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Abstract In this paper, a new fractional physics-informed

neural networks (fPINNs) is proposed, which combines f-

PINNs with spectral collocation method to solve the time-

fractional phase field models. Compared to fPINNs, it has

large representation capacity due to the property of spec-

tral collocation method, which reduces the number of ap-

proximate points of discrete fractional operators, improves

the training efficiency and has higher error accuracy. Un-

like traditional numerical method, it directly optimizes the

spectral collocation coefficient, saves the time of matrix cal-

culation, is easy to deal with the high-dimensional model,

and also has higher error accuracy. First, fPINNs based on

a spectral collocation method is used to obtain the numeri-

cal solutions of the models under consideration. The spectral

collocation method is used to discretize the space direction,

and the fractional backward difference formula is used to

approximate the time-fractional derivative. The error accu-

racy in different cases is discussed, and it is observed that

the point-wise error is 10−5 to 10−7. Next, fPINNs is em-

ployed to solve several inverse problems in time-fractional

phase field models to identify the order of fractional deriva-

tive, mobility constant, and other coefficients. The results of

numerical experiments are presented to prove the effective-

ness of fPINNs in solving time-fractional phase field models

and their inverse problems.
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1 Introduction

With the recent explosion in the amount of available da-

ta and computing resources, advances in neural networks

(NNs) and data analysis have produced transformative re-

sults in various scientific fields. Studies on applications of

NNs can be divided into two main categories. The first cate-

gory involves data-driven NNs using only information from

the observed data. For example, a number of researcher-

s have discussed the applications of deep learning in fluid

[1,2] and thermal simulations [3], material property predic-

tion [4], system monitoring [5], and structure analysis [6,7].

These studies use a data-driven approach because they ei-

ther lack physics-based models or rely on computational-

ly expensive models. However, such an approach is obvi-

ously inappropriate for mathematical models with explicit

expressions. Thus, a different type of NNs has been devel-

oped, explicitly utilizing information from equations by in-

volving the equations directly in the loss function to be op-

timized. For example, Karpatne et al. [8] conceptualized a

theory-driven data science framework and proposed several

approaches to integrate domain knowledge into loss func-

tions. Raissi et al. [9] proposed physics-informed neural net-

works (PINNs) to solve partial differential equations (PDEs)

by incorporating the constraints of the PDEs into the loss

function. They proved the robustness of PINNs and discussed

both the forward and the inverse problems of PDEs. For oth-

er examples, see references [10–13].

The fractional derivative, an effective and powerful tool

for describing physical systems with long-term memory, has

become popular in mathematics and physics [14,15]. Find-

ing stable and accurate methods of approximating fractional

PDEs (FPDEs) has been the goal of some researchers. In

particular, with the development of NNs for solving clas-

sical PDEs, the use of NNs to solve FPDEs has become a

research hotspot. For example, fractional PINNs (fPINNs)
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[16] can bypass the problem of automatic differentiation not

being applicable to fractional operators; thus, it is possible

to solve space–time fractional advection–diffusion equation-

s and obtain a convergence accuracy of 10−3 to 10−4 by

discretizing the fractional derivative. Subsequently, Rosta-

mi [17] bypassed the difficulty of dealing with the space-

fractional derivative by replacing the solution with a series

expansion. This enabled them to solve high-order linear F-

PDEs with greater accuracy than that achieved with tradi-

tional techniques.

Phase field models have been widely used to study ma-

terial [18], physical [19], and biological systems [20,21].

In particular, phase field models have made great contribu-

tions to the study of coarsening dynamics [22,23], which

is widely observed in material systems. However, there is

an increasing need to study more complex mixtures of ma-

terials, or materials with elastic memory, which results in

significant changes in the scaling dynamics. Classical phase

field models are no longer suitable for studying such anoma-

lous coarsening dynamics; therefore, new models are need-

ed. In recent years, fractional phase field models have at-

tracted much research attention, and many studies have fo-

cused on numerical analysis of time-fractional phase field

models [24]. Based on spectral methods, Antil et al. [25]

analyzed the features and numerical solutions of fractional

phase field models. An efficient finite difference scheme and

a Fourier spectral scheme were developed to solve the non-

local behavior of time-fractional phase field models in [26].

In [27], the authors employed a Petrov–Galerkin spectral

method to discretize the spatial derivative and a stabilized

ADI scheme to discretize the time-fractional derivative; they

proved that the method had spectral accuracy and could deal

with both erroneous boundary effects and sharpening of the

interface at no extra resolution.

An important problem related to time-fractional phase

field models is their inverse problem. The core of the in-

verse problem is the estimation of the unknown parameters

in the model according to the known model and some ob-

served data. Wu et al. [28] proved the Lipschitz stability

and uniqueness of the inverse problem of phase field mod-

els with an inertial term. Stability results concerning the in-

verse problem of determining two time-independent coeffi-

cients with the observation data were presented in [29]. For

other examples, please see references [30,31]. Many works

have focused on the inverse problem of classic phase field

models, but few have considered time-fractional phase field

models. A NNs approach has been applied to several mod-

els. Bandai & Ghezzehei [32] employed PINNs to solve the

inverse problem of the Richardson–Richards equation with-

out initial and boundary conditions, and fPINNs to obtain

the order of fractional derivative and diffusion coefficient of

the space–time fractional advection-diffusion equation from

observations was derived in [16].

In this work, we focus on the applications of fPINNs

for solving forward and inverse problems of time-fractional

phase field models. A systematic study is performed by us-

ing a spectral collocation method to discretize the space di-

rection, in order to accelerate training and enhance accura-

cy. Specifically, the influence of the structure of the spec-

tral collocation method on the numerical results is discussed

systematically. Numerical results based on different num-

bers of spectral collocation points, neurons, and approxi-

mation points are also discussed. For inverse problems, we

solve one-dimensional (1D) and 2D time-fractional phase

field models with fPINNs, present the results, and analyze

the causes of the error. The highlights of our paper are as

follows.

– By using a shallow-layer NNs, the loss function opti-

mization process can be expressed analytically, which

means that simple numerical analyses of these formulas

can be performed.

– With the special structure of loss function, we can make

full use of the data and model information to achieve the

expected results.

– Owing to the combination of fPINNs with a spectral col-

location method, the computational efficiency and the

convergence accuracy are improved.

The rest of the paper is organized as follows. Section 2

presents the time-fractional phase field models. In Section 3,

we develop fPINNs to solve the forward and inverse prob-

lems of the time-fractional phase field models. Several ex-

amples are presented in Section 4 to verify the effectiveness

of fPINNs for both forward and inverse problems. Finally,

some conclusions are discussed in Section 5.

