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Abstract To improve the frequency sensitivity of a single 

tuned mass damper (STMD) and solve the accuracy 

problem of multiple tuned mass dampers (MTMD) in 

determining suitable installation location and effective 

number of tuned mass dampers (TMDs), this paper 

combines the construction characteristics of the rocking 

structures and the damping principle of TMDs to form a 

new type of MTMD, i.e., rocking wall tuned mass dampers 

(RW-TMDs). To verify the effectiveness of RW-TMDs, 

Finite element analyses were conducted to systematically 

compare the damping performance of the structure with 

STMD and RW-TMDs under different earthquake 

excitations. The results show that the RW-TMDs with 

different dynamic characteristics not only significantly 

suppress structural dynamic response but also improve the 

frequency sensitivity of TMD, reducing structural damage. 

Besides, the RW-TMDs can also improves structural inter-

story deformation pattern under white noise excitation, 

preventing the occurrence of the layer collapse mechanism. 

Overall, the RW-TMDs exhibit the damping effect of the 

MTMD system and the advantage of rocking structures to 

control inter-story deformation. Therefore, the RW-TMDs 

possess a high potential for practical applications for new 

and existing buildings. 

Keywords Rocking wall tuned mass dampers·  Vibration 

control·  Finite element analysis·  Damping effect·  Energy 

dissipation· effectiveness 

 
1 Introduction 
 

Tuned Mass Damper (TMD), as a typical passive 

control technology, mainly consists of mass, springs, 

viscous dampers, or damping materials incorporated with a 

structural system. When the frequency of the TMD is same 

as or close to the natural frequency of the primary structure, 

the vibration energy of the main structure is transferred 

from the structure to the TMD due to resonance, and then 

the vibration energy is dissipated by the damping element1; 

so that the vibration response of the main structure is 

attenuated and the TMD is also called a "power absorber".  

 Frahm2 first applied this design concept and achieved 

significant shock absorption, and then Yao 3 introduced the 

concept of vibration control to civil engineering in 1972. 

Since then, various control strategies have been proposed 

by scholars, and their effectiveness in structural vibration 

control has been demonstrated. However, for a single tuned 

mass damper (STMD), the researches show that the TMD is 

most effective only when its frequency is close to or 

consistent with the fundamental frequency of the main 

structure 4. When the parameters of the primary systems 

change slightly, the performance of TMDs will be greatly 

affected. It is a so-called off-tuning problem5, which has 

been investigated by researchers, such as, Setareh et al. 6 

and Kerschen et al. 7. In addition, the large mass installed 

on the top of a tall building could result in concerns related 

to construction and building use8. Therefore, multiple tuned 

mass dampers (MTMDs) were developed to improve the 

effectiveness of STMD. Igusa and Xu 9 first proposed 

multi-tuned mass dampers (MTMDs) with distributed 

natural frequencies, and gave a seismic design formulation 

for MTMDs, demonstrating that MTMDs are much more 

robust than STMD. The effectiveness of MTMDs in 

vibration control has been subsequently demonstrated in 

numerous studies, such as those by Yamaguchi and 

Harnpornchai 10, Rana and Soong 11, Li 12, Guo and Chen 13. 

However, as scholars continued to study MTMDs in-depth, 

they also found that the effectiveness of the MTMDs 

mainly depends on the installation position of TMDs and 

effective number of TMDs. 

When utilizing passive control techniques for shock 

absorption design, the optimal position that corresponds to 

the maximum modal amplitude needs to be determined for 

both STMD and MTMDs to install TMDs efficiently. 

Especially for MTMDs, the effectiveness of multi-mode 

control will be suppressed if the TMDs deviate from a 

suitable location. Petit, Loccufier, and Aeyels14 obtained a 

reasonable placement for TMDs based on a maximum shift 

in the structural frequency from the resonance forcing 

frequency. The results show that the damping effect can be 

significantly improved by installing TMDs effectively. Elisa 

and Matsagar 4 also concluded that the performance of 

MTMDs can be improved if they are optimally distributed 

along with the height of the structure. Furthermore, the 

effectiveness of the STMD in vibration control under wind 

and seismic excitation was studied by Elias, Matsagar and 

Datta 15, and the results show that if the STMD is installed 

in accordance with the corresponding modal shape, the 

different modal responses can be effectively controlled. 

Moon8 demonstrated that increasing the number of TMDs 

in the MTMD system can improve the effectiveness of the 
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MTMDs system; But due to the complexity of the structure, 

the optimal number of TMDs in the MTMDs requires 

further study. Although the robustness of the system to 

detuning can be improved by a wider frequency bandwidth, 

the performance of the MTMDs system may be suppressed 

due to the reduction in the total number of effective TMD 

units tuned to the target frequency 10. Therefore, the main 

problem is that the placement of TMDs corresponding to 

the maximum modal amplitudes cannot be determined 

quickly and precisely, due to the random nature of seismic 

excitation, the frequency sensitivity of each TMD in the 

MTMDs, and the complexity of the structural design. In 

addition, a suitable number of TMDs in the MTMDs is 

difficult to precisely determine, for the additional TMDs 

changes the mode shape. If these uncertainties are ignored 

in practical engineering, the TMD will perform poorly due 

to mistuning16. In addition, the number of TMDs required 

for the practical application in MTMDs is generally higher 

than the theoretical number4. Furthermore, Moon also 

showed that the effectiveness loss of MTMDs is minimal if 

they are distributed vertically based on the mode shape 8. In 

summary, for MTMD system, it is clear that the key issues 

are determining the effective number of TMDs and 

installing each TMD in a reasonable position to optimize 

damping effect. Therefore, it is necessary to design a new 

type of MTMDs that can both effectively improve STMD 

frequency sensitivity and conveniently exert the effect of 

multi-modal control. 

