalence of 𝑥𝑖𝑗, Type I error rates fell below 5%. In accordance with 371 

these findings, Galbraith et al (26) have shown that cluster-unadjusted models resulted in relatively 372 

conservative Type I error. Also, in a context of individually randomised trials, Kahan et al (27) have 373 
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shown that Type I error increased with increasing ICC and increasing difference in the probability of 374 

assignment of patients to treatment arms.  375 

It has been widely stated that when data are clustered, effects estimated by OLS regression are 376 

unbiased (23, 25, 27-30). Our results confirm that for data of the type simulated, coefficients from 377 

OLS regression were on average very similar to those from RI multi-level modelling.  Previous 378 

studies based on simulation data have shown similar results (23-25, 31). However, for individual 379 

simulated samples, the estimates may differ, and the potential magnitude of the differences depends 380 

on the level of within-cluster similarity of the outcome variable. For an ICC of 0.3, the estimates of 381 

effect from the two analytical methods could differ by up to 20%. In addition, when 𝑥𝑖𝑗 is continuous, 382 

the error in estimates of the regression coefficient is larger when the between-cluster dispersion of 𝑥𝑖𝑗 383 

is similar to that within-cluster. When 𝑥𝑖𝑗 is binary, the error increases as the dispersion of the 384 

prevalence rates across clusters increases, and when the overall prevalence rate across all clusters is 385 

lower (<10%). These errors in the estimated effect indicate that in an individual study, failure of 386 

regression analysis to account for clustering of observations could result in considerably higher or 387 

lower estimates of effect than those derived from multilevel analysis. This has been illustrated in 388 

numerous published papers of real data, which have shown that estimates from the two analytical 389 

methods can differ to a lesser or greater extent (1, 8, 14, 17, 32). However, in those publications, no or 390 

very limited information is provided to establish whether the error observed was due to dispersion of 391 

the cluster-specific mean values of the continuous 𝑥𝑖𝑗, or dispersion of prevalence rates for the binary 392 𝑥𝑖𝑗 across clusters. 393 

Most often it is stated that regression coefficients are spuriously precise when clustering is not taken 394 

into account in regression models. However, in several reports, authors have failed to specify the 395 

conditions under which this applies (1, 31, 33-36). Other authors have pointed out that when 𝑥𝑖𝑗 is 396 

identical within each cluster, and a cluster-unadjusted approach is followed, SEs tend to be spuriously 397 

low, and that the opposite occurs when 𝑥𝑖𝑗 varies within clusters (24, 27, 37, 38). Bias in SEs for 398 

effects of cluster-varying 𝑥𝑖𝑗 has been shown in results from real data when both models were fitted 399 
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(17, 32, 39). However, others have reported contradictory results in which SEs of effects of 400 

individual-level 𝑥𝑖𝑗 from OL regression were very similar to, or lower than, those from a multi-level 401 

model (14-16, 40). It should be noted that the dichotomy between cluster- and individual-level 402 

variables is not clear-cut. There can be varying degrees of clustering in 𝑥𝑖𝑗, with the extremes being 403 

variables for which the values are completely unclustered (mean values are the same for all clusters), 404 

and variables for which the values are the same within each cluster. However, in real data, an 405 

explanatory variable can lie anywhere in between. An early report focused on this issue by 406 

considering the level of clustering in 𝑥𝑖𝑗 as the main driver for the expected bias of the precision of 407 

the effect estimates (29), rather than the absolute distinction between cluster-constant and cluster-408 

varying 𝑥𝑖𝑗. The authors reported that as clustering in 𝑥𝑖𝑗 decreases, the bias in SEs from a cluster-409 

unadjusted model is expected to be upwards, and the opposite is expected when clustering in 𝑥𝑖𝑗 410 

increases. Taking into consideration clustering in 𝑥𝑖𝑗 (𝜌𝑥) as well as in the outcome variable (𝜌𝑦), a 411 

later study using simulated data showed that for a given level of 𝜌𝑦, increasing 𝜌𝑥 resulted in 412 

increasing the ratio of estimated SEs (𝑆𝐸𝛽𝑅𝐼/𝑆𝐸𝛽𝑂𝐿𝑆) from values <1 to values ≈ 1 (41). Our results for 413 

continuous explanatory variables differ slightly from this, with ratios of SEs (𝑆𝐸𝛽𝑅𝐼/𝑆𝐸𝛽𝑂𝐿𝑆) moving 414 

from values <1 to values >1, as clustering in the explanatory variable, expressed as dispersion of �̅�𝑗 415 

across clusters, increased.    416 

Bias in the precision of effect estimates for binary 𝑥𝑖𝑗 when clustering is ignored has received very 417 

limited attention in the published literature. Several of the reported studies have used real data to 418 

compare standard and multi-level models, using both continuous and binary individual-level 𝑥𝑖𝑗 (14, 419 

17). For the majority of binary 𝑥𝑖𝑗 used in the models fitted in these studies, SEs derived from the 420 