2 Mathematical Model

The general form of the time-fractional phase field model

can be written as [24]:

Dα
t u(x, t) = γgµ, (x, t) ∈ Ω × (0,T ],

µ =−ε2∆u(x, t)+ f (u(x, t)), (x, t) ∈ Ω × (0,T ],
(1)

and the initial boundary conditions are given as

{
u(x,0) = g(x), x ∈ Ω ,

u(x, t) = h(x, t), (x, t) ∈ ∂Ω × (0,T ],
(2)

where γ is a mobility constant. Eq. (1) denotes the time-

fractional Allen–Cahn (AC) equation when g = −1. When

g = ∆ , Eq. (1) represents the time-fractional Cahn–Hilliard

(CH) equation. Here, µ is the chemical potential; and f (·) is

a function satisfying f (u) = F ′(u), where F(u) is a double-

well potential that usually takes the form F(u) = 1
4
(1−u2)2.
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The left-hand side of the first equation is the Caputo frac-

tional derivative of the order α , defined as follows [24]:

Dα
t u(x, t) =

1

Γ (1−α)

∫ t

0

u′(x,τ)

(t − τ)α
dτ, (0 < α < 1), (3)

where Γ (·) is the gamma function. As α → 1, it reduces

to the first derivative. g(x) and h(x, t) are some (sufficient-

ly) known functions, which we set to be the white-box (W-

B) function here. It is worth noting that although periodic

boundary conditions are used as an example in this paper,

the proposed method can also be applied to the Dirichlet

and Neumann boundary conditions. In addition, in order to

satisfy the discrete method [24], we limit the order of α to

(0,1).

3 fPINNs

3.1 Forward problem with fPINNs based on spectral

collocation method

In this subsection, a new fPINNs based on spectral colloca-

tion method is developed to solve the forward problems of

time-fractional phase field models. We consider the forward

problem of this form, as well as the corresponding NNs, as

shown in Fig. 1:

Dα
t u(x, t)+L{u(x, t)}= f (x, t), (x, t) ∈ Ω × (0,T ],

u(x,0) = g(x), x ∈ Ω ,

u(x, t) = h(x, t), (x, t) ∈ ∂Ω × (0,T ],

(4)

where L{u(x, t)}=−ε2∆u(x, t)−u(x, t)+u3(x, t) is a non-

linear operator. Let ũ be the approximated solution of E-

q. (4), and let uNN be an output of the NNs. In this paper,

the second-order fractional backward differential formula

(FBDF) [24] is used to discretize the time-fractional deriva-

tive, and the spectral collocation method is used to deal with

the space direction.

We first divide the interval [0,T ] into K equal subinter-

vals with a time-step of size τ = T/K. Let tn = nτ , un =

u(x, tn), 0 ≤ n ≤ K. Using the FBDF method, we can dis-

cretize the fractional derivative Dα
t u as

[Dα
t u]t=tn = Dα

τ un +Rn, (5)

in which

Dα
τ un =

1

τα

n

∑
j=0

w
(α)
n− j(u

j −u0). (6)

Here, {w
(α)
i , i = 0, ...,n} are coefficients that can be gener-

ated using the following generating function:

w(α)(z) = (
3

2
−2z+

1

2
z2)α =

∞

∑
n=0

w
(α)
n zn. (7)

Then, the expansion of ũ(x, t) by the Lagrange interpolation

polynomials {φk(x)}
N
i=0 at Legendre–Gauss–Lobatto {x j}( j =

0, ...,N) within the given Ω can be written as

ũ(x, t) =
N

∑
k=0

φk(x)c(xk, t), φk(x) =
N

∏
j=0, j 6=k

x−x j

xk −x j

, (8)

where N is the number of spectral collocation points. And

we use the notation ũ(xm, tn) = ∑
N
k=0 φk(xm)c

n
k .

Based on the spectral collocation method and the FBD-

F method, we have the following fully discrete scheme for

Eq. (4):

1

τα

n

∑
s=0

N

∑
k=0

w
(α)
n−s(φk(xm)c

s
k −φk(xm)c

0
k)+L{un

m}= f (xm, tn),

N

∑
k=0

φk(xm)c
0
k = g(xm),

N

∑
k=0

φk(xm)c
n
k = h(xm, tn),

(9)

where

L{un
m}=− ε2∆(

N

∑
k=0

φk(xm)c
n
k)−

N

∑
k=0

φk(xm)c
n
k

+(
N

∑
k=0

φk(xm)c
n
k)

3.

(10)

By using the output of the NNs, uNN(xk, t), to approxi-

mate the coefficients {c(xk, t),k = 0, ..,N}, the explicit ex-

pression of the approximated solution ũ(x, t) is obtained.

Based on the orthogonality of the Lagrange interpolation

polynomials, we can also obtain

ũ(xi, tn) = Σ jc
n
jφ j(xi) = cn

i , j = 0, ...,N, (11)

where cn
i is the value of solution ũ at spectral collocation

point (xi, tn). Thus, we can use a single output uNN to rep-

resent the values of the coefficients c j and the approximated

solution ũ. In addition, compared with the fPINNs, we have

made some changes to the input structure of the approximat-

ed solution and the loss function. Instead of integrating all

the initial boundary conditions into the approximated solu-

tion, only the boundary condition is added to the approxi-

mated solution, and the initial condition is added to the loss

function as a penalty term. This construction is intended not

only to reduce the complexity of the loss function but also to

optimize its direction for corrective purposes. It is advanta-

geous for the network to approximate the distribution of the

true value u(x, t) and improve the generalization accuracy.

With the approximated solution

ũ(x, t) = uNN(x, t) =
N

∑
k=0

uNN(xk, t)φk(x)ρ(x), (12)
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Fig. 1: Schematic of fPINNs based on the spectral collocation method. The structure of the loss function is shown at the top,

and the network optimization process and output are shown at the bottom.

where ρ(x) is pre-selected to satisfy ∑
N
k=0 uNN(xk, t)φk(x)

ρ(x)= h(x, t) when x∈ ∂Ω , the loss function can be defined

as the mean-squared error (MSE) of the equation residual:

L(µ = {w,b}) = MSEequ(µ)+WI ×MSEIVC(µ), (13)

with

MSEequ(µ) =
1

Nequ

Nequ

∑
m=1

(
1

τα

n

∑
s=0

N

∑
k=0

w
(α)
n−s(φk(xm)uNN(xk, ts)

−φk(xm)uNN(xk,0))ρ(xm)− ε2∆(
N

∑
k=0

φk(xm)

uNN(xk, tn))ρ(xm)−
N

∑
k=0

φk(xm)uNN(xk, tn)ρ(xm)

+(
N

∑
k=0

φk(xm)uNN(xk, tn)ρ(xm))
3 − f (xk, tm))

2,

(14)

MSEIVC(µ) =
1

NIVC

NIVC

∑
m=1

(uNN(xm,0)−g(xm))
2. (15)

Here, WI is the initial weight; µ are the hyperparameter-

s of the NNs; and Nequ and NIVC denote training points in

the spatio-temporal domain and initial condition, respective-

ly. Then, the weights and the biases are updated by back-

propagation as follows:

∂L

∂w
(h)
i, j

=
∂L

∂uNN

∂uNN

∂w
(h)
i, j

=
∂MSEequ

∂uNN

∂uNN

∂w
(h)
i, j

+WI ×
∂MSEIVC

∂uNN

∂uNN

∂w
(h)
i, j

,

(16)

∂L

∂b
(h)
i

=
∂L

∂uNN

∂uNN

∂b
(h)
i

=
∂MSEequ

∂uNN

∂uNN

∂b
(h)
i

+WI ×
∂MSEIVC

∂uNN

∂uNN

∂b
(h)
i

.