Rocking structures are a popular type of vibration 

damping technology with various forms, such as free 

rocking structures, controlled rocking structures, and self-

resetting structures. However, rocking structures, a kind of 

controlled rocking structure, has been rapidly developed 

because of their unique structural advantages. For example, 

self-centering systems can maintain building plumb after 

swing, for the self-weight and residual drifts can be 

effectively eliminated with swing deformation, and inelastic 

deformations can be concentrated in replaceable ductile 

fuses 17. Consequently, Zhou and Lu 18 reported that the 

future development trend of rocking structures will place 

more emphasis on the seismic conceptual design of the 

overall structure, which facilitates multi-modal control of 

sub-structured systems. Besides, compared with the frame, 

the rocking wall generally has greater bending     stiffnes

s due to relax the bottom constraint of the wall, reducing the 

internal force requirement of the wall under earthquake. 

Thus, the rocking wall can be used as an auxiliary part of 

the frame to control the structural deformation mode and 

prevent the concentrated damage of the frame. In addition, 

the effect of damping and self-resetting of rocking 

structures under earthquake excitation has been 

demonstrated by many scholars through theoretical and 

experiments studies, such as those by Roh and Reinhorn 19, 

Vassiliou and Makris20，Wada and Qu21 and Qu et al.22. A 

representative example is a case where the 11-story G3 

building of the University of Tokyo in Japan was reinforced 

with the rocking walls survived a 9.0 magnitude earthquake 
22. However, tuned mass dampers in the form of rocking 

walls have not been reported in the literature. Therefore, to 

better realize multi-mode control of MTMDs, this paper 

integrates the construction characteristics of rocking wall 

structure and the vibration attenuation mechanism of the 

TMD system to propose another form of MTMDs system, 

i.e. rocking wall tuned mass dampers (RW-TMDs). A pair of 

rocking walls were arranged symmetrically along the 

structural height to achieve structural multi-modal control. 

Each side of the rocking wall is connected in parallel with 

the main structure by dampers and springs on each floor. In 

addition, the RW-TMDs proposed in this paper can improve 

the frequency sensitivity of STMD and reduce the difficulty 

in determining control model of MTMDs. Moreover, the 

rocking wall with a bottom hinge can release the bending 

moment at the base of the wall and reduce the load-bearing 

capacity requirements for the wall and foundation. 

Another key issue is that the effectiveness of TMDs is 

mainly dependent on the tuning frequency and optimum 

damping. Joshi and Jangid23 concluded that the optimization 

design of MTMDs system is more effective than the STMD 

system. In addition, Yamaguchi and Harnpornchai10 pointed 

out that compared with the parameter optimization of 

STMD, the robustness and effectiveness of MTMDs cannot 

be achieved simultaneously, i.e., the most effective MTMD 

is not very robust. However, the design formula of the bi-

tuned mass dampers proposed by Ok, Song and Park 24 can 

ensure good effectiveness and robustness under seismic 

excitations. 

Therefore, the intention of the present study is to 

investigate the effectiveness of a TMD in the form of a 

pinned rocking wall. To better exert the damping effect of 

RW-TMDs, with reference to the literature24, the first mode 

was used as the control mode to design the optimized 

parameters, and the optimal frequency ratio is taken to be 1. 

Moreover, the STMD with the same mass ratio (5%) was 

designed by the Den-Hartog design formula to check the 

rationality of the system. Then, the vibration control effects 

of the six-story RC frame structures with STMD or RW-

TMDs under Gaussian white noise and three different 

seismic waves were compared and analyzed by numerical 

simulations. The results show that the RW-TMDs exhibit a 

better and more stable damping performance than that of 

the STMD overall. However, the RW-TMDs are a crossover 

study within two fields of recoverable functional structures 

and passive control. They have the damping effect of the 

MTMDs system and the advantage of rocking structures to 

control inter-story deformation. Therefore, the RW-TMDs 

possess a high potential for practical applications for new 

buildings and buildings in service. 

 

2 Theoretical analysis of the RW-TMDs 
 
2.1 Mathematical models 



 
To simplify the calculations, the following assumptions are 

made. (1) The rocking wall is assumed to be uniform rigid 

body, and the displacement of the RW-TMDs along the 

height of the structure presents an inverted triangular 

distribution. (2) Structural systems are excited by 

unidirectional seismic excitation. (3) The effects of the soil-

structure-interaction (SSI) are not taken into consideration. 

(4) The thickness and length of the RW-TMDs are much 

smaller than the height. The mechanical model is shown in 

Fig. 1. 

The equations of motion that govern the response of the 

structure when subjected to ground excitation can be 

expressed as: 
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1, 2, 6; =
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dm h
i I L ， ; The h is the height of 

rocking wall that equal to the total height of building and hi 

is floor-to-floor height. The 0I and dm are the moment of 

inertia and mass of RW-TMDs. The dik and dic are the 

stiffness and damping of the ith layer of RW-TMDs. The mi, 

ki and ci are the mass, stiffness and damping of the ith layer 

of the RC frame structure. , ,i i ix x x& && are the displacement, 

velocity, and acceleration vectors of the structural relative 

to the ground; dx is the rotation angle of RW-TMDs. 

( )g tu&&  is the acceleration of the input ground motion. In 

addition, the Rayleigh damping is considered as a linear 

combination of mass and stiffness25. 

Writing the above equations in matrix form is expressed 

as:  
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where [M], [K], [C] are the mass matrix, stiffness matrix 

and damping matrix of structure, {I}is the unit matrix; [Kd] 

and [Cd] are the stiffness matrix and damping matrix of the 

RW-TMDs and they are expressed as follow: 
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where   is the vector matrix of structural eigenvector; 

and   1 2 3 4 5 6
( ) ( ) , ( ) , ( ) , ( ) , ( ) , ( )

T

q t t t t t t tq q q q q q  

is the column vector of generalized coordinates. 