OLS model were larger than those derived from the multi-level model. The same conclusion was 421 

drawn from a study using simulated data (25). However, none of the studies using real data has 422 

explored the level of bias in relation to variation in the prevalence of the binary 𝑥𝑖𝑗, and the study of 423 

simulated data assumed constant prevalence of 𝑥𝑖𝑗 in all clusters. Simulation results presented here 424 

suggest that, irrespective of the dispersion of prevalence of 𝑥𝑖𝑗 across clusters and the overall 425 
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prevalence in all clusters, in most circumstances SEs from the multi-level model are lower than those 426 

from the OLS model, and the bias is higher for higher ICC values.  427 

The focus of this paper was on the association between a continuous outcome and an explanatory 428 

variable that was defined at the individual level (𝑥𝑖𝑗 within cluster). We showed that when 𝑥𝑖𝑗 was 429 

continuous, and most of the variation occurred within rather than between clusters, the cluster-430 

unadjusted OLS model gave larger SEs for the regression coefficient than multi-level modelling. This 431 

is consistent with reports in which ignoring clustering resulted in spuriously high SEs when 𝑥𝑖𝑗 varied 432 

within cluster. The reverse occurred when most of the dispersion of 𝑥𝑖𝑗 was between rather than 433 

within clusters. In this situation 𝑥𝑖𝑗 approaches the characteristics of a cluster-specific variable. We 434 

additionally showed that when 𝑥𝑖𝑗 under investigation was binary, ignoring clustering in statistical 435 

modelling in most cases resulted in higher SEs for the estimated effect than those derived from the 436 

random-intercept model. The SEs differed more for higher ICCs but not with the overall prevalence of 437 𝑥𝑖𝑗, nor with the dispersion of its prevalence across clusters (Figure 3B). Unlike SEs, the point 438 

estimates were unbiased for either continuous or binary 𝑥𝑖𝑗 (Figure 2 A and B).  439 

In conclusion, our results support the use of multi-level modelling to account for clustering effects in 440 

linear regression analyses of data that are hierarchically structured, especially where ICCs might 441 

exceed 0.01. Failure to do so is likely to result in incorrect estimates of effect (either too high or too 442 

low) mostly with spurious precision in the case of continuous 𝑥𝑖𝑗 or with underestimated precision in 443 

the case of binary 𝑥𝑖𝑗, and may lead to incorrect inferences. The errors in estimates of effect of a 444 

continuous 𝑥𝑖𝑗 will be smaller when most of its dispersion is between rather than within clusters – i.e. 445 

the variable comes closer to being cluster-specific. Similarly, when 𝑥𝑖𝑗 is binary, smaller differences 446 

in the effect estimates occur when the dispersion of the prevalence of 𝑥𝑖𝑗 across clusters is small, or 447 

when its overall prevalence across clusters is high.  448 

Additionally, we identified situations in which a standard analytical approach is more likely to 449 

importantly affect statistical inference, i.e. when rates of Type I error and interval coverage deviate 450 
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more from the nominal values of 5% and 95% respectively. These occur when 𝑥𝑖𝑗 is continuous, and 451 

ICC levels are greater than 0.01. It is then that Type I error rates are higher than 10% and interval 452 

coverage rates are lower than 80%. On the other hand, statistical inference when a standard regression 453 

model is fitted is less likely to be of concern when 𝑥𝑖𝑗 is binary, as the error and coverage rates 454 

deviate very little from the nominal values. However, even for a binary 𝑥𝑖𝑗, error rates can sometimes 455 

be greater than 10%, and corresponding interval coverage rates lower than 90% (but possibly not 456 

lower than 80%). This occurs when ICC is high, the overall prevalence of 𝑥𝑖𝑗 is low (approximately 457 

5%), and the dispersion of the cluster-specific rates is large. In all circumstances in which the ICC is 458 

very small, clustering is minimal and there is little difference between RI and OLS regression. 459 
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Figures

Figure 1

Hypothetical relationship of hearing impairment to cumulative noise exposure in four cities. Units for
noise exposure and hearing impairment have been speci�ed arbitrarily for ease of presentation. Data for
each city are distinguished by the shading of data points. Cluster-speci�c regression lines are indicated,
along with the regression line for the full dataset when clustering is ignored (dotted red line), and that
when adjustment is made for cluster (solid blue line)



Figure 2

Difference between regression coe�cients estimated from RI and OLS models (β_1^RI-β_1^OLS) plotted
against dispersion (expressed as SD) of mean value/prevalence of x_ij, for different levels of intraclass
correlation (shades of grey as indicated in the legend). Figure A: Continuous x_ij. Figure B: Binary x_ij



Figure 3

Ratios of standard errors estimated from RI and OLS models (SE_(β_1^RI )/SE_(β_1^OLS )) plotted
against relative between- to within-clusters dispersion (expressed as SD) of explanatory variable x_ij.
Figure A: Continuous x_ij. Figure B: Binary x_ij



Figure 4

Coverage (%) by 95% con�dence intervals from the OLS model for ICC=0.1 and 0.3, by overall prevalence
rates of x (A) 0.05, B) 0.10, C) 0.20, and D) 0.40), and thirds of the distribution of the dispersion
(expressed as SD) of prevalence of across clusters



Figure 5

Proportion (%) of datasets for which the null hypothesis was rejected according to level of ICC when
β_1^RI=0 and x_ij was continuous



Figure 6

Type I error rates (%) from the OLS model for ICC=0.1 and 0.3, by overall prevalence rates of x_ij (A) 0.05,
B) 0.10, C) 0.20, and D) 0.40), and thirds of the distribution of the dispersion (expressed as SD) of
prevalence of x across clusters