(17)

Using the gradient descent method, we can update these

weights and biases as follows:

w
(h+1)
i, j = w

(h)
i, j −η1 ·

∂L

∂w
(h)
i, j

, (18)

b
(h+1)
i = b

(h)
i −η2 ·

∂L

∂b
(h)
i

, (19)

where w
(h)
i, j and b

(h)
i are the values of the iterations of wi, j

and bi for h, and we represent their initial values by w
(0)
i, j

and b
(0)
i , respectively. By iterative training, we obtain the
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optimal network parameters and output the required numer-

ical solution. The initialization of weights is among the most

important problem in network design. There are many ways

to determine the initial values of weights, including Gaus-

sian initialization, uniform initialization, and Xavier initial-

ization. In this work, we use Xavier initialization, which not

only ensures that the information flow of each layer satisfies

the same variance but also keeps the activation value and

gradient variance of each layer consistent, thereby enabling

better transmission of the information in the network.

Finally, the forward problem can be simply described as

follows. First, the coefficients c j and the approximated solu-

tion ũ are expressed by the output uNN at the corresponding

points. Then, the loss function is constructed by merging

them into the mathematical model, in which MSEequ is con-

structed by ũ in the form of a spectral collocation expres-

sion and MSEIVC is constructed by the output uNN . Finally,

the loss function of the network is optimized to obtain the

optimal network parameters and output ũ(xtest , ttest). In this

setting, the problem of solving Eq. (4) can be described as

follows:

by [uNN(x0, tn; µ), ...,uNN(xN , tn; µ)]→ [c(x0, tn), ...,c(xN , tn)],

uNN(x, t; µ)→ ũ(x, t),

construct MSEequ by ũ(x, t) =
N

∑
j=0

c(xk, t)φi(x)ρ(x),

MSEIVC by uNN(x, t),

L(µ) = MSEequ +WI ×MSEIVC,

by training {µ}= argmin︸ ︷︷ ︸
µ

(L(µ)) obtain the optimal µ,

such that ||ũ(xtest , ttest)−u(xtest , ttest)||< ς ,

(20)

where ς is the desired error accuracy.

3.2 Inverse problem by fPINNs

In this subsection, we regard the inverse problem as an op-

timization problem and use fPINNs to estimate the order of

fractional derivative α , the mobility constant γ , and the co-

efficient ε .

The unknown parameter vector is denoted by ξ =(α,γ,ε)

∈Θ , where Θ = [Lbα ,Ubα ]× [Lbγ ,Ubγ ]× [Lbε ,Ubε ]. Con-

sidering the inverse problem of the form

Dα
t u(x, t)+Lγ,ε{u(x, t)}= f (x, t), (x, t) ∈ Ω × (0,T ],

u(x,0) = g(x), x ∈ Ω ,

u(x, t) = h(x, t), (x, t) ∈ ∂Ω × (0,T ],

(21)

where Lγ,ε{u(x, t)} = γ∆(−ε2∆u(x, t)− u(x, t)+ u3(x, t)),

and the fPDE parameters α,γ,ε and the solution u(·) are to

be recovered from the initial boundary conditions. As the

inverse problem complicates the loss function by increas-

ing the dimension of the parameter space, we use the same

treatment as in [16] to reduce the complexity. Specifically,

we consider the following transformations for {α,γ,ε}:

α = 0.5 tanh(α0)+0.5 ∈ (0,1),

γ = exp(γ0) ∈ (0,+∞),

ε = exp(ε0) ∈ (0,+∞),

(22)

where {α0,γ0,ε0} are parameters in the transformed param-

eter space.

Instead of discretize the time-fractional derivative and

the space direction at the same time as in the forward prob-

lem, we only discretize the time-fractional derivative by the

FBDF. This is because in the inverse problem the parame-

ters {α0,γ0,ε0} of the model are jointly optimized with the

parameters µ of the network, and we do not set the penalty

term on the parameter directly in the loss function. The NNs

can optimize the loss function to its minimum only when

the relationships between the model parameters, the model

equation, and the label data set are established. If the space

direction also is discretized, as in the forward problem, this

will complicate the relationship and may result in erroneous

network information; this in turn may lead to the model pa-

rameters being optimized in the wrong direction, meaning

we would be unable to obtain the optimal result.

Let ũ(x, t) = uNN(x, t)ρ(x) be the approximated solu-

tion, where ρ(x) is pre-selected to automatically satisfy the

boundary condition. Moreover, the loss function is expressed

in two parts. The loss function LINV for the inverse problem

can be written as

LINV (µ,α0,γ0,ε0)=MSEequ(µ,α0,γ0,ε0)+WI×MSEIVC(µ),

(23)

with

MSEequ(µ,α0,γ0,ε0)

=
1

Nequ

Nequ

∑
m=1

(
1

τ0.5tanh(α0)+0.5

n

∑
s=0

w
(0.5tanh(α0)+0.5)
n−s ρ(xm)

(uNN(xm, ts)−uNN(xm,0))+Lγ0,ε0
(uNN(xm, tn)ρ(xm))

− f (xm, tn))
2,

(24)

MSEIVC(µ) =
1

NIVC

NIVC

∑
m=1

(uNN(xm,0)−g(xm))
2. (25)

Under this construction of the loss function, we can control

the weight WI to intervene the influence of the model and the
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label data set on the parameters estimation to obtain a better

result. There are several ways to set the value of the weight

WI ; these can generally be categorized as adaptive and ar-

tificial methods. Here, we use an artificial method. This is

because although an adaptive method could be used to se-

lect the appropriate weight value based on the physical in-

formation of the NNs, this will increase the complexity of

the network and affect the optimization of the parameters.