Assuming that the stiffness and damping of the each 

RW-TMD are same to design and construct conveniently, 

that is 
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= = = = =
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Substituting the Eq (7) into the Eqs (5)-(6) gets the 

following express:  
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In the generalized coordinates, the multi-degree-of- 

freedom equations in Eq (8) are mutually independent, 

and the jth equation is as follow. 
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mode-participation coefficient of jth mode. 
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   is the generalized mass of jth mode. 

ij is the mode vector of ith element in jth mode. 

When structural seismic response is controlled by a

certain mode (jth mode), only the influence of jth    

mode on the TMD system is considered, and the Eq 

(9) can be written as follow: 
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The transfer function expression of the structure can

 be obtained by substituting them into Eq (10)-(11). 
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and the represents frequency of external excitation. 

 

Fig. 1 Calculation model of the RW-TMDs. 

Since the value of the frequency, damping ratio, mass, 

and mode shape have an effect on the transfer function, as 

shown in Eqs (12)-(13), Yamaguchi and Harnpornchai 10 

pointed out that to improve the energy dissipation capacity 

and the vibration control effect of TMDs, it is necessary to 

adjust the frequency of TMDs to match the structural 

natural frequency and select the appropriate number of 

TMDs. However, Domizio, Ambrosini and Curadelli26 

found that adding TMDs would be ineffective if the 

frequency content of the earthquake differs from the 

frequency of the fundamental mode. Therefore, to verify the 



effectiveness of RW-TMDs, the frequency ratio (
d

j

j

f



 ) 

is taken as 1 in this paper, and the specific parameter design 

is shown in the following section. 

 

2.2 Designing the RW-TMDs 

 
The theoretical analysis of the RW-TMDs shows that the 

parameter design is very important to its effectiveness. In 

this paper, the structural maximum displacement is selected 

as the design target, and two RW-TMDs with different 

dynamic characteristics are arranged along with the 

building height. For convenience, the following 

assumptions are made: (1) The first modal frequency of the 

structure is selected as the controlled frequency; (2) The 

bandwidth does not cross other structural frequencies; (3) 

The RW-TMDs has the same mass. The RC frame structure 

model (as show in Fig. 2) is a six-story frame and the RW-

TMDs are symmetrically distributed along the x-direction 

of the structure. Therefore, referring to the parameter design 

of the MTMDs in the literature 12,27, the average frequency 

of two RW-TMDs is 1 2=
2

d d
D

   
 (14), where 

1d  and 2d   are the frequency of the first and second 

RW-TMD. The parameter  is the nondimensional 

frequency bandwidth of the RW-TMDs defined as 

2 1= d d
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each TMD is expressed as 
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where gd  denotes the frequency of the gth RW-

TMDs，and s  is the first mode frequency. The damping 

ratio of the gth RW-TMDs is d g Dd g
f    (18), 

where 
1

( ) /
n

D d g

g

n  


   is the average damping ratio of 

two RW-TMDs. Therefore, the stiffness and damping 

coefficients of the gth RW-TMDs can be calculated. 

In addition, Hwang, Lee and Kareem 28 showed that 

only the first mode mass of the structure is used for the 

design of TMDs, regardless of the mass of the other modes 

if the frequency of the TMD is tuned to the first modal 

frequency of the primary structure. Besides, Tharwatand 

Sakr 29 and Matta 30 had shown that the effectiveness of 

MTMDs improves with increasing mass ratio. Therefore, 

the total mass of RW-TMDs has been considered to be 5% 

of the first modal mass of structure ( sm =294.63x103 kg). In 

addition, to verify the effectiveness of the RW-TMDs, a 

STMD with the same mass ratio was designed for 

comparative analysis. The optimal frequency ratio is taken 

to be 1, i.e., / =1d g sf   .However, many studies have 

shown that the most effective MTMD is not very robust. 

Therefore, to verify the effectiveness of RW-TMDs, the 

optimized parameters given in reference24 with better 

robustness and effectiveness are selected. The damping 

ratio of the first RW-TMD is 0.3386

1
0.2623 =0.0951

rw

d    ;the 

damping ratio of the second RW-TMD is 

0.46

2
0.4054 =0.1022

rw

d    ; and the damping ratio of the 

STMD is 3
=0.1336

8(1 )

tmd

opt




 


. 

Therefore, Table 1 shows the design parameters of the 

TMDs system. 

Table 1 Properties of tuned mass dampers. 

 Mass(kg) 
Stiffness 

(kN/m) 

Damping 

(kN.s/m) 

RW-TMDs 
TMDd-1 7365.75 3448.029 1.516 

TMDd-2 7365.75 3448.029 1.629 

STMD TMD 14731.50 6896.058 4.259 

Each RW-TMD is connected in parallel to the main 

structure by six pairs identical springs and dampers. 

Therefore, compared to the STMD, the RW-TMDs can 

disperse the total stiffness and damping to each small 

member, which can prevent the failure of a certain 

component from overall mistuning of the TMDs system. 

Therefore, the springs and dampers of the first and second 

RW-TMD are 287.3358kN/m & 0.1263 kN.s/m and 

287.3358kN/m & 0.1358 kN.s/m, respectively. 

 

2.3 Dimension design of the RW-TMDs 

 
It was found that the stiffness of the rocking wall plays a 

controlling role on the structural deformation mode.  

Based on the results of steel structures studied by MacRae 

et al.31, Qu32 gave an expression for the stiffness coefficient 

( ) to measure the relative stiffness of the rocking wall in 

the rocking wall- frame structure. 

3
=

f

EI

kh
  (19) 

where, EI is the flexural stiffness of the rocking wall 

section; k  is the layer shear stiffness of the frame 



structure; and 
fh is the story height. However, there are 

significant difference in the characteristics of steel and RC 

frame structures. Therefore, Yang et al.33 defined the 

stiffness ratio (as expressed in Eq. (20) of rocking wall to 

frame structure with reference to the stiffness ratio of frame 

and shear wall in shear wall-frame system and the definition 

of stiffness eigenvalues. 