A difference between the inverse problem and the for-

ward problem is the optimization object of the NNs. Param-

eters in the model are optimized together with the hyperpa-

rameters µ of the network. After constructing the loss func-

tion, we can minimize it using an appropriate optimization

algorithm, such as the gradient descent method or stochastic

gradient descent method (SGD). The SGD method is very

popular in the field of machine learning (see [33] for more

details). In this work, we use a version of the SGD method

as our optimization algorithm, namely, the Adam optimiz-

er. By optimizing the loss function, the approximated values

of the fractional order α , the mobility constant γ , the coef-

ficient ε , the hyperparameters µ , and the approximated so-

lution of ũ(x, t) are obtained. However, as we do not have

any real model parameters by which to judge the network’s

training parameters, we need to evaluate them indirectly. We

compare the difference between the approximated solution

ũ and the exact solution u at test points (xtest , ttest) to confirm

the accuracy of the estimated parameters when

||ũ(xtest , ttest)−u(xtest , ttest)||
2

||u(xtest , ttest)||2
< ς , (26)

where ς is our required error accuracy. When [26] is satis-

fied, we assume that the network obtains the desired mod-

el parameters, and stop training. The process of the inverse

problem is summarized in Algorithm 1.

Algorithm 1 fPINN algorithm for the inverse problem

1: Build a training set in the inner space and the initial condition

Training data: {(xi
f , t

i)}
Nequ

i=1 ;

Initial condition points: {(xi
IC, t

i)}
NIVC
i=1 ;

2: Specify the test points: {(xi
test , t

i
test)}

Ntest
i=1 ;

3: Set the desired error accuracy ς and the maximum number of iter-

ations N, and transform the parameters;

4: while (
∑

Ntest
i=1 ||ũ(xi

test ,t
i
test )−u(xi

test ,t
i
test )||

2

∑
Ntest
i=1 ||u(xi

test ,t
i
test )||

2
< ς or niter < N) do

5: Construct the NN with initialization network parameters µ and

model parameters α0,ξ0;

6: Specify the loss function LINV as

LINV (µ,α0,γ0,ε0) = MSEequ(xequ, t; µ,α0,γ0,ε0) + WI ×
MSEIVC(xIVC, t; µ);

7: Find the best parameters for minimizing the loss function using

the Adam optimizer

{µ,α0,γ0,ε0}= argmin︸ ︷︷ ︸
µ,α0,γ0,ε0,w,b

(LINV );

8: Give the approximated solution ũ at test points (xi
test , t

i
test).

9: end while

4 Results and Discussion

In this section, several numerical examples are considered

to verify the effectiveness of fPINNs for solving the forward

and inverse problems of time-fractional phase field models.

To evaluate the performance of our method, we consider

the point-wise error
{|u(xi,ti)−ũ(xi,ti)|

2}
1
2

{|u(xi,ti)|2}
1
2

and L2 relative error

at each time step as

{Σi|u(xi, ti)− ũ(xi, ti)|
2}

1
2

{Σi|u(xi, ti)|2}
1
2

, (27)

where ũ denotes the approximated solution, u is the exact so-

lution, and (xi, ti) denotes the i-th test point. We select 1000

space points from the Sobol sequence for each example, and

divide them into training points and test points according to

a ratio of 7 : 3.

We employe Tensorflow for programming to take advan-

tage of its automatic differentiation capability, and used the

Adam and L-BFGS algorithms to optimize the loss function.

We also use Xavier initialization and choose the Sobol se-

quence as the dataset. For the forward problem, the learning

rate, the number of hidden layers, the number of neurons,

the number of iterations, and the active function are fixed to

1×10−3, 1, 6, 104, and tanh(x), respectively. For the inverse

problem, we use the same code as that used for the forward

problem but with four hidden layers with 20 neurons.

4.1 Time-fractional AC equation

Example 1. Considering the following 1D time-fractional

AC equation

Dα
t u(x, t) = ε2∆u+u−u3 + s(x, t), (x, t) ∈ (0,1)× (0,T ],

u(x,0) = g(x), x ∈ (0,1),

u(0, t) = u(1, t), t ∈ (0,T ].

(28)

Here, we fix α = 0.8 and ε = 1, with α0 = 0.7 and ε0 = 0.

Case 1: Considering the smooth fabricated solution (t2+

1)sin(2πx) and the forcing term

s(x, t) =
Γ (3)

Γ (2.2)
t1.2 sin(2πx)+4π2(t2 +1)sin(2πx)

− (t2 +1)sin(2πx)+((t2 +1)sin(2πx))3,

(29)

the approximated solution can be constructed as

ũ(x, t) = uNN(x, t) =
N

∑
k=0

uNN(xk, t)φk(x)sin(2πx). (30)

The loss function can be written as

L(µ) = MSEequ +WI ×MSEIVC, (31)
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where

MSEequ =
1

Nequ

Nequ

∑
k=1

(
1

τα

n

∑
j=0

w
(α)
n− j(

N

∑
i=0

uNN(xi, t j)φi(xk)

sin(2πxk)−uNN(xi,0)φi(xk)sin(2πxk))− ε2∆(
N

∑
i=0

uNN(xi, tn)

φi(xk)sin(2πxk))−
N

∑
i=0

uNN(xi, tn)φi(xk)sin(2πxk)

+(
N

∑
i=0

uNN(xi, tn)φi(xk)sin(2πxk))
3 − s(xk, tn))

2,

(32)

and

MSEIVC =
1

NIVC

NIVC

∑
j=1

(uNN(x j,0)−g(x j))
2. (33)

Then, we can find an approximated solution by optimizing

Fig. 2: NN with one hidden layer, six neurons, and tanh

activation function.

the loss function such that u(x, t) = ũ(x, t). Considering a

shallow neural network of one hidden layer with six neuron-

s and a tanh activation function. There are 14 parameters,

including 12 weights and two biases, which need to be op-

timized by the NN; see Fig. 2. For this shallow network, we

can easily write an expression for c j:

c j = uNN(x j, t)

=
6

∑
k=1

w2,k tanh(w0,kx j +w1,kt)+b1)+b2,
(34)

which offers the possibility of numerical analysis. In addi-

tion, because different NN structures give different results

for different models, we study the effect of the NN approx-

imation error by altering the depth and width of the NN to

optimize error accuracy. The results are shown in Figures

3–5. For each experiment, the code runs 10 times.

Figure 3 shows the point-wise error with different learn-

ing rates and different numbers of approximate points and

basis functions. As shown in Figure 3 (a), for a fixed num-

ber of approximate points and basis functions, similar con-

vergence accuracy is achieved with different learning rates.

This is because the NN is simple in structure and thus re-

quires few optimization parameters; therefore, it does not

need a large number of iterations to achieve the optimal re-

sults. When the network optimization reaches its optimal

value, further iterations will only cause it to fluctuate around

the optimal result and may even lead to over-fitting; they will

not produce real change. That is, our NN does not require a

lower learning rate or larger number of iterations. Next, we

change the number of approximate points and basis func-

tions, and observe the resulting changes in point-wise error.

As shown in Figure 3 (b), we first consider the case where

the number of basis functions and approximate points are

the same. When the number of approximate points and ba-

sis functions are changed from 6 to 8, the point-wise error

changes from 10−4 to 10−5; these results indicate that us-

ing fewer basis functions and approximate points would be

detrimental to the network’s prediction ability, whereas in-

creasing the number can improve prediction ability. How-

ever, when the number of basis functions and approximate

points reach certain values, further increases will not result

in higher accuracy. This limitation is based on the NN ap-

proach taken. As shown in Figure 3 (c), the best point-wise

error is 10−6, which is obtained by choosing 10 approxima-

tions and 12 basis functions. The variation in the loss func-

tion is also shown, in Figure 3 (d) and (e).

In the loss function, the penalty operator WI is added be-

fore the initial condition penalty term, and the coefficient

before the information penalty term of the equation is 1. In

this construction, when WI is greater than 1, the network will

be more inclined to fit the initial boundary conditions; here,

the function of the equation term is to correct the initial con-

dition but not the other time point. Therefore, finding the op-

timal match ratio by adjusting the penalty operator WI in the

loss function is another aspect to consider. We present the

results of our investigation in Figure 4. As shown in the fig-

ure, WI acts as a correction; as WI increases, the error curve

becomes wider, indicating that the global error is decreasing

and the network optimization tends to fit the initial condi-

tion. Although the minimum point-wise error becomes larg-

er, the global error decreases. Moreover, as WI increases, the

error first increase and then decrease. This means that there

is an optimal value of WI under this condition.

Figure 5 shows the influence of different methods of s-

electing collocation points on the point-wise error, that is,

whether uniform points or random points are taken. Tak-

ing points uniformly means dividing the intervals between
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(a) (b)
(c)

(d) (e)

Fig. 3: 1D time-fractional AC equation with the smooth fabricated solution (1+ t2)sin(2πx): effects of numbers of

iterations, approximate points, and basis functions on optimization performance. (a) Point-wise error with different numbers

of iterations. (b) Point-wise error of varying the same number of approximate points and basis functions. (c) Point-wise

error of predicted and exact solutions with 10 approximate points and 12 basis functions. (d) Loss value. (e) Detail of (d).

(a) (b)

Fig. 4: 1D time-fractional AC equation with smooth fabricated solution: effects of penalty parameter WI in the loss function.

(a) Point-wise error of different penalty parameters WI . (b) Loss value.

points equally according to the number of points needed.

Taking points at random means selecting random values in

the interval. We find no great difference in the convergence

accuracy between the two cases. This may be because in a

relatively small area, random and uniform points are used

to cover the whole area do not differ much, resulting in the

same convergence accuracy. However, in a larger space, tak-

ing random points may be advantageous. Moreover, the se-

lection of collocation points must be performed in the whole

space, and the points must cover the whole space; otherwise,

the convergence accuracy will be greatly reduced.

Figure 6 shows the relationship of the number of neurons

and the number of approximate points with the point-wise

error. The relationship of the number of basis functions and

the number of approximate points with the point-wise error

is presented in Figure 7. We also consider the effect of the

structure of the network by changing the depth and width of

the NN; Figure 8 displays the L2 relative error corresponding

to different depths and widths. In each case, the code runs 10

times.

As shown in Figure 6 (a), given a fixed number of ap-

proximate points and varying number of neurons, when the
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(a)
(b)

Fig. 5: 1D time-fractional AC equation with smooth solution: effects of collocation points selection method. (a) Point-wise

error with uniformly selected points. (b) Point-wise error with randomly selected points.

number of neurons is small, the point-wise error is relative-

ly large. The reason is the small number of neurons means

that the generalization ability of the network is weak. Thus,

we can not achieve a high convergence accuracy. With the

increase of number of neurons, the generalization ability of

the network is enhanced; thus, the convergence accuracy im-

proved and optimization is achieved gradually. After the net-

work has been optimized, we continue to increase the num-

ber of neurons. Although the generalization ability of the

network is still increasing, the number of parameters that

need to be optimized increases exponentially, which makes

it difficult for the network to reach its global optimum and

easy for it to fall into local minima. Therefore, increasing the

number of neurons does not always improve the generaliza-

tion ability of a network; there are different optimal numbers

of neurons in different situations. As shown in Figure 6 (c),

the number of different approximate points has similar ef-

fects on the point-wise error. As the number increases from

5 to 40, the error changes from 10−4 to 10−5. This indicates

that there is an optimal number of approximate points under

this condition.

Figure 7 (a) and (b) show the results for different num-

bers of basis functions, from 4 to 20, with fixed number of

approximate points and neurons. When the number of ba-

sis functions is greater than 10, the point-wise error begins

to increase, from 10−5 to 10−2. This result shows that the

number of basis functions has a great influence on the point-

wise error. When more basis functions are selected, more

parameters need to be optimized, which means the optimiza-

tion can easily fall into local minima and we cannot obtain

a good generalization. Moreover, when the number of basis

functions is less than 10, the point-wise error is relatively

stable at a value of 10−5. Further research is needed to de-

termine the optimal number of basis functions. Figure 7 (c)

describes the effect of the number of approximate points on

the point-wise error for a fixed number of basis functions. As

the number of approximate points increases, the point-wise

error tends to decrease at first and then increase. However,

the change in the point-wise error is far smaller than that

caused by the increase of the number of basis functions.

From Figure 8 (a), we can find that the depth of the NN

has an obvious effect on the convergence accuracy when the

width is 6. Moreover, the depth has a greater impact on the

L2 relative error than the width. The difference is not great,

but larger depth leads to worse accuracy. In this example,

the L2 relative error is relatively stable, with only a few os-

cillations. This indicates that there is an optimal pairing re-

lationship between depth and width, which is also closely

related to other conditions, including learning rate, WI , and

the number of training points, approximations, basis func-

tions, and iterations.

Case 2: We consider the non-smooth fabricated solution

u(x, t) = (1+ t2)sin(2πx1.2) and the force term

s(x, t)

=
Γ (3)

Γ (2.2)
t1.2 sin(2πx1.2)+5.76π2x0.4(1+ t2)sin(2πx1.2)

−0.48πx−0.8(1+ t2)cos(2πx1.2)− (1+ t2)sin(2πx1.2)

+((1+ t2)sin(2πx1.2))3.

(35)

Unlike case 1, we consider another form of the hypothetical

solution; this form can also be used in the previous example.