2

f

E I

G h
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where, E I  is the flexural stiffness of the rocking wall 

section;   is the stiffness ratio of rocking wall to frame; 

h is the total height of the structure;  
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where, iD is the shear stiffness of the ith layer calculated 

using the D-value method. ih is the height of the ith layer; 

n is the number of structural layers. 
Yang et al. 33 reported that the structure has various 

failure mode and failure mechanisms at different stiffness 

ratios (1.27%, 2.48% and 6.81%). Chen and Huang 34 

suggested there are an upper bound of mass ratio (15%) for 

the TMDs. Because the rocking wall under the stiffness 

ratio of 2.48% begins to change the failure mechanism of 

the frame structure, gradually changing from the layer 

failure mechanism to the overall failure mechanism. 

Therefore, the stiffness ratio of 2.48% is used as an index to 

design the size of rocking wall that is 

300mmx1800mmx18000mm. To verify the effectiveness of 

the RW-TMDs, a finite element analysis (FEA) was carried 

out in the next chapter. 

 

3 Finite element analysis of the RW-TMDs 
 
According to the parameter design in Section 2.2 and 2.3, 

six-story RC frame structures with and without TMDs were 

established in the present study by the finite element 

analysis software ABAQUS.  

The structural model is a two-span, six-story 

symmetrical frame structure that is regular in plane and 

elevation. The floor dimension is 8000 mm × 8000 mm, the 

floor-to-floor height is 3000 mm, and the thickness of the 

floor slab is 120 mm. The cross-sectional size of the column 

and beam are 600mmx600mm and 300mmx600mm, 

respectively. While the size of the rocking walls is 

300mmx1800mmx18000mm, as shown in Fig. 2(a-b). The 

types of rebar and stirrup are HRB335 and HPB300, 

respectively. The density and modulus of elasticity (Ec) of 

concrete are assumed to be 2500 kg/m3 and 2.98x1010N/m2, 

respectively. The RW-TMDs set along with the height of the 

structure as shown in Fig. 2(c), while STMD is put on the 

roof of the structure as shown in Fig. 2(d). The plastic 

damage model was adopted for concrete, and ideal 

elastoplastic constitutive relationship was used for rebar. 

The concrete and steel reinforcement were simulated with 

solid elements (C3D8R) and truss elements (T3D2), 

respectively. The interaction between the steel 

reinforcement and the concrete was embedded, regardless 

of the slip between them. To verify the effectiveness of the 

RW-TMDs, a STMD was designed according to the same 

mass ratio, and the RW-TMDs and the STMD were 

simulated with solid elements (C3D8R). 

3.1 Difficulties in designing the RW-TMDs 

 
The good damping effect of rocking wall-frame structure 

has been proved by many scholars. In the actual engineering 

design, the bottom of rocking wall connects with the ground 

beam through certain connector, and then the rocking wall 

  

Fig. 2 Configuration of the frame model with RW-TMDs  (unit: mm). (a) Elevation; (b) floor plan; and (c)-(d) 

finite element analytical model of RW-TMDs and STMD. 



connects with the frame columns via metal yield-type 

dampers. The reason is that the rocking wall can increase 

relative displacement of certain parts when swaying occurs 

under external excitation, which provides the possibility to 

install energy-consuming components and increase 

structural energy consumption. However, many studies have 

shown that there are two difficulties in the design of rocking 

wall structures. one is the hinged connection at the bottom 

of the rocking wall, and the other is the connection member 

between the rocking wall and the frame structure. There 

have been many ways to design the hinged connection of 

the rocking wall and Nie et al 35 also designed a hinged 

support in the shaking table test to convenient disassembly. 

Besides, the damping principle of the TMD needs to be 

considered in the design of the RW-TMDs, for the vibration 

of the TMD system is driven by the main structure under 

external excitation. Therefore, a hinged base was made for 

the rocking wall and then connected to the bottom steel 

beam of the frame structure in literature35. In this way, the 

vibration of the main structure can drive the vibration of the 

auxiliary structure, so that the effect of out-of-phase 

vibration effectively improved. Correspondingly, in the 

FEA, the acceleration peaks of the three seismic waves (EL 

Centro wave, Taft wave and Artificial wave) were directly 

applied to the sections of all columns at the bottom of the 

frame structure except the rocking wall, but the bottom of 

the RW-TMDs need to be set as hinged connection. 

Another design difficulty in the RW-TMDs is the 

connection between the rocking wall and the frame 

structure. Therefore, in the FEA, the main structure and the 

substructure are connected via a translator that regards as 

the spring-damper element in finite element software 

ABAQUS. Moreover, only linear stiffness and damping are 

considered in the parameter design of translator. And since 

the seismic excitation is unidirectional, the corresponding 

stiffness and damping coefficients of translator (reference to 

section 2.1) were only set in the direction of the seismic 

excitation. The translator connected with the frame through 

small steel (100mmx100mmx 600mm) that connected with 

frame beam via tie constraint to simulate the effect of 

embedded parts in the actual engineering field. Then, the 

reference point 1 (as shown in Fig. 3) that coupled with the 

small steel connected with reference point 2 that located at 

the height of each layer in rocking wall through a translator. 

Besides, it is necessary to ensure the reference point 1 and 

the reference point 2 at the same height to avoid the damage 

to the connectors caused by misaligned connection. 

For convenience, the uncontrolled structures mentioned 

below are abbreviated as F model, and the structures with 

the STMD and RW-TMDs are abbreviated as FT model and 

FR model, respectively. 

 

 

Fig. 3 Finite element model of RW-TMDs connector. 

 
3.2 Modal analysis 

 
In this paper, the modal analysis of the six-layer RC frame 

structure was performed through the subspace iterative 

method. Besides, Au-Yeung et al36 reported that the 

distribution of vibration energy is mostly within structural 

first few low frequency resonant modes. To demonstrate the 

multi-modal control effect of RW-TMDs, the first three 

modes are selected for analysis, as shown in Table 2. 