When we do not know whether the exact solution is smooth,

we need to add an unknown parameter to our hypothetical

solution, i.e. u(x, t) = u(x, t)sin(2πcxβ ). The smoothness of

the solution is determined by the expression of the space

vector x in the solution. The expression of the space vector x

inside the network is determined by the network parameter

µ , so no special treatment is required. The space vector x

outside the network should be expressed in a general form

to satisfy all possible solutions. Thus, we add a coefficient c

and a power β to x. Obviously, this increases the difficulty of
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(a) (b) (c)

Fig. 6: 1D time-fractional AC equation with smooth fabricated solution: effects of numbers of neurons and approximate

points on point-wise error. (a) Point-wise error versus neuron number N for a fixed number of approximate points. (b)

Detail of (a). (c) Point-wise error versus approximate points for a fixed number of neurons.

(a)
(b) (c)

Fig. 7: 1D time-fractional AC equation with smooth fabricated solution: effects of numbers of basis functions and

approximate points on point-wise error. (a) Point-wise error versus number of basis function φi for a fixed number of

approximate points. (b) Detail of (a). (c) Point-wise error versus number of approximate points for a fixed number of basis

functions φi.

(a) (b)

Fig. 8: 1D time-fractional AC equation with smooth fabricated solution: effects of NN structure on the error. (a) Point-wise

error versus depth for width 6. (b) Point-wise error versus width for depth 1.

solving such problems by traditional methods, but they are

very easily solved using NNs. Figure 9 gives the results of

solving case 1 and case 2 problems with the above structure.

The results shown in Figure 9 indicate that the assumed

solutions construct in this new way can be used to obtain e-

quations with high convergence accuracy in the case of non-

smooth solutions. We show that they can also deal with the

case where the fabricated solution is smooth. The corrected

results are presented in Figure 9 (c) and (d). However, it is

necessary to find the optimal values of certain parameters,

including the number of neurons, the number of basis func-

tions, and the number of approximate points. Here, we take

the values of these parameters to be 15, 40 and 12, respec-

tively, and obtain a point-wise error of 10−4.
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(a) (b)

(c) (d)

Fig. 9: 1D time-fractional AC equation. (a) Point-wise error of the non-smooth fabricated solution

u(x, t) = (1+ t2)sin(2πx1.2). (b) Detail of (a). (c) Point-wise error of the smooth fabricated solution

u(x, t) = (1+ t2)sin(2πx). (d) Detail of (c).

Example 2. Here, considering the following 2D time-

fractional AC equation:

Dα
t u(x,y, t) = ε2∆u(x,y, t)+u(x,y, t)−u3(x,y, t)+ s(x,y, t),

(x,y, t) ∈ (0,1)2 × (0,T ],

u(x,y,0) = g(x,y), (x,y) ∈ (0,1)2.

(36)

For consistency, we use a periodic boundary condition and

fixed α = 0.8, ε = 1, with α0 = 0.7 and ε0 = 0. With the

fabricated solution (1+t2)sin(2πx)sin(2πy), the force term

s(x,y, t) can be obtained:

Γ (3)

Γ (2.2)
t1.2 sin(2πx)sin(2πy)+8π2(1+ t2)sin(2πx)sin(2πy)

− (1+ t2)sin(2πx)sin(2πy)+((1+ t2)sin(2πx)sin(2πy))3.

(37)

Similar to the 1D case, we construct a NN and define the

loss function as L(µ) = MSEequ +WI ×MSEIVC. To define

the same residual of the network, we consider the 2D La-

grange interpolation polynomials, which have same proper-

ties as in the 1D form.

With the approximated solution

ũ(x,y, t) = uNN(x,y, t)

=
N

∑
i=0

uNN(xi,yi, t)φi(x,y)sin(2πx)sin(2πy),
(38)

we can rewrite the loss function as

L(µ) = MSEequ +WI ×MSEIVC, (39)

where

MSEequ =
1

Nequ

Nequ

∑
k=1

(
1

τα

n

∑
j=0

w
(α)
n− j

N

∑
i=0

u(xi,yi, t j)φi(xk,yk)

sin(2πxk)sin(2πyk)− ε2∆(
N

∑
i=0

u(xi,yi, t j)φi(xk,yk)sin(2πxk)

sin(2πyk))−
N

∑
i=0

u(xi,yi, t j)φi(xk,yk)sin(2πxk)sin(2πyk)+

(
N

∑
i=0

u(xi,yi, t j)φi(xk,yk)sin(2πxk)sin(2πyk))
3 − s(xk,yk, tn))

2,

(40)
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MSEIVC =
1

NIVC

NIVC

∑
j=1

(uNN(x j,y j,0)−g(x j,y j))
2. (41)

We can extrapolate in this way to solve 3D problems.

Table 1 shows the structure and the corresponding pa-

rameters of our NN. The exact solution, prediction, point-

wise error, and the value of loss function are shown in Figure

10. As shown in Figure 10, the 2D time-fractional AC equa-

tion can still obtain a good convergence accuracy, indicating

that our method can effectively deal with multidimensional

time-fractional phase field models.

Table 1: 2D time-fractional AC equation: Neural network,

optimizer and the parameter of fPINNs based on spectral

collocation method.

Approximation points 10

Basis function 12

τ 15

Hidden layer 1

Neurons 6

Activation function tanh

Optimizer Adam + L-BFGS

Learning rate 10−3

We construct the NN by selecting six collocation points

in x and y directions, respectively. Our method can accu-

rately capture the exact solution, demonstrating its effective-

ness for solving the forward problem of 2D time-fractional

AC equations. To solve higher-dimensional problems, the

same code could be used, just changing the form of the ba-

sis function. In addition, we can analyze our error sources

from the following perspectives: sample selection error, ba-

sis function selection error, collocation point selection error,

discrete approximation error, NN approximation error, and

optimization error.

Table 2 shows the performance comparison between f-

PINNs based on spectral collocation method and a high-

efficiency second-order numerical method [24] using dif-

ferent 1/τ . In [24], the FBDF is used to approximate the

time-fractional derivative and the extended scalar auxiliary

variable method is used to deal with the nonlinear terms.

As shown in Table 2, we can observe that our method can

achieve higher error accuracy under larger time division.

Finally, we show the results of inverse problems for 1D

and 2D time-fractional AC equations. Better error accuracy

is obtained by setting the appropriate NN structure. Table 3

gives the estimated results for the two parameters in 1D and

2D time-fractional AC equations with different number of

iterations. As the number of iterations increases, the estima-

tion becomes more accurate. The initial values of the param-

eters are α0 = 0.6 and ε0 = 0.1. The iteration process for the

two parameters generated by the fPINNs is given in Fig. 11.

Across the whole iteration process, the number of iterations

and the convergence of these two parameters are both good;

their estimated values are α̂ = 0.73208 and ε̂ = 0.00058.

These results imply that the fPINNs are effective for solving

the inverse problem of time-fractional AC equations.