 

Table 2 Comparative analysis of the first three modal  

frequencies of the structures 

Mode No F model FR 

model 

FT 

model 
( )f FRR % ( )f FTR % 

First 3.4435 3.5747 2.9143 -3.81 15.37 

Second 3.4436 4.3441 3.2762 -26.15 4.86 

Third 4.2333 4.7689 4.0530 -12.65 4.26 

 

 

Fig. 4 The first three frequencies of controlled and 

uncontrolled structures. 



In addition, the shift in the frequency (Rf) is defined to 

demonstrate the influence of the damping system on the 

structural vibration frequency, that is  

(1 ) 100%i

f

si

f
R

f
   1i to n  (22) 

where 
si

f and 
i

f are the vibration frequencies of the 

uncontrolled and controlled structures, respectively.  

Table 2 shows that the fR  value of the first modal 

frequency of the STMD system (15.37%) is larger than that 

of the RW-TMDs system (3.81%), which is consistent with 

the expected results. To intuitively demonstrate the 

frequency offset of the first three modes, the frequency 

comparison between the controlled and uncontrolled 

structures is shown in Fig. 4. In addition, Table 2 shows that 

the fR values of the second and third modes of the FR 

model and FT model are -26.15% & 4.86% and -12.65% & 

4.26% respectively. Consequently, the control effect of 

STMD is significant for the first mode, while the RW-

TMDs system has the advantage of multi-mode control, 

especially for the second mode, which is consistent with the 

phenomenon observed in literature 37,38. Therefore, to 

further investigate the effectiveness of RW-TMDs, a 

comparative analysis of the damping effect of the controlled 

structure under seismic wave excitations will be performed. 

 

3.3 Vibration-reduction performance under Gauss white 

noise excitation 

 
To verify the effectiveness of the RW-TMDs, the controlled 

and uncontrolled structures were subjected to broadband 

white noise wave. White noise is one of the general types of 

vibration testing services performed for the structure. Fig. 5 

(a-d) shows the time history of white noise excitation with 

PGA=0.05g, the frequency response curve (FRC) at the top 

floor, the first two peaks on the FRC, and the maximal 

lateral displacement of the controlled and uncontrolled 

structures. The effectiveness index of RW-TMDs is defined 

as the peak of the FRC, while the smaller peak value 

characterizes better vibration control. 

Fig. 5 (b-c) shows that the peak value of FRC decreases 

significantly compared with uncontrolled structure, 

indicating the effectiveness of the controlled structure. 

Furthermore, Fig. 5 (b) shows that the maximum peak of 

the controlled structure appears near the fundamental 

frequency of the structure, while the frequency 

corresponding to the first peak of the FR model becomes 

larger, consistent with the results of modal analysis. This is 

mainly because the RW-TMDs laying along the height of 

the structure have the effect of multi-modal control and 

multiple TMDs change the dynamic characteristics of the 

main structure, widening the tuning frequency range of the 

  

(a)Time history excitation (b) Frequency response curve 

 
 

(c) Maximum peak of the frequency response curve         (d) Maximum lateral displacement 

Fig. 5 Response of the controlled structures and uncontrolled structure under white noise 



TMDs system. Compared with the F model, the first-peak 

reduction rates of the FR model and FT model are 25.85% 

and 23.66%, respectively, as shown in Fig. 5(c). While the 

second-peak reduction rates of the FR model and FT model 

are 33.17% and 36.96%, respectively, indicating that RW-

TMDs are more effective and have comparable vibration 

control effects with STMD under broadband white noise 

excitation. In addition, Fig. 5(d) shows that the damping 

effect improved with the height increased under white noise,  

and the maximum lateral displacement of the FR model is 

significantly lower than that of the FT model, 

demonstrating the effectiveness of the multi-modal control 

of the RW-TMDs. Moreover, the trend of inter-story 

displacement of the FR model is more uniform than that of 

the F model and FT model. Conversely, the F model and FT 

model present typical shear deformation characteristics of 

frame structure whose deformation exhibit a concave shape. 

Therefore, this reflects the advantages of the rocking wall 

structure system that improves the inter-story deformation 

pattern, making the inter-story displacement tend to be 

uniform and then preventing the occurrence of the layer 

collapse mechanism. These advantages have been proven 

by many researchers such as Qu et al.22.  

Overall, it can be concluded that the RW-TMDs have a 

significant contribution in decreasing the vibration response 

of the structure under white noise. A great number of 

studies have shown that the effectiveness of the TMDs 

system is greatly affected by the characteristics of seismic 

waves, but white noise excitation is not the actual seismic 

excitation. Therefore, to better verify the effectiveness of 

the RW-TMDs, three different characteristics of seismic 

excitation are selected for the controlled and uncontrolled 

structures in the later part of this study. 

 

3.4 Vibration-reduction performance under different 

seismic waves 

 
To further prove the seismic performance of RW-TMDs 

under realistic earthquakes excitations, the structure was 

subjected to EL Centro, Taft, and Artificial ground 

accelerations (as shown in Fig. 6(a)-(c)), which were 

adjusted according to precautionary earthquakes with 

seismic intensities of 7 degrees (0.1g) and 8 degrees (0.2g) 

of the Chinese design code39, while the spectrum 

components of three seismic waves were sufficient for this 

study 40, as shown in Fig. 6(d). A maximum deviation of the 

average spectrum of three records from the target spectrum 

was imposed within 10% in the period range of interest41. 

  

(a) EL Centro wave (b) Taft wave 

  

(c) Artifical wave (d)  Response spectrum of the input ground motions 

Fig. 6 Accelerations and response spectrum of input waves 



 

The peak and root mean square (RMS) of the three 

models are compared and analyzed under three seismic 

wave excitations. Compared with the peak that reflects the 

response at a certain moment, the RMS can characterize the 

response over the whole period. Therefore, the RMS and 

peak of acceleration and relative displacement are used to 

characterize the damping effect of controlled and 

uncontrolled structures. The RMS is calculated by the 

following equation.  

2

1

1 n

i

i

RMS x
n 

   (23) 

where
i

x represents the response of the corresponding 

sampling point during the whole analysis; and n is the total 

number of sampling points. The definition of the vibration 

reduction effect is as follows: vibration reduction effect = 

(response of the uncontrolled structure  response of the 

controlled structure)/(response of the uncontrolled 

structure)×100%. That is 

) /( Fi FF
R a a a   (24) 

where Fa and Fia  refer to the peak or root-mean-square 

values of the acceleration or relative displacement on the 

top floor of the uncontrolled structure and controlled 

structure, respectively; 
FRR and

FTR  represent the reduction 

effects of the FR model and FT model, respectively.  

 
 

3.4.1 Vibration-reduction effect of the acceleration 

 
The acceleration is an indicator of the structural energy 

attenuation and can be used to evaluate the damage degree 

of the structure. Therefore, the damping effects of the three 

models under different seismic wave excitations are 

compared and analyzed. 

Table 3 lists the peak and RMS values of acceleration 

responses at the roof of the three models in different cases. 

The results show that the controlled structures can reduce 

the peak values and RMS of acceleration of the primary 

structure in all cases. For example, the FR model show a 

favorable and stable peak and RMS reduction effect (9%-

35% and 14%-31%) under three seismic waves with two 

PGAs; Similarly, the peak and RMS reduction effect of FT 

model are 5%-24% and 11%-18% in the same cases, which 

suggests that the RW-TMDs have a better and more stable 

damping performance than that of the STMD. In addition, 

the reduction effects were favorable, especially under the 

EL Centro waves; For FR model, the FR
R  of peak and 

RMS of acceleration increased from 20.79% and 30.69% to 

34.27% and 24.78% (marked in bold), respectively, with the 

increase of seismic wave intensities. Moreover, it is also 

observed that the damping effect of the controlled structure 

becomes increasingly obvious with increasing seismic 

intensity under other seismic excitations. These findings 

coincide with those found in previous studies42 in which the 

effectiveness of the TMDs is significant with an increase in 

PGAs.  

Table 3 Acceleration responses at the roof of the structure. 

Seismic input EL Centro Taft Artifical wave 

Acceleration 
Peak 

(mm/s2) 

RMS 

(mm/s2) 

Peak 

(mm/s2) 

RMS 

(mm/s2) 

Peak 

(mm/s2) 

RMS 

(mm/s2) 

0.1g 

F model 3.42 0.69 3.75 0.54 3.84 0.64 

FR model 2.71 0.48 3.38 0.46 3.13 0.45 

FT model 3.10 0.62 3.52 0.45 3.33 0.55 

FR
R (%) 20.79 30.69 9.72 14.52 18.53 30.66 

FT
R (%) 9.34 11.05 5.96 15.72 13.50 15.05 

0.2g 

F model 4.81 0.64 4.43 0.57 5.15 0.64 

FR model 3.16 0.48 3.81 0.46 3.79 0.48 

FT model 3.69 0.53 4.09 0.50 4.22 0.55 

FR
R (%) 34.27 24.78 13.95 19.52 26.33 24.81 

FT
R (%) 23.38 17.83 7.67 12.65 18.00 14.67 



This is because the seismic damping mechanism is similar 

for the TMD system and the RW-TMDs proposed in this 

paper. That is, when the structure vibrates due to an 

earthquake excitation, a force will be generated to act on the 

TMDs system to drive the TMDs to move. Correspondingly, 

the TMDs with a large inertia effect will produce the 

reverse motion with respect to the structure, and then the 

inertia force will act on the main structure, thereby 

suppressing the vibration of the structure. Moreover, with 

increasing earthquake intensity, the inertial force becomes 

larger, and the vibration response of the main structure can 

be significantly suppressed. 

 

3.4.2 Vibration-reduction effect of the displacement 

 

Similar to the acceleration response, the Fa and Fia of the 

relative displacement under different seismic waves are 

shown in Table 4. The results show that compared with the 

uncontrolled structure, the controlled structure transfers part 

of the structural input energy to the TMDs system for     

dispersion, greatly reducing the peak and RMS value of 

relative displacement. In particular, under EL Centro wave 

excitation with PGA=0.2g, the FR model and FT model 

have obvious reduction effect of peak value (51.91% and 

32.42%) compared to the F model. Moreover, the reduction 

rate of the RMS value is also notable, reaching 63.83% and 

37.75%, respectively, demonstrating the effectiveness of 

RW-TMDs over the whole period.  

In addition, the type of input seismic wave has a great 

influence on the damping performance of the TMD. For 

example, under Artificial wave excitation with PGA=0.1g, 

the FR and FT models exhibit obvious peak reduction rates 

of 34.69% and 27.89%, respectively. However, as the 

seismic intensity increases, the peak reduction ratio under 

EL Centro excitation is more remarkable, i.e., from 31.48% 

to 51.91% for the FR model and from 21.09% to 32.42% 

for the FT model, which is consistent with the found in 

acceleration response. The reason is that the movement of 

the TMD system exists time-lag effects under seismic 

excitation. If the seismic excitation is small, the relative 

displacement between the TMD system and the main 

structure is insufficient, and then the force generated by the 

TMD system on the main structure is relatively small, thus 

the damping effect is not fully displayed. However, as the 

input seismic energy increases, the damping effect of TMD 

system is more significant. 