4.2 Time-fractional CH equation

Example 3. This example considers the ability of our ap-

proach to handle the time-fractional CH equation, which has

higher-order terms. We start with the 1D time-fractional CH

equation with periodic boundary conditions:

Dα
t u(x, t)− γ∂ 2

x (ε∂ 2
x u(x, t)−u3(x, t)+u(x, t))

= f (x, t), (x, t) ∈ (0,1)× (0,T ],

u(x,0) = g(x), x ∈ (0,1),

u(0, t) = u(1, t), t ∈ (0,T ],

(42)

and fix α = 0.8, γ = 1, and ε = 1, with α0 = 0.7, γ0 = 0, and

ε0 = 0. This equation has one more higher-order differential

term than the time-fractional AC equation. The fabricated

solution u(x, t) = (1+ t2)sin(2πx) is considered, which is

smooth and has a fourth-order differential in the direction of

space.

The corresponding forcing term is

f (x, t) =
Γ (3)

Γ (3−α)
t1.2 sin(2πx)−24π2((1+ t2)sin(2πx))

((1+ t2)cos(2πx))2 −12π2((1+ t2)sin(2πx))3 +16π4(1

+ t2)sin(2πx)sin(2πx)+4π2(1+ t2)sin(2πx).

Then, with the approximated solution as in Eq. (30), the loss

function can be written as follows:

L(µ) = MSEequ +WI ×MSEIVC, (43)

where

MSEequ =
1

Nequ

Nequ

∑
k=1

(
1

τα

n

∑
j=0

w
(α)
n− j(

N

∑
i=0

uNN(xi, t j)φi(xk)sin(2πxk)

−uNN(xi,0)φi(xk)sin(2πxk))−∂ 4
x (

N

∑
i=0

uNN(xi, tn)

φi(xk)sin(2πxk))−∂ 2
x (

N

∑
i=0

uNN(xi, tn)φi(xk)sin(2πxk))
3

+∂ 2
x (

N

∑
i=0

uNN(xi, tn)φi(xk)sin(2πxk))− f (xk, tn))
2,

and

MSEIVC =
1

NIVC

NIVC

∑
j=1

(uNN(x j,0)−g(x j))
2. (44)
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(a) (b)

(c)

(d)

Fig. 10: 2D time-fractional AC equation with smooth solution (1+ t2)sin(2πx)sin(2πy). (a) Exact solution. (b)

Approximation of fPINNs based on spectral collocation method. (c) Point-wise error. (d) Loss value.

(a) (b)

Fig. 11: Inverse problem with smooth fabricated solution. (a) Parameter evolution of 1D time-fractional AC equation. (b)

Parameter evolution of 2D time-fractional AC equation.

We use the Xavier initialization, the Adam algorithm and the

L-BFGS method for optimization, the results are shown in

Figures 11–15.

In Figure 12 (a), the point-wise error is obviously bet-

ter when the learning rate is low compared with when it is

high. This is due to the existence of a high-order differential

term in time-fractional CH model, which is relatively com-

plex in structure and can easily interfere with the ability of

the network to reach an optimal value. Thus, we need to ad-

just the learning rate and the number of iterations to achieve

the optimal value. Furthermore, for the time-fractional CH

model, the convergence accuracy reaches 10−6. Figure 12

(c) shows the effects of changing the same number of ap-

proximate points and basis functions on point-wise error;

these results indicate that the number of approximate points

and basis functions in the time-fractional CH model also has

an important effect on the point-wise error.

Next, the effect of the number of neurons and the num-

ber of approximate points on the point-wise error are consid-

ered. As shown in Figure 13 (a), as the number of neurons

increases from 2 to 6, the point-wise error decreases from

10−4 to 10−6. With the increase of the number of neuron-
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Table 2: Comparison of performance between fPINNs based on spectral collocation method and numerical method in [24]

on time-fractional AC equation with periodic boundary condition for α = 0.8.

1/τ fPINNs based on spectral collocation method numerical method in [24]

L2 error L2 error

10 8.12058e-04 1.7771e-02

20 7.40948e-04 5.3519e-03

40 7.12075e-04 1.4220e-03

Table 3: Identified parameters and the L2 relative error of u for inverse problems of time-fractional AC equation. We set the

number of approximation points to 400 for all cases.

Model True parameters Identified parameters L2 relative error

1D time-fractional AC equation α = 0.8, ε = 1 α̂ = 0.81214, ε̂ = 1.0005 2.81e-4

2D time-fractional AC equation α = 0.8, ε = 1 α̂ = 0.80086, ε̂ = 1.0010 6.93e-4

(a) (b) (c)

Fig. 12: 1D time-fractional CH equation with smooth solution: effect of iterations and the effect of the same number of

approximate points and basis functions on point-wise error. (a) Point-wise error versus learning rate and number of

iterations for fixed numbers of approximate points and basis functions. (b) Detail of (a). (c) Different numbers of

approximate points and basis functions with fixed number of iterations and learning rate.

s, the convergence accuracy is improved slightly. When we

fix the number of neurons and change the number of ap-

proximate points, we find that when the number of approxi-

mate points is too high, the convergence accuracy decreases.

However, regardless of this number, the convergence accu-

racy is 10−6. An increasing number of approximate points

may lead to more parameters to be optimized, whereas the

number of neurons does not increase sufficiently to substan-

tially change the convergence accuracy. These results indi-

cate that there is an optimal match between the number of

neurons and the number of approximate points. They also

show that the convergence accuracy does not depend only

on these two factors.

Similar to the case of the time-fractional AC model, the

number of basis functions is an important factor affecting

the convergence accuracy of the time-fractional CH model.

As shown in Figure 14, when the number of basis functions

increases from 4 to 20, the convergence accuracy presents

obvious wave crest variation, indicating that having too few

or, especially, too many basis functions will have a detrimen-

tal effect on the convergence accuracy. Moreover, too many

basis functions will make the model more complex and in-

crease the number of factors that need to be considered; thus,

the network will not be able to accurately describe the solu-

tion that satisfies all these factors. This makes generalization

less precise. In other words, we need to consider not only

whether the basis functions can represent the whole world

but also whether the network has the required fitting abili-

ty. As shown in Figures 14 (c)–(d), when we fix the num-

ber of basis functions and change the number of approxi-

mate points, we find that the convergence accuracy changes;

however, this is a relatively weak effect compared with that

of the number of basis functions. Thus, when the NN struc-

ture is fixed, the influence of the number of basis functions

is greater than that of the number of approximate points.

We also consider the influence of the NN structure on the

L2 relative error in Figure 15. The convergence accuracy is

between 10−4 and 10−6, that is, it is relatively stable. Note

that the greater the width, the greater the uncertainty, for

training 10 times up to a minimum of 10−7. As shown in
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(a) (b) (c)

Fig. 13: 1D time-fractional CH equation with smooth solution: effects of numbers of neurons and approximate points on

point-wise error. (a) Point-wise error versus neuron number N for a fixed number of approximate points. (b) Detail of (a).