It is interesting to note that the peak response of the FR 

model is significantly suppressed under Artificial wave 

excitation with different PGAs which is important for 

characterizing the effectiveness of the RW-TMDs. However, 

the 
FRR value of RMS (24.41% and 33.61%) are slightly 

lower than that of the
FTR  value of RMS (33.35% and 

42.60%) under two PGAs. This is mainly because the 

responses of the first mode were largest, while STMD was 

suspended on top of the structure, so the RMS value could 

be suppressed to a large degree over the entire time course. 

In addition, the vibration of dampers lagged behind the 

primary structure in general, while each RW-TMD was 

connected in parallel with the primary structure by six pairs 

springs and dampers, increasing the time lag of each TMD 

in the FR model. 

Table 4 Relative displacement responses at the roof of the structure. 

Seismic input EL Centro Taft Artifical wave 

 
Peak 

(mm) 

RMS 

(mm) 

Peak 

(mm) 

RMS 

(mm) 

Peak 

(mm) 

RMS 

(mm) 

0.1g 

F model 9.02 3.25 9.70 3.76 11.53 4.10 

FR model 6.18 2.48 8.22 2.60 7.53 3.10 

FT model 7.12 2.20 8.55 3.00 8.31 2.73 

FR
R (%) 31.48 23.87 15.18 30.76 34.69 24.41 

FT
R (%) 21.09 32.36 11.84 20.20 27.89 33.35 

0.2g 

F model 22.22 8.23 22.90 8.08 24.01 9.68 

FR model 10.69 2.98 17.02 5.64 14.35 6.43 

FT model 15.02 5.12 18.15 5.94 17.04 5.56 

FR
R (%) 51.91 63.83 25.67 30.25 40.26 33.61 

FT
R (%) 32.42 37.75 20.74 26.57 29.05 42.60 



Therefore, compared with the reduction rate of 

acceleration response in Section 3.4.1, the control effect on 

the structural relative displacement response is better than 

the acceleration response. In addition, the parameter design 

of the TMD system is based on the minimum displacement, 

and the frequency of the TMD system is adjusted to the first 

modal frequency of the structure. Thus, the following 

analysis is mainly based on the displacement response. 

 

3.5 Comparative analysis of power in band  

 
The effectiveness of the RW-TMDs has been demonstrated 

in the time domain based on the peak and RMS values. In 

reference to the concept of power in band (PWB) used in 

the literature 43, this paper further demonstrates the validity 

of RW-TMDs in the frequency domain. To facilitate 

understanding, its definition and formula are given as 

follows. The power in band (PWB) is a measure of the total 

power of the signal (response history) for a given frequency 

range (f1− f2) defined by the following formula: 

 
2

1

2

=

f

f

MS

PWB
ENBW


 

(25) 

where MS is the Fourier amplitude spectrum, and ENBW is 

the effective noise bandwidth. 

To simplify the calculation, the rectangular window is 

considered and ENBW = 1. Therefore, Eq. (25) can be 

written as shown in Eq. (26). 

   2 2

00

= ( )
n

T f

PWB f t dt MS  (26) 

where T is the total duration of the time history, and fn is 

Nyquist’s frequency. 
When performing Fourier analysis on seismic waves, 

the components above the Nyquist frequency are 

undetectable, so the Nyquist frequency is generally chosen 

as the upper limit. Therefore, the equation is given as 

follow:
t

f



2

1  (27), where Δt is the sampling interval of 

seismic waves. 

The time interval of the seismic excitation in this article 

is 0.02 s, and then the Nyquist frequency can be obtained as 

25 Hz. Therefore, to compare and analyze the effectiveness 

of the controlled structure, MATLAB software is used to 

calculate the PWB of the relative displacements on the top 

layer of the controlled structure and the uncontrolled 

structure under three different seismic excitations. The 

results are shown in Fig. 7. The PWB ratio of the relative 

displacement time history response of the FR model or FT 

model versus the F model under different waves is 

represented by P. Therefore, PFR0.1g and PFR0.2g represent 

the PWB ratio of the FR model to the F model under 

PGA=0.1g and 0.2g, while the PFT0.1g and PFT0.2g 

represent the PWB ratio of the FT model to the F model 

under PGA=0.1g and 0.2g. When P = 1, the added damping 

system has no effect on the response control of the structure. 

Conversely, the smaller the P-value, the better the 

effectiveness of the TMD system is. 

Fig.7 shows that the controlled structure has a better 

damping effect than the uncontrolled structure. The P-value 

decreases with increasing input seismic intensity, further 

illustrating the effectiveness of the controlled structure. In 

particular, under EL Centro and Artificial wave excitations 

with PGA=0.2 g , the FR model and FT model reach 

maximum reduction rates of 87.53% and 72.02%. Moreover, 

the P-value of the FR model is larger than that of the FT 

model under Artificial wave excitation, which is consistent 

with the results of the reduction rate analysis of the RMS in 

the time domain. 

Therefore, the comparative analysis in the time and 

frequency domains proves the effectiveness of the RW-

TMDs, while the RW-TMDs exhibit more stable damping 

effects compared to that of the STMDs overall. 

 

Fig. 7 Power in band ratio for relative displacement 

response. 

3.6 Comparative analysis of damping energy dissipation 

 
Putignano and Carbone44 reported that the assessment of 

energy dissipation and losses, in all their different forms, 

including, for example, friction, phase transitions, material 

hysteresis, is crucial in current applied science and 

engineering research. Besides, many studies have shown 

that the structures with TMDs can improve the capacity of 

damping energy dissipation, so the controlled structure 

consumes more damping energy than the uncontrolled 

structure 45. According to the law of conservation of energy, 

energy does not disappear for no reason but can be 

transformed from one form to another. Therefore, when 

earthquake excitations with identical intensity and duration, 

the increase in the damping energy dissipation of the 

controlled structure will inevitably change the structural 

energy component; That is, the other energy components of 

the structure will be reduced, like the plastic energy. The 

reason is that compared to uncontrolled structures, the 

controlled structure with TMDs can store part of the input 

energy in the TMD, delay the energy release at the critical 



state, and subsequently release the stored energy in the form 

of damped energy dissipation, reducing the plastic energy46. 

While the magnitude of plastic energy dissipation is directly 

related to the damage degree of the structure, so the TMD 

system can effectively reduce the structural damage degree. 

 As reported by Lu et al. 47, the damping effects of the 

TMD are mainly related to the frequency characteristics of 

excitation. Therefore, a comparative analysis of the 

controlled and uncontrolled structures under Gaussian white 

noise is conducted to reflect the effectiveness of the TMD 

from the perspective of energy. It is reported that input 

energy (IE) is converted into different energy forms in the 

structure, such as strain energy (SE), kinetic energy (KE), 

damping energy (DE), and plastic performance PE 48. 

However, the SE and KE only participate in the conversion 

of energy, not in the dissipation of energy. Therefore, the 

plastic energy and damping energy are used to analyze the 

effectiveness of the TMD system. Fig. 8 (a-b) shows the 

time history curve of the viscous damping energy 

dissipation and the hysteretic energy dissipation for the 

structure with and without TMDs under the excitation of  

Gaussian white noise, where DE represents damping energy, 

DME represents damage energy, PE represents plastic 

energy, and the sum of DME and PE is the hysteresis energy, 

i.e., the inelastic strain energy. 

Fig. 8(a) shows that the viscous damping energy of FR 

model and F model are the upper and lower limits. 

Correspondingly, Fig. 8(b) shows that the hysteresis energy 

of the uncontrolled structure is the largest compared to 

controlled structure. This is because a limited amount of 

damping energy is dissipated at a slow rate, so the input 

energy can only be dissipated through the nonlinear 

deformation of the material, i.e., plastic deformation, 

increasing plastic energy, and then leading to serious 

structural damage. In contrast, for controlled structures, the 

input seismic energy can be partially stored in the TMD 

system, and the stored energy is subsequently released 

slowly in the form of damped energy, reducing the plastic 

energy dissipation 46. 

Therefore, the TMDs is very effective in protecting 

structure from suffering major damage. Furthermore, Fig. 8 

also shows that the RW-TMDs improved the frequency 

sensitivity compared to the STMDs due to the increased 

frequency tuning width of the two TMDs with different 

characteristics, which effectively exerts the tuning effect of 

multiple TMDs and increases the input energy stored in 

each TMD. Thus, the viscous damping energy of FR model 

is the largest and the hysteretic energy is the smallest 

compared with FT model and F model, indicating that the 

RW-TMDs have a better tuning effect. The above results 

and discussions are similar to the results of the study by 

Wong 46.  

 

4 Conclusions 

 

This paper presents a multi-modal controlled tuned mass 

damper (TMD) in the form of a rocking wall, i.e., a rocking 

wall tuned mass dampers (RW-TMDs), formed by 

synthesizing the structural advantages of the rocking wall 

structure and the damping principle of the TMD system. 

The optimized design of RW-TMDs arranged symmetrically 

along the height of the structure can not only improve the 

frequency sensitivity of STMD but also solve the accuracy 

problem of MTMDs in determining the installation location 

and the number of TMDs. The feasibility of the proposed 

method has been verified via numerical simulations with 

and without RW-TMDs and STMD under white noise and 

three seismic excitations. The results show that the 

controlled structures can significantly attenuate the 

structural response, and they exhibit a good damping effect. 

The following conclusions are drawn from the results of the 

numerical study. 

(1) The additional TMD system changes the vibration 

characteristics of the main structure, there are a shift in the 

natural frequency of the controlled structure. The modal 

analysis results show that the absolute values of the 

frequency shifts of first three modes for the RW-TMDs are 

3.81%, 26.15%, 12.65%; Similarly, the frequency shifts 

value for STMD are 15.37%, 4.86%, 4.26%. The STMD 

system has better control for the first mode, while the RW-

TMDs system has the advantage of multi-modal control, 

especially for the second mode. 

  

(a)  Viscous damping energy  (b)   Hysteretic energy 

Fig. 8. Energy time histories of the six-story moment-resisting frame under white noise. 



(2) The frequency response curve of three structures 

demonstrated that the RW-TMDs have a comparable 

vibration control effect than the STMD under white noise 

excitation. Moreover, the maximum lateral displacements 

show that the FR model can not only attenuate the structural 

displacement response but also improve the inter-story 

deformation pattern, making the inter-story displacement 

tends to be uniform, preventing soft-story failure. 

(3) Compared with the uncontrolled structure, the RW-

TMDs can effectively reduce structural peak and the RMS 

value. For FR model, the acceleration reduction rate of peak 

and RMS can reach 9%-35% and 14%-31%, respectively; 

The displacement reduction rate of peak and RMS can 

reach 15%-52% and 23%-64%, respectively. Similarly, for 

FT model, the acceleration reduction rate of peak and RMS 

can reach 5%-24% and 11%-18%, respectively; The 

displacement reduction rate of peak and RMS can reach 

11%-33% and 20%-43%, respectively, demonstrating the 

effectiveness of the RW-TMDs. Besides, the power in band 

also proves the validity of the RW-TMDs in the frequency 

domains. 

(4) The RW-TMDs can significantly reduce the structural 

damage degree, compared to the STMD. The RW-TMDs 

with different dynamic characteristics can increase the 

frequency tuning width and improve the frequency 

sensitivity. Consequently, multiple TMDs can store input 

energy in each TMD, and then release the energy in the 

form of damping energy, reducing the plastic energy. 

As an alternative to traditional TMDs, the effectiveness 

of the device proposed in this article has been proven 

through numerical simulations. The RW-TMDs not only has 

the effect of multi-modal control, but also is simple to 

install and easy to repair, and it can save valuable space on 

the top of the building. Therefore, the RW-TMDs possess a 

high potential for practical applications of new buildings or 

buildings in service. 
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