(c) Point-wise error versus number of approximate points for a fixed number of neurons.

(a) (b)

(c) (d)

Fig. 14: 1D time-fractional CH equation with smooth solution: effects of numbers of basis function and approximate points.

(a) Point-wise error versus number of basis functions φi for fixed number of approximate points. (b) Detail of (a). (c)

Point-wise error versus number of approximate points for a fixed number of basis functions. (d) Detail of (c).

Figure 16 (a), as WI increases, the error curve flattens out.

This is also due to the preference of the optimization center

for the initial conditions. These results also show that WI has

an effect on the accuracy of L2 relative error but is not the

main influencing factor.

Example 4. Finally, 2D time-fractional CH equation is

considered,

Dα
t u(x,y, t)− γ∆(ε∆u(x,y, t)+u3(x,y, t)−u(x,y, t))

= f (x,y, t),

(x,y, t) ∈ (0,1)2 × (0,T ],

u(x,y,0) = g(x,y), (x,y) ∈ (0,1)2,

(45)
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(a) (b)

Fig. 15: Effect of NN architecture on the error. (b) Point-wise error versus NN width for depth of 1. (c) Point-wise error

versus NN depth for width of 6.

(a) (b) (c)

Fig. 16: 1D time-fractional CH equation with smooth fabricated solution: effects of penalty parameter τ . (a) Point-wise

error for different τ values. (b) Loss value. (c) Detail of (b).

with periodic condition, and fix α = 0.8, γ = 1, and ε = 1,

with α0 = 0.7, γ0 = 0, and ε0 = 0. We consider the smooth

fabricated solution (1+t2)sin(2πx)sin(2πy), where the cor-

responding force term is:

f (x,y, t) =
Γ (3)

Γ (2.2)
t1.2 sin(2πx)sin(2πy)−64π4(1+ t2)

sin(2πx)sin(2πy)−24π2((1+ t2)sin(2πx)sin(2πy))(((1

+ t2)cos(2πx)sin(2πy))2 +((1+ t2)sin(2πx)cos(2πy))2)

−8π2(1+ t2)sin(2πx)sin(2πy)+24π2((1+ t2)sin(2πx)

sin(2πy))3.

(46)

With the same numerical solution as in Eq. (38), the loss

function can be written as follows:

L(µ) = MSEequ +WI ×MSEIVC, (47)

where

MSEequ =
1

Nequ

Nequ

∑
k=1

(
1

τα

n

∑
j=0

w
(α)
n− j

N

∑
i=0

u(xi,yi, t j)φi(xk,yk)

sin(2πxk)sin(2πyk)−∆(∆(
N

∑
i=0

u(xi,yi, t j)φi(xk,yk)sin(2πxk)

sin(2πyk))+(
N

∑
i=0

u(xi,yi, t j)φi(xk,yk)sin(2πxk)sin(2πyk))
3

−
N

∑
i=0

u(xi,yi, t j)φi(xk,yk)sin(2πxk)sin(2πyk))− f (xk,yk, tn))
2,

(48)

MSEIVC =
1

NIVC

NIVC

∑
j=1

(uNN(x j,y j,0)−g(x j,y j))
2. (49)

Figure 17 shows the exact solutions, predictions, and

point-wise error. In Figure 17 (c), fPINNs based on the spec-

tral collocation method achieves a good convergence accu-

racy of 10−5, indicating that our method is effective for 2D

time-fractional CH equations.
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(a) (b)

(c)

Fig. 17: 2D time-fractional CH equation with smooth solution. (a) Exact solution. (b) Approximation of fPINNs based on

spectral collocation method. (c) Point-wise error.

Table 4: Identified parameters and the L2 relative error of u for inverse problems of time-fractional CH equation. We set the

number of approximation points to 400 for all cases.

Model True parameters Identified parameters L2 relative error

1D time-fractional CH equation α = 0.8,γ = 1,ε = 1 α̂ = 0.80508, γ̂ = 1.03102, ε̂ = 0.97930 1.02e-2

2D time-fractional CH equation α = 0.8,γ = 1,ε = 1 α̂ = 0.78555, γ̂ = 1.00146, ε̂ = 1.16116 7.53e-2

(a) (b)

Fig. 18: Inverse problem with smooth fabricated solution. (a) Parameter evolution of 1D time-fractional CH equation. (b)

Parameter evolution of 2D time-fractional CH equation.

The results of solving the inverse problems of 1D and 2D

time-fractional CH equations are given in Figure 18. Better

results are obtained for the inverse problem of the 1D time-

fractional CH equation. For the three parameters of value

α0 = 0.7, γ0 = 0, and ε0 = 0, we obtain the following esti-

mates: α̂ = 0.70919, γ̂ = 0.03055, and ε̂ =−0.020910. The

similar result is also achieved for the 2D time-fractional CH

equation with an error accuracy of 0.0939, see Table 4.

These results demonstrate that fPINNs can deal with the

inverse problem for time-fractional phase field models and

and has a better ability to deal with the time-fractional AC

equations. The poor results for the inverse problem of the

time-fractional CH equations may have been due to the ex-

istence of higher-order derivatives, which means the loss

function can not be optimized to the global minimum. In

future work, we will further explore this inverse problem

and find a way to deal with high-order derivatives. We will

use meta-learning [34] to tune the hyperparameters of the

NN architecture automatically and consider using different

initialization methods to obtain better results.

Finally, in order to prove the superior generalizability of

this method, we consider two different fabricated solution-
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s. The results are presented in Table 5. Although we need to

adjust the number of network layers and neurons to make the

loss function reach the global minimum, the results demon-

strate that our method can achieve better convergence accu-

racy with L2 relative error of 10−4.

Table 5: fabricated solution of L2 relative error.

Fabricated solution L2 error

(1+ t2)sin2(2πx) 4.248429e−4

(1+ t2)xsin(2πx) 5.414722e−4

5 Conclusion

In this work, we employe fPINNs based on a spectral col-

location method to solve the forward problem and inverse

problem of the time-fractional phase field models. For the

forward problems, we uses the FBDF to approximate the

time-fractional derivative and a spectral collocation method

to discrete the space direction. Combined with the fPINNs,

the numerical solution of the model is obtained. The con-

vergence accuracy of this method is discussed in different

cases. We show that the point-wise error accuracy of this

method is 10−5 to 10−7. For the inverse problems, the f-

PINNs is demonstrated to estimate the order of fractional

derivative α , the mobility constant γ , and the coefficient ε .

Several numerical examples are presented to demonstrate

the effectiveness of our method. In future studies, the given

methods can also be used to other time-fractional equations

in biology and physics.
